THE GRADED RING OF INVARIANTS OF TERNARY QUARTICS I
— GENERATORS AND RELATIONS —

TOSHIAKI OHNO

ABSTRACT. The moduli spaces of curves are known only for genus 1, genus 2 and hyperelliptic
case of genus 3. In this paper, we obtained the graded ring of invariants of ternary quartics
except for syzygies. l.e. we obtained homogeneous coordinate ring of moduli space of non-
hyperelliptic curves of genus 3. l.e. we obtained moduli space of non-hyperelliptic curves of
genus 3.
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1. INTRODUCTION

Throughout this paper, let C be the complex number field.
We consider two examples at first.
(1) We consider the one to one corespondance between binary quadratics and projective space

of dimension 2:
az® 4 2bzy + cy? «— (a : b: ¢) € P* = ProjCla, b, c].

()= G 3)G) o (5 5) comen

az’” +2ba’y + ey = {a?a+2avb+~*c}a® +2{aBa+ (ad+ By)b+~dctzy+{B2a+265b+5chy>.

We put

We compute

We define that SL(2) operate to the ring R = Cla, b, ¢] as follows:

(a,b,¢) — (aa + 2avb + v2¢, afa+ (ad + )b + vyoc, B2a + 285b + 6%¢c).
1
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Let S be the invariant subring of R by the above action of SL(2): § = RSL(2). 1t is known that
S is the polynomial ring generated by one element of degree 2 (i.e. discriminant):

S = C[I], (I = b — ac).

(2) We consider the one to one corespondance between ternary cubics (eliptic curves) and
projective space of dimension 9:

ax® + 3bx%y + 3cxy® + dy?
+3ex?z 4+ 6fryz +3gy’z «—— (a:b:c:d:e:f:g:h:i:j)
+3haz? + 3iyz? € PY = ProjCla, b, c,d,e, f,g,h,i,j].

+j23
' z
vy =A4ly for any A € SL(3).
P z

ax’® + 362"y + 3ca'y? + dy*  o/2d + 3V 2%y 4+ 3czy? + d'y3

We put

We compute and put

+3ex’?2 + 6fx'y' 2 + 3gy’*2 _ +3e'2?%2 4+ 6f'ryz + 3¢'y%2
+3ha’2"? + 3iy'2? N +3h'z2% + 3i'yz?
+j2'° +'2°.

We define that SL(3) operate to the ring R = Cla, b, ¢,d, e, f, g, h, i, j] as follows:
(a’ b7 C’ d7 e? f7 g? h7 Z’]) = (a/’ b,’ Cl’ d,’ el’ f,’ g,? hl? 2/7],)'

Let S be the invariant subring of R by the above action of SL(3): S = RSL(3). 1t is known by
Aronhold ([1]) that S is the polynomial ring generated by two elements of degree 4 and 6:

S = C[I4, Ig).

We note that P! = ProjS. It means the well known result that the moduli space of eliptic curves
is the projective space of dimension 1.

In this way, invariant theory is the important theory related with moduli theory ([4]). But it
is hard work. Let S(n,r) denote the graded ring of invariants of homogeneous polynomials of
order r in n variables after Shioda. S(n,2) (n > 2), S(n,3) (n = 2,3,4), 5(2,4), S(2,5), S(2,6)
and S(2,8) are only known. The previous two examples of (1) and (2) are S(2,2) and S(3,3)
respectively. In particular, S(2,8) is computed by Shioda ([6]). It gives the moduli space of
hyperelliptic curves of genus 3. In this paper, our aim is the computation of S(3,4). It gives the
moduli space of non-hyperelliptic curves of genus 3.

We denote S(3,4) by S in this paper. We put ternary quartics ¢(x,y, z) as follows:

axt + 4bx3y + 6¢x’y? + Adxy® + ey?
+afrdz + 12g2%yz + 12hay?z + 4iy’z
o(z,y,z) = +652%2% + 12kzy2? + 61y% 2>
+dmazz3 + dnyz3

+pz4.

We consider the one to one corespondance between ternary quartics and projective space of
dimension 14:

o(z,y,2z) «—(a:b:c:d:e: f:g:h:i:j:k:l:m:n:p)
€P14:Projc[a’b7c7d7e7f7g7h7li7j7k’l7m7n7p:|'
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x! x
y|=Aly for any A € SL(3).
z z

a'zt + 40 23y + 6 2%y? + Ad'zyP + €'yt
+A4f' 232 + 129 2%y + 120 axy?2 + 4i'yP2
oy, ) = +65' 2222 + 12K zy2? + 61'y? 22
+Am/x23 + An'yz3
+p' 2t

We put

We compute and put

We define that SL(3) operate to the ring R = Cla, b, ¢,d, e, f,g,h,i,7,k,l,m,n, p] as follows:
(a/7 b? c? d7 67 f7g7 h? Z"j’ k? l? m? n7p) = (a/7 bl7 Cl? dl7 el? fl7 9,7 h’? il?]’? kl? ll? ml? nl7p/)‘

S is the invariant subring of R by the above action of SL(3): S = RSLG).
Salmon obtained some first results about S ([5]). We will use them.

By Hochster and Roberts, S is a Cohen-Macaulay ring. Moreover, it is a Gorenstein ring in
this case ([3]).

Shioda computed the generating function of S in [6]. The generating function G(t) of graded
ring S is defined as follows. Let S, be the submodule of the elements of degree ¢ in S. Let L,
be the dimension of S, over C. We define that

o
G(t) = Lgt? =1+ Lt + Lot* + Lgt® + Lyt* + Lst° + -+ - - :
q=0

It is the important function because it deside the almost structure of S.

For example, the generating functions of two examples, which we describe before, are as
follows:

1
]

We describe Shioda’s Theorem.

Theorem 1.1 (Shioda, [6], Appendix, Theorem). The generating function G(t) of S is
N(t)

GO = B —® 1 - )1 21— )1 51— &)

where
N@t) =14+ + 12 4 ¢35 4 2618 13620 1 2424 1 3427 1 4430 4 3433 4 4436
1439 43442 4445 4 3448y oyB1 | 9454 | o457 | 460 | 463 | 466 4 475
The denominator of G(t) relates to the algebraically independent generators. S has seven

algebraically independent generators. Their degrees are 3, 6, 9, 12, 15, 18 and 27. We put a
polynomial ring generated by these elements over C into P. S is a free P-module. The numerator
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of G(t) relates to the rank. We add all the coefficients of the power of ¢ in numerator N (t) of
G(t), and we obtain 50:
1+1+14+14+24+34+2+34+4+3+4
+4+3+44+34+24+3+2+1+1+1+1
= 50.
S has rank 50 over P.

Dixmier decided a set of algebraically independent generators ([2], Theorem 3.2).

Shioda multiplied numerator and denominator of G(t) by
(1= £9)(1 — 12)(1 — ¢19)(1 — ¢13)(1 — 21)2
and expanded the numerator and obtained the next Conjecture.
Conjecture 1.2 (Shioda, [6], Appendix, pl1046).

M(t)

G(t) = (1= 3)(1 — £6)(1 — £9)2(1 — ¢12)2(1 — ¢15)2(1 — ¢18)2(1 — ¢21)2(1 — ¢27)’

where
M(t) =1
430 _ 9433 _ 3436 _ 9430 _ 4442 445
+ 3t51 + 6t54 + 7t57 + 8t60 + 6t63 + 4t66 + 2t69
— 2T 4™ — 4™ 7B — 6t — 657 — 790 — 4¢3 — 4496 — 2
+ 2t102 +4t105 + 6t108 + 8t111 + 7t114 + 6t117 + 3t120
_ 4126 _ 44120 _ 34132 94135 _ 94138 _ 4141
+ tl?l'

Le. these are as follows. We add six algebraically dependent generators to P. Their degrees are
9,12, 15, 18, 21 and 21. S is generated by the 13 elements. .S has 14 relations, 36 first syzygies,
46 second syzygies, 36 third syzygies, 14 fourth syzygies and 1 fifth (last) syzygy.

But we discovered one relation of degree 48 and one first syzygy of degree 48. Hence we must
add these and two more syzygies to Conjecture 3.2.

Conjecture 1.3. In Conjecture 3.2, the numerator M(t) should be as follows.
M(t)=1
_ 430 _ 933 _ 3436 _ 9439 _ 4442 _ 445 _ 448
+ 18 4+ 37 4 6% + 70T 4+ 890 4 607 + 4490 4 26
_9pT2 4TS T8 Bl 84 _ 8T _ 90 _ 4493 _ 4496 _ 9499
10102 4 44105 | 6108 4 111 | mylld 4 117 | 94120 4 4123
_ 123 4126 _ 44129 94132 94135 9,138 _ 4141
+ 1T

I.e. we must add one relation of degree 48, one first syzygy of degree 48, one third syzygy of
degree 123 and one fourth syzygy of degree 123 to Conjecture 3.2. I.e. S has 15 relations, 37
first syzygies, 46 second syzygies, 37 third syzygies, 15 fourth syzygies and 1 fifth (last) syzygy.
We show the details in the next Tables.
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Degree 3013336394245 |48
The number of relations 17121313 14]1]1
Degree 48 | 51 | 54 | 57 | 60 | 63 | 66 | 69
The number of first syzygies 1136|786 4|2
Degree 72175788184 (8790|9396 |99
The number of second syzygies | 2 | 4 | 4 | 7|6 |6 | 7|4 ]4]2
Degree 102 | 105 | 108 | 111 | 114 | 117|120 | 123
The number of third syzygies 2 4 6 8 7 6 3 1
Degree 123 | 126 | 129 | 132 | 135 | 138 | 141
The number of fourth syzygies 1 1 4 3 3 2 1
Degree 171
The number of fifth syzygies 1

S is different from conjecture which is led by the generating function. We obtain such a result
as this for the first time in mathematical history.

We give the remaining six algebraically dependent generators by using Dixmier’s method. We
compute the 15 relations concretely. We prove that S is generated by the 13 elements.

We expand G(t) for the later Theorems:
G(t) =1+t +2t5 4% + 7412 4 11¢1° 4 1918  29¢21 4 4442 + 67¢%7
+ 9870 + 139t 4 199¢%0 + 275¢%7 + 375¢%% 4 509t + 6784 + - - - - .

2. DEFINITION OF SOME COVARIANTS, CONTRAVARIANTS AND INVARIANTS
We denote ternary quartic by :
v =p(x,y,z) (this is in §1).
Its Hessian He is
o o PPy
1 oz2 dzdy  Ox0z
=7 |oge B o

yox Y0z
1728 P 8% P
0z0x 020y 0z2

Two contravariant o and 1 exist and these symbolic expressions are as follows ([5]):

o= (a,1,2)%/2,
Y= (a,1,2)%(,2,3)%(, 3,1)2/6.

The above notations mean as follows.
In the case of o,

1] z[1] z[2] :
o=(a,1,2)"/2=5lv yll] yp2]
w z[1] z[2]

We exchange x[t]*, z[t]3y[t], =[t)>y[t)?, z[t]y[t]3, y[t]*, =[t]32[t], =
wlt]?2[t]?, @[ty [tl=[t]?, ylt]*=[t

s
8
=S
I
il

w
<
=

I
il
w
&
=}
(o}
N
=
=
—~
~
I
—_
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i, k, I, m, n and p. We obtain o as follows:
o= (31> — din+ ep)ut + - .

In the case of v,

Ll 1] 22w 2f2) 23] u 23] 21
¥ =(,1,2)%(,2,3)%(,3,1)°/6 = o lv yll] y2]| v y2] w3 |0 yl3] w1
w o z[1] z[2]] |w z[2] z[3]| |w z[3] =z[1]

We execute above exchange (t =1, 2, 3), and we obtain .

We define differential operator. Let A be a covariant of order ¢:

A=Ag000" + Ag11077 Yy + 4 Apgmr07y? + Ao goy?
+ Aq_1,0711‘q712 + .................. _|_ Aqu—]“]_yq*l,z

-1 -1
+ A10,g-12277" + Ao,g-1y27
q
+ A0’07qz .

We replace A, ¢, x, y and z with B, r, 4, v and w in the above, and obtain a contravariant B
of order r. We define that

01 04 04
D= 44005, +At105m15, o Avvagg

o a" or
D5 = Broogey + Bro1r0gmrgy o0+ Boor g

By using this differential operator, we define eight covariants or contravariants as follows:

p=Dy,y/144 (by Salmon),
T =D,p/12 (by Salmon),
¢ =D,He/72 (by Salmon),
m = D,He/2,

n = D¢o /12,

¢ =Dov/2,

x =D-(/4,

v =Dy,m/4.

In Table 1, we denote these covariants and contravariants.
We define Dixmier’s symbols ([2], 2.2).
Let P be ternary quadratic in x, y, 2:

P = Ax? 4+ 2Bxy + Cy? + 2Dxz + 2Eyz + F2°.
Let @ be ternary quadratic in u, v, w:
Q = A'v? + 2B'uv + C'v* 4+ 2D"uw + 2E vw + F'w?.
We define J; 1 (P, Q) as
J11(P,Q) = AA"+2BB '+ CC' +2DD' + 2EE' + FF'.
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TABLE 1. Table of covariants and contravariants

Covariants Contravariants
Order Order
1 2 3 4 5 6 1 2 3 4 5 6
1 © 1
2 2 o
3 He 3 P
4 4 P
Degree 5 T, € Degree 5
6 6
7 ™ 7 n
8 8 ¢
14 v 13 X

We define J3(P) and Jp3(Q) as discriminant of P and discriminant of Q) respectively.
P* (dual of P) is well-known contravariant of P:

P* = (E? — CF)u® + 2(BF — DE)uv + (D? — AF)v?
+2(CD — BE)uw + 2(AE — BD)vw + (B? — AC)w?.
Q* (dual of @) is well-known covariant of Q:
Q" = (E® - C'F')a? + 2(B'F — D'Eay + (D'* — A'F')y?
+2(C'D' — B'E)az+2(A'E' — B'D')yz + (B — A'C")22.
We define Jo2(P, Q) as
J22(P,Q) = J11(Q, P7).

Definition 2.1. We define 13 invariants as follows:

I3 =(1,2,3)"/6 (by Salmon),
a b ¢ f g j
b ¢ d g h k
. c d e h i 1
Is = (Hankel determinant) = Hank = F g h j kom (by Salmon),
g h i k I n
jg kIl mn p
Iyq = J11(7, p) (by Dixmier),
Igp = J1.1(8, p),
Lo = Jo3(p) (by Dixmier),
Loy = J11(7,1m),
L5, = J3,0(7) (by Dixmier),
Iisy = J30(8),
Liga = J22(T, p) (by Dixmier),
Ligy = J22(€, p),
Inia = Jo3(n),
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Iy, = J11(v,m),
Iy7 = —80281600001; + 4281458674500013 Is + 1971756610875 I,
— 168603428137515 Iy, + 1162957661107704015 I + 3381421484250015 I12,
— 401247523125013 193, + 365517839990399415 I Io, — 167204444732440215 I Iy,
+ 81207445436861184015 15 — 2449452247200015 115, + 9517808399400015 115
+ 2280649056156396015 I5I12, — 431478365955174015 I6I125 + 121004804693376 1513,
— 9747631911121213 Io, Iy + 8479915091629215 12, — 36198432718800624013 12 I,
— 79347650799790224013 12 I, — 16888932902461132800131§ — 372027070800015 I,
— 12578551057800013 I 15, — 1845744371779392013 16115, + 4987010422792944015 I 115
+ 221444797569264013 Igq I12, — 2851285946248801%2 o, 1195 + 10627917626304012 Igy 112,
— 12057564092760012 Iy I19, + 30980355339176928001312 112, — 9134738649479664001312 112
— 5422932849253752013 1613, + 4862644245183060013 15 o, oy + 455561102672650801316 12,
— 6380119235131084800013 Iy, + 105498941504785920001¢ I, — 23282784504000013 21,

+ 3546207378000013 I51p, — 30836479025520001316118, — 3987662276329200013 ¢ I15p
— 148260175347312013194 1154 + 5212832418491040131941155 + 660308035393440131gy1 15,

— 15182473441968013 19,155 + 2045336427648000131%, — 110510836505280013 1241125

+ 9259714609920013 1%, + 59257819371945600012 115, + 453251026359936000012 15

+ 2554552249470144001¢ Loq L1124 — 378110204826480001¢ 19,1125 + 9502470925476480016 L9y 124
— 6752365791872400016 gy I125 — 34517899573920015, 4 120897190113840013, o,

— 51838643833200019, I3, + 9761834880013, — 1627421995785600001¢ I21,

+ 2191248632412000016121p 4 396224647660800194 118, — 4949715628771200194115p

+ 20312137964160019p 1184 + 1293280805376001gp 118y — 2959284567456001124 1154

+ 13495443931872001 124115, + 1675229577840001 195115, + 711115297200001 251158

+ 12499492320000J>7,

where Jo7 = Ji1(v, X).

The above notation of I3 mean as follows:

B=(1.23)"6=¢ bl u2 W3
A )+l

We execute the same exchange as making v, and we obtain I3.

Remark 2.2. If we expand the invariants in Definition 2.1, then how many terms are there? We
can easily expand the invariants of low degree. But we hardly expand the invariants of high
degree. Fortunately, we can achieve our aim without expansion. But we can easily compute
their upper limits. I.e. we compute the number of “weights zero” terms. Invariants are some
linear combination with “weights zero” terms.

SL(3) has two subgroups which are isomorphic to G,:

s 0 O 1 0 O
(0 1 0 ) and (0 t 0 ) , (s,t € C\ {0}).
00 1/s 00 1/t
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Let wt; and wto denote the weight by the former and the latter subgroup respectively. We de-
scribe the weights of coefficients of ternary quartics, i.e. weights for degree one, in the next Table.

alblcld|e| flgl|h il j| k Il m| n| p
wty1 [4]312|11(0 21110 -1 0|—-1]|—-2|-2|-3|—-4
wto [0 1]2]|34|-1]0|1| 2|-2|-1| 0|-3|-2|—-4

By using these data, we compute the weights for high degree. For each degree, we compute the
number of terms whose weight is zero by wt; and zero by wte, i.e. the number of “weights zero”
terms. We describe the results in the next Table.

Degree | The number of “weights zero” terms
3 23
6 561
9 6992
12 55447
15 321927
18 1486602
21 5758887
27 58456030

Let Disc be discriminant. It is known that Disc is an invariant of degree 27. We put

P = Cl[l3, Is, Ioa, I124; 1154, 184, Disc],
= C[I3, Is, 194, 1120 I15a; 1184, I27],
= Cl[I3, Is, 194, Lob, I12a; T126, I150; 156, 1184, T18b; 1214, T215, Disc],
= Cl[I3, Is, 194, Lov, I12a; T126, T15a; T15b; 118, T18b; [21a; T210, I27)-
It is clear that
So> s, s

Theorem 2.3 (Dixmier, [2], Theorem 3.2). I3, Ig, loa, T124;, [154, I18¢ and Disc are algebraically
independent over C.

Theorem 2.4. If S = 5’, then Disc = Iy7: P =P’ and S’ = S".

Proof. We consider monomials of degree 27. They are made by I3, Ig, loa, Lop, 1124, 1126, 1154,

Iisp, 1184, 118, 1214, I21p and Jo7. The number of their monomials is 67: Ig, IgIG, oo Jor. We
put
I3
I
BASdisc = .
Jar

We can express Disc by the linear combination with BASg;s.. (By the proof of Theorem 3.2,
there is only one relation among BASsg. It is the intrinsic relation of degree 30. Then there is
no relation among BASg;s..) We consider

Oélfg? + QQIglﬁ + - 4 agrdar,
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where «, € C. Disc shuld be satisfied that the coefficients of term excluding m, n and p are 0.

We prepare 66 terms in the file ter-disc.nb. They are a”l'8, - - a’e?i*j4k81%. We put
a018
TERdisc = :
a5€2i4j4k8l4
Let Gy (€ C) be the coefficient of TERg;sc[[q]] in the BASs[[r]]. We obtain
041]3? 4 + Q7o
1 |
a15171a9118 4 + a6751767a9l18 -0
+ +
+ +
a1ﬁ66,1a5€2i4j4k8l4 + e + a67ﬁ66767a562i4j4k814 = 0.

- -

I.e. we obtain

(65} 0
Bia e B1,67 )
Bee e Be6,67
Qg7 0
We put
Bra e B1,67
ENTgise = | :
Bes,1 o Be6,67
If the rank of ENTy;,. is 66, then the null-space is just Disc. It is equal to Io7. O

3. RELATIONS

Definition 3.1. We define the notation

Wi
W = ,
Wiso
where (Wy, -+ ---- . Wiso) = (1, Iop, Tnow, Tise, 13y, Tises LovTi2n, 210, To1b, TovTise, Loy, 15y, TonT1sb,

Loplisy, 12,96, TopIo1a, TopI21bs Tioolises 1231156, ool Tisolise, 12301ses Toolioplise, Tispl21a,
LispIore, 13,1126, 1301010, 1201010, Tisplo1e, Tovl1solises Lisplises I21al216, 13311261156, Lonli56121a,
IonIispIorn, TiovLisolises 151210, Ty Io1n, TovTisolo1n, 1oy T1sol1ses TovIo1a 210, 15y T150121a, 10y T1501210,
LisplispIoe, 13 IspIotn, Tisolo1alo1n, 13312101216, Tovliselispl21e, TovlisoI21al21b, 13y T1501210 210)-

Theorem 3.2. S” has following 15 independent relations.

R3p = —1568000013,

Ri3q = —544320000007 25 L1 4
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+BiWy - + B21Wa
=0,
Ras, = —75600000011 2,121

R36, = —113122062950400001,

+E Wi+ + EsWas
0,
Rigc = —4800902400001 7,
+E Wy 4 + FosWas
= 0’
R3gq = —36380363589348116889600000095 1125 155
+G Wi+ + Ga9Wayg
=0,
Rgp = —92394574195169820672000000. 5, 1155
+HWi+- + HagWag
0,
Rsge = —4619728709758491033600000001; 55214
+ K Wi+ + KogWag

Ryoq = —3457()94703121759798296576000000[g’b115b

+ L Wi +--ee- + L32W32
= (]’
Ry, = —16891453898385668290893091700736000000012, 17,
+ lel 4 + M32W32
= (]’
Ryoc = —70944106373219806821750985143091200000000]221a
+ NWy+-onen- + N32W32
= (]’
Ryoq = —13137797476522186448472404656128000000000]221b
+PWi4--- + P3oWso
0,
Rys = —843505961373914581352917772751863808000000013, 15
+ Q1W1 4o + Q36W36
0,

R4g = —6265245515277441978431 75460981878541528251422998528000000000[3,,[125,)

11
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+ Wy 4+ + T39W3g
— (],
where Ay, Ag, < vvvvvenn. , Ty, T39 € P'.

Ay = 69529600015 I2 + 4950328013 I Io, + 2713088000015 I3 + 20537600015 I 12,
+ 79957815 12, — 1479302912015 I I, + 12315197440001215 — 37900800015 Is 115,
— 229748013 I, I124 + 1117137920001512 119, — 43076208012 1613, — 3769352294400131¢ Iy,
+ 1560674304000018 4 16934400012 15118, — 9555840159 115, — 267872000131%,
+ 3244953600031 154 + 9542908800131 Ioq I 12, — 21420001315, + 28380119040001¢ 112,
— 6466682880013 12, — 11088001379, 15, + 16531200073112, I154 + 4064256000013 15,
+ 277361280076 Igq I15, — 4259174400061, + 5927040013, T12, — 108864000714 184,
Ay = —T413564015 15 — 295794315 Iy, — 5032258944015 12 — 2973126013 194
+ 123829608013 I Io,, + 695956531200131¢ 4 2745792012 T15, — 6539390400136,

+ 196862401313, + 1952036352003 Iy, — 1103760013118, — 349151040016115,
— 103420800194 1124,

A3 = —1132800013 I + 108762013 Iy, — 421762560001317 + 8616000013 19,
— 2382321600137 1o, — 2283724800003 — 3024000013115, + 12807936000161;2,
— 1058400013, + 3024000078,
Ay = 148556800013 I + 4458608012 Iy, + 2946764800001312 — 753536000131 124
+ 417392640016 Iy, — 1411200001154,
As = 166457715 + 462917448012 15 — 46985401319, — 2937392640017
— 2534112001 2,,

Ag = —1427328000[%[6 — 435960001319, — 48771072000[62 + 7620480001124,

A7 = 3518190135 — 353383200131 — 214704001,
Ag = —8709120000131¢ — 10886400019,
Ag = 1209600000151 + 1864800019,

Ayg = —11558904013 — 127825152001,

Ay = —676800013 — 8985600007,
Ajg = —12225654013,

Az = 11302200013,

A4 = 14380800013,

A5 = 176677200,

A6 = 417312000,

A7 = —59724000,

A1z = —127008000,

By = 3147055144800015 12 + 225125608764015 IsIo, + 121398163264000015 I3
4 996761614800015 I I 12, + 3668429801415 12, — 66981965219456015 12 Io,
+ 5158445647667200015 I — 1712762150400015 I6I15, — 6443949624015 I, 12,
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+ 505875515353600015 12 I 19, — 1978732559664015 I I3, — 16766130107704320012 13 I,
+ 64347538440192000013 15 + 770206147200015 I [18, — 43712246592015 Iy, I15,
— 1159655019600015 I, + 139669517836800015 13 I15, + 41923477491840015 I I9q 124
— 9862095240015 I3, + 12376128378163200013 13 1, — 282545424483840013 1213,
— 1854689447116800001 Iy, — 4391785440013 IoqI18, + 715032057600013 I12, 154
+ 168340693248000013 12 I 184 + 12275279533440013 16 Ioo [150 — 18296780987520001316 1%,
+ 25844185872001313, I124 + 138692736000000018 I15, — 51022476288000013 I9q I124
+ 41353804800016 15, — 4751363232000131194 I184 — 125314560000016I9q [184
— 402542784000016 1124 I150 — 939859200013, I15, + 7316352000010, 1%,
By = —33328566583201S Is — 13317161400915 Iy, — 222351144809472015 12
— 134947677438015 I12, + 563154716426401% I Iy, + 2793730858383360012 I3
+ 123014215296015 115, — 28318944618720012 I5 119, + 8892404251201212,
+ 859369027426560013 12 Iy, + 2720620191744000015 — 49693376880013 15,
— 15158621257920013 1115, — 444185918640013 g, I12, + 91113652224000012 I12,
— 198234086400016 12, + 4013452800000 118, + 723945600009, 1154
— 3792441600001%,,,
Bs = —61832345400015 I + 4318599006015 Iy, — 189159861676800015 I3
+ 374482881000015 I19, — 1054313944848001 I 1o, — 118643201510400001313
— 131680080000013 115, + 54879030748800013 16112, — 4655566800001313,
+ 2306900736000012 Iy, + 1334581920000131 18, — 4952016000010, 1124,
By = 6770452382400015 I + 205633004304015 Iy, + 1306423223168000015 I3
— 3228039124800013 112, + 1740627689472001315 Iy, + 1341806592000000013

— 638765568000013115, + 39754874880000161124 — 3863865600()[92a
— 1058400000015,

Bs = 7461331775115 + 20525393433384015 I — 2213468872201% Iy,

— 1113449164531200]3]62 — 1136617900560013112, + 2332628928000 I9,
— 1354540320001 154,

All data are in relation.tex, relation.ps or relation.pdf.

Proof. We explain the case of degree 30. We consider monomials of degree 30. They are made by
I3, Is, I9a, Iob, T12as D126, 11505 L1565 11805 L18bs 1214, L2165 @and Jo7. The number of their monomials
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is 99: I%O, I38I6, S Il25b. We put
10

18T,
BASsy = | °

2
15,
By generating function, we have dimg.S39 = 98. Then there is at least 1 relation among BASs.
We put
10 8 2 _
anl3” + aol31s + - - - 4 agolis, = 0,
where o, € C. We prepare 98 terms in the file ter-30.nb. They are a'%e%p'0, ... a8c?e2i¥12mip*.

We put
al(]eloplo
TER3y =
aBce2i812mAp

Let B, (€ C) be the coefficient of T ER3p[[¢]] in the BASsp[[r]]. We obtain

o 130 e + a99]125b = 0
|
alﬂmameloplo R + a9951799a10610p10 - 0
+ +
+ +
a169871a80262i8l2m4p4 + e + a99598799a80262i8l2m4p4 = 0.
+ +
I.e. we obtain
1 0
Bia e B1,99
Bog - 398,99 :
99 0
We put
Bia e B1,99
Bog,1 e Bog,99

We check the rank of ENT3p and obtain 98. The null-space is the relation. We exchange Jo7
for Is7 and obtain Rgg.

The cases of other degree are similarly proved. O

4. GENERATORS
Theorem 4.1. S =5"=95".

S = C[Is, Is, Iya, Lop, L124, T12b, L1505 L1565 1184, L18b, I21as 1216, 127)
/(R30, R334, R33p, R36a, R36b, R36c, R39a, R30b, R39c, Ra2a; Razp, Rasc, Razd, Ras, Rag).
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Proof. By Lemma 4.4, S = PWy +------ + PWsg. If there is no relation over P among W,
then we can say S = S’. Lemma 4.2 shows that Iy, is an element of rank 50 over P. Lemma

4.5 shows that W is equivalent to (1, Igp, --- , Igl?) over P. Then we can say that there is no
relation over P among W. Then S = S’. By Theorem 2.4, S’ = S”. We are done. O

Lemma 4.2. Ig, is an element of rank 50 over P.

Proof. S has rank 50 over P. It is possible that the rank of Ig, is 50, 25, 10, 5 or 2. If we prove
that the rank of Iy, is not equal or less than 25, then the rank of Ig, is 50. We will show that
there is no relation in Iy, over P on the condition that the degree of Igy is equal or less than 25.

We recall P = ClI3, Ig, Ioq, 124, [154; [184, Disc]. If we can assume I3 = I = Iy, = [124 =
Disc = 0, then Iy5, and I1g, remain. We consider monomials of degree 225. They are made by

Iop, 1154 and I1g,. The number of their monomials is 42: Igg’, 1925)]18(1, e If’5a111§a. We put
25
s
18
ABASs5 = o
1135(1[115(5](1
We put

25 23 3 710
arlg) + aslyy gy + -« - + auslis, Iig, = 0,

where o, € C.
We prepare 14 ternary quartics such that their coefficients are defined by the next Table.

No. alb| c|d e fl gl hli]|yg kll|m|n|p

1,23 | —-2|b|-b|d|b—2d+1|—-1| 1|-2|5|0|—-4(4]0]0]|0

456 | —2|b|—-b|d|b—2d—6| 1| 4|-2]/6|0|—-8(8[0]0]|0

789 | —4|b|-b|d|b—2d+1|—-1|—-2| 1|2|0[-=5|5/01]0|0
10,1112 | -4 |b| -b|d|b—2d—1|—-1| 3|-2[4|0|-5[5]0]0]|0
13,1415 | -4 |b|—-b|d|b—-2d—1|—-2| 2|—-1{4|/0]|-8[8|0|0]0
16,17,18 | =4 |b|—b|d|b—-2d—3| 1|—-1|—-2({2|/0]—-3[3|0|0]0
19,2021 | -4 |b| -b|d|b—2d—4|—-1|—-3| 4|7|0|—-8[8]0]0]|0
222324 | -4 |b|-b|d|b—2d—5| 1|—-1|—-414]0|-5[(5/01]0|0
25,2627 | -8 |b|-b|d|b—2d+1|—-2|—-4| 2(1|0|-7|7,0/|0|0
28,2930 | -8 |b|—-b|d|b—2d+2|—-2|-3| 1(4/0|-8|8,0|0|0
31,3233 | -8 |b|-b|d|b—-2d—-3| 2|-2|—-1]1|{0|—-3|3]0]0]|0O
34,3536 | -8 |b|—=b|d|b—2d—5| 2|—-2|-3[3|0|-5[5[0]0]|0
373839 | -8 |b|—-b|d|b—2d—-T| 2| 6|-3|5|0|-T7|7]0]0]|O0
404142 | -8 |b|—-b|d|b—2d—8| 1|—-1]-3[3[|0|—-2|2]0]|0]0

We have Disc = 0 in all the cases because m, n and p are equal to 0.

We choose No. 1,2,3. We substitute their values for I3, Ig, Igq, Iop, I124, 1150 and I1g,. We
obtain I3 = I = 0. The values of b and d are not yet fixed. We compute the Grobner basis of
(L9a, I124) with lexicographic monomial order and variable order (d,b). We put the result into
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G317273. We have

GBia23= ( 2473901162496b° + 2785470975049728b7 — 8388294131843072b°
— 7298219973279744b° + 51430430552555520b" — 43903416442650624b°
— 45899027648021952b% + 85080124244447208b — 33209819157677049 ,
— 40030469078310772207169568768b" — 45131593747635302146857328705536b°
+ 68561931460974595737592688279552b° 4 221491912271489589714280596766720b"

— 506214233160671495334363075143680b> — 42348070400538828068414836824928?
-+ 685407340035322901179739704849089b — 362052122350181764939156616482563
+ 1068981277995763662534695193750d ) .

We eliminate d from Ig,, Iop, I124, I15¢ and Iig, by using the second component. The first
component has 4 real solutions. We choose 3 solutions near 0 among them. We put them into
b1, b and bs (by > by > b3). We substitute by, by or bs for Iog, lop, [124, I154 and I1g,. We obtain
Iyq = L1924 = 0. Igp, I154 and I1g, are not equal to 0. We substitute them for ABASy5[[r]]. We
obtain (3, B2, or B3,. Similarly, we repeat this until No. 40,41,42. We obtain

arfrig A+ e + agpbiae = 0,
a1fa21 + e + a2l = 0.
I.e. we obtain
Bia e B1,42 o1 0
Baz1 - Baza2/ \ou2 0
The coefficient matrix (3,,) has rank 42. We obtain oy = ------ = ayo = 0. Then there is no
non-trivial relation over C[I154, [134]. Then this is so over P. We are done. O

At the moment, we can not say Disc = Iy7. But we obtain the next Lemma.
Lemma 4.3. If Disc =0, then Is; =0: P=P' and S’ = 5".
Proof. We refer to the section 4 in Dixmier’s paper ([2], 4). If Disc = 0, then there are three

cases:

(1) the point (0:0:1) is a multiple point of order > 3,

(2) the point (0 : 0 : 1) is a double point and the two tangent lines at (0 : 0 : 1) are equal
and the double tangent is the line x = 0,

(3) the point (0:0:1) is a double point and the two tangent lines at (0: 0 : 1) are distinct
and these tangent lines are x = 0 and y = 0.

The condition of each case is as follows:

(1) j=k=l=m=n=p=0,
(2) k=l=m=n=p=0,
B)j=l=m=n=p=0.

I>7 is 0 on each condition. O

Lemma 4.4. S =PWi+------ + PWsxy.
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Proof. 8" > PWy + ------ + PWsq is clear. We will prove 8" ¢ PWy +------ + PWsyo. It is
sufficient that we prove

IWr e PWy+------ + PWsy,

IWsge PWy+------ + PWso,

where I = Igy, T12p, I156, T18bs 1214, T215- (We note that Wy = 1, Wa = Igy, W3 = 12y, Wy = 15,
We = Igp, W = I21, and Wy = Ipyp.)

We recall that I3, Ig, loq, 1124, I154, 118« and Disc are algebraically independent over C. We
may assume Disc = 0. By Lemma 4.3, we obtain I5; = 0. L.e. we obtain P = P’ and S’ = 5”.
Moreover, we may assume I3 = I = Ig, = 13, = 0 and I194, = I15, = 1. Theoretically, we do
not need them. We need them to compute quickly.

We obtain
I, = UyaWi+--o-ee + U1,50Wso, (1)
Loplo1a = Ugg Wy + -0+ + Usz,50Wso, (2)
Ligplory = UsaWh+-ooo - + Us 50Ws0, (3)
Igy = Uga Wy 4+ + Uy50Wso, (4)
Loy =UsaWy 4+ + Us 50Wso, (5)
Iy, = Ui Wi+ + Us,50Wso, (6)
Toplhoplysy = Uz a Wy 4o - - + Uz 50Wso, (7)
I Iisy = Ug iWy 4+ -+ + Usg 50 W50, (8)
Ligplo1a = Ugy Wy + -+ + Ug,50Wso, (9)
Ig sy = Uga Wi+ -+ - + U10,50 W0, (10)
Ity = U iWy + oo e + Ut1,50Ws0, (11)
131, = Ug g Wi+ + U12,50 Wso, (12)
Ly =UzaWp+-o + Ui3,50Wso, (13)
Ig gy = Upg g Wi+ -+ - + U14,50Wso, (14)
Tty = Ups ;Wp 4o - + Uis,50Ws0 (15)

from the 15 independent relations in Theorem 3.2.

We make (1) x Igy. If the terms of left hand side of relations (1) ~ (15) exist in it, then we
apply (1) ~ (15) to it and eliminate the terms from it and denote it by (x16). We solve (x16)
for IgbI125b and obtain

T3y = Ug Wi +------ + U16,50 W0. (16)

We make (2) X Igp, (3) X Igp and (1) x Igp respectively. If the terms of left hand side of relations
(1) ~ (16) exist in these, then we apply (1) ~ (16) to these and eliminate the terms from these
and denote these by (x17), (x18) and (x19) respectively. We solve (x17), (x18) and (*19) for
IopTiopI21a, TopI12pI21s and I1opI%, and obtain
IopIiopIo1q = U7 Wi+ -0 + U17,50Wso, (17)
TopThopIo1p = Urga Wi+ -+ - + Uis,50Wso, (18)

DopIisy = Upga Wy + -+ -+ + U19,50 Wso- (19)
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We repeat this operation until the degree becomes 96. We show the method in the next Table.

TOSHIAKI OHNO

Degree | How to make | Left hand side | Equation number
39 (1) x Iy I I7, (16)
(2) x Igy TopI1op 1214 (17)
42 (3) x Igy IgpIiop 121 (18)
(1) x I LioyIZs, (19)
(5) X Igb IgbeQb (20)
(6) x Igp Iop I, (21)
45 (2) x Ihzp Iy I21a (22)
(3) X T19p 11221,[2117 (23)
(1) x Iysp I, (24)
(4) x I Ig, T2 (25)
(7) x Igy 12 Loy Tisy (26)
(8) x Igy Iop I, I1sp (27)
48 (9) x Igy IopI1gpI214a (28)
(2) x Iisp LapIisp1214 (29)
(3) x Isp Lo Ih5p101 (30)
(6) x I LIy, (31)
(1) x Iygp I3, Ly (32)
(11) x Igp IENEN (33)
(17) x Iy 12, o1, (34)
(18) x I 12, Lo Io1p (35)
(7) x Lo Iop I3y, Ivsp (36)
(19) x Iy, Top 1o 1%, (37)
5 (12) x Iy, IopI3, (38)
(13) X Igb 19b1221b (39)
(9) x I Loplispl21a (40)
(3) x Iigp Loy IigpIony, (41)
(1) X Iz1q EN S (42)
(1) x Ity 12, Iy, (43)
(6) x Iisp Lisplig, (44)
(10) x I I Lo Lisp (45)
(21) x Igp I3 Iz, (46)
(22) x Igy IopI3y o1 (47)
54 (23) x Igp Iop I3y Io1p (48)
(7) x Iisp Ioy 1o I150118p (49)
(5) x Iigp Y I (50)
(3) x Inia LiopI21a121p (51)
(9) x Iisp Iisplisp1214 (52)
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Degree | How to make | Left hand side | Equation number
(4) X I214 IgyIo1a (53)
(4) x Iy Ig,Io1p (54)
(26) x Igp I3, oy I1sp (55)
(27) x Igp I3 12, Iy (56)
(28) x Igp 15, IspI214 (57)
(29) x Igp Iop 12511501214 (58)
57 (30) x Iop TopInopI150121p (59)
(32) X IQb 19b1125(,]18b (60)
(8) x I1sp I s L (61)
(24) X Ilgb Il2in55b (62)
(12) x Ii5p Lispl2,, (63)
(13) x I15p LispI2y, (64)
(6) x Ioyp Iy o1y (65)
(34) x Igp Iy TiopI21a (66)
(35) x Iop I3, IiopIo1p (67)
(14) x I1sp I3 IispLisp (68)
(37) x Iy I3 Lo 2y, (69)
(38) x Igp 15,13, (70)
(39) x Igy 1513 (71)
(41) x Igp IgpI19p I18p 1216 (72)
60 (42) x Igp I9b1125b121a (73)
(43) x Igp Iop I3, o1y (74)
(44) x Igp I9b[15b[128b (75)
(31) x Tigp Lo I (76)
(32) X 1121) Il2b1125b-[18b (77)
(24) x Ii5p Iy, (78)
(9) x Iy LispI21a121p (79)
(13) x I LispI3y, (80)
(10) x I214 I3, Ii5p D214 (81)
(10) x Ia1p I3, Iisp Doy (82)
(49) x Igp 12 Loy IrspI1sp (83)
(51) x Igp TgpTiop 12101216 (84)
63 (52) x Igp IopInsp118p 1214 (85)
(40) x I12p Iy IispIo1a (86)
(41) x I1op 2y Lisp oy (87)
(44) X Il2b 112b115b1128b (88)
(12) x Iy 13,y (89)
(13) x In1q a1}, (90)
(57) x Igp I3 Lisp Lot (91)
(14) x Iy I3 Lo Io1p (92)
(58) x Igp I3 LoplispI21a (93)
(59) x Igp 12, Lo Iisp v (94)
66 (60) X Igp 1921)]1251)I18b (95)
(63) X Igb 19b115b1221a (96)
(64) x Iop IopIisp13, (97)
(65) X Igp I9b11285121b (98)
(62) x Loy | Tiaplispligpl21a (99)
(41) x Itsy, | Toplisplisplot (100)

19
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Degree | How to make Left hand side Equation number
(32) x Iy I3, 10121 (102)
(71) x Igp Ig’blglb (103)
(72) X Igb Igbflgbflgbfglb (104)
(73) X Igb Igzbllz{’)b]?la (105)
69 (74) X Igb IQbIIE)bIZlb (106)
(75) x Igp 12, s I, (107)
(79) x Igp 19b118b121aQI21b (108)
(80) X Igb IQbIISblglb (109)
(51) x Iz -7121)2-71517121(1-72117 (110)
(43) X Ile Il5bIISbI21b (111)
(84) x Iy, 12, LopIo10Io1p (112)
(85) x Igp 12, Iisplisp Io14 (113)
(62) X 115(, 192b115bllfbl21b (114)
(78) X IlQb 112b115b (115)
72 9
(89) x Igp Ioy 151,121 (116)
(90) x Ig IopIo1013, (117)
(43) x Iz14 I Io1alons (118)
(65) X 115[, Il5b[128b121b (119)
(96) x Igp I3 Lisp I3, (120)
(97) x Ig Igzbllzg,blglb (121)
75 (98) X Igb Igb118b121b (122)
(100) x Igp IopIhop 115011851216 (123)
(79) x Iisp Il5b118b121%121b (124)
(80) X 115(, Il5b118b121b (125)
(108) x Igp I3, LispIa1a o1 (126)
(109) x I I3 L2, (127)
78 (110) x Iy, 19b1121;2115b121a121b (128)
(111) x Igp TogpIis, gy I216 (129)
(89) x Iisp Lispl31,Do1s (130)
(90) x Iysp LispIal3y, (131)
(116) x Igp Igzblgla_félb (132)
81 (117) x Igp 15, 121415, (133)
(118) x Igp Iop I3y Io1a1o1p (134)
(119) X Igb 19b11561128b[21b (135)
(102) x Iy5 I5, IispIo10o1p (136)
84 (124) x Ig IopInsp118p 12101210 (137)
(125) x Iy IopLisplisp I3y, (138)
(128) x Igp I3, Iop Iisp 210 Io1p (139)
87 (130) x Ig TopI15u12 . Io1p (140)
(131) x Iy IopIispI21012,, (141)
90 (134) x Ig 12,17 Do Iotp (142)
93 (137) x Igp I3, Insp sy 210 Lo1p (143)
(140) x Igp I3 Lisp I3, 1o, (144)
96 ) 5
(141) X Igb 19b115b121‘1[21b ( 5)

We obtain the multiplication table.
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Iop | Tiop | Disp | sy | Io1a | Lomp
Wy | Wo | W3 | Wy | W | Wg | Wy
Wo | Ws | Wy | Wyg | Wi | Wig | Wiy
Ws | We | Wi | Wi | Wig | (2) (3)
Wy | Wip | Wia | (1) | War | Wag | Was
Ws | Wig | Wis | Wig | Way | War | Wag
We | Wig | Wig | War | (6) (9) | Wa
Wy | Whs | Wao | Was | (7) | (017) | (18)
Ws | Wig (2) Waoy (9) (12) Wiso
Wo | Wiz | (3) | Was | Wag | Wap | (13)
Wiog | Wig | Wag | (16) | Wag | Wiy | Was
Wi | Wayo (5) (8) W31 (22) (23)
Wig | (4) | Wy | (10) | (14) | War | Wis
Wis | Waz | (7) | Wao | (21) | (28) | Wae
Wig | Was | (8) | (19) | Wse | (29) | (30)
Wis | Wae | (11) | Was | (26) | (34) | (35)
Wig | Wor (17) Wsg (28) (38) Wa
Wiz | Wag | (18) | Was | Wag | War | (39)
Wis (7) W31 Wse | (31) (40) (41)
Wig | (10) | Waz | (15) | Wy | Wao | Wy3

Wao | (11) | (20) | (27) | (36) | (47) | (48)
Wao1 | Wsg Wse (32) (44) (52) Wya
Wao | (14) | (26) | Wag | (46) | (57) | Was
Was | Was | (27) | (37) | (49) | (58) | (59)
Wat | Waa | (29) | (42) | (52) | (63) | Wi
Wos | Wik (30) (43) Waa Wae (64)
Was | (25) | (33) | (45) | (55) | (66) | (67)
Wor | War (34) Wao (57) (70) Wz
Wag | Wag | (35) | Wag | Wys | War | (71)
Wao | Wae | (41) | Was | (65) | (79) | (80)
Wso | Wao | (49) | (60) | (75) | (85) | Was
Wsi | (36) | (50) | (61) | (76) | (86) | (87)
Wiaa | Wy | (51) | Wae | (79) | (89) | (90)
Wss | (45) | (56) | (69) | (83) | (93) | (94)
Wsa | Wap | (58) | (73) | (85) | (96) | Wag
Wss | Was (59) (74) Wys Wao (97)
Wse | (49) | (61) | (77) | (88) | (99) | (100)
Wiz | (53) | (66) | (81) | (91) | (101) | (102)
Was | (54) | (67) | (32) | (92) | (102) | (103)
Wsg | Was | (72) | Was | (98) | (108) | (109)
Wi | (63) | (83) | (95) | (107) | (113) | (114)
Wa | Wiz | (84) | Wag | (108) | (116) | (117)
Wi | (81) | (93) | (105) | (113) | (120) | Wao
Was | (82) | (94) | (106) | (114) | Wao | (121)
Waa | Was | (100) | (111) | (119) | (124) | (125)
Wi | (92) | (104) | (114) | (122) | (126) | (127)
Was | Wae | (110) | (118) | (124) | (130) | (131)
Wyr | (102) | (112) | Wy | (126) | (132) | (133)
Wis | (114) | (123) | (129) | (135) | (137) | (138)
Wao | Wso | (128) | (134) | (137) | (140) | (141)
Wio | (136) | (139) | (142) | (143) | (144) | (145)
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We are done. ([l
Lemma 4.5. W is equivalent to (1, Igy, - -, Igl?) over P.

Proof. We show the existence of matrix Uy, which is rank 50 over P and satisfy

1 Wy
Igp Wy
: = UIQb
Iy Wio

We may assume the same condition as Lemma 4.4.
We prepare the relation (4):

Igy = Uga W+ + U 50Wso.

We make (4) x Ig,. We use the multiplication table in the proof of Lemma 4.4. We express it
by using W. We obtain

15, = Ugg g Wi+ -+ + Ut46,50Wso.

We make (above relation) x Ig,. We use the multiplication table in the proof of Lemma 4.4. We
express it by using W. We obtain

Ig, = Ungg AW+ oo + U147,50Wso.

We repeat this operation until the degree of Ig, becomes 49:

13, = Upag g Wi+ -+ -+ + Ut4s,50 W0,

IS, = Upgga Wi+ + Ut49,50Wio,

Igp = Ugg Wi+ -+ + U1sg,50 W0,

I5) = Urgoa Wi + -+ - + U190,50 Wso-

We obtain
1
1
1
1
Usr  Uss - Ugs oo Ugly  overeroeereee Usso
Usr Unssr -+ Uaes - Updo g - v vrrrrrreeeeeene Ut46.50
UL, . . . . !

Uwor Utooz -+ Utgos -+ U100 19 v veeree e Uts0.50

The rank of Uy, is practically 50. 0
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Remark 4.6. We can prove Lemma 4.5 on the condition that we use I19, I15p, I18p, 1214 OF Io1p
in place of Igy. I.e. we can show the existence of matrix Uy which is rank 50 over P and satisfy

1 Wi

1 Wy

1 =Url o,
149 W50

where I = I9p, 158, I18p, 1214, I215- Then we can say that I19p, I150, 1185, 214 and Io1p are also
elements of rank 50 over P.

5. APPENDIX 1 - FIRST SYZYGY OF DEGREE 48
The first syzygies have the form

01R30 + 02 R334 + -+ + 015R48 = 0,

where QZ are the polynomials expression of Ig, Iﬁ, Iga, Igb, 112(1, Il2ba Il5a, Il5b> Ilga, Ilea Igla,
I51p and Io7. We express it by

(01, 02, ---, O15).

We obtain the first syzygy of degree 48 in the file v48.nb. Let Vg denote it.
Proposition 5.1. The Vg is the first syzygy of degree 48.

Proof. We put
R = (R30, R3za, -+, Rus).
We compute the inner product of Vg and R. We obtain 0. U

6. APPENDIX 2 - COMPUTER FILES

Almost all the computation in this paper can not be computed by the human power. Then
we use computer. We made some computer files. We put them on a directory named S-3-4.
Please get the directory S-3-4 by download.

In §6.1, we describe the expression of covariants and contravariants in computer programing.
In §6.2, we describe each file. In §6.3, we describe the proofs in this paper by using their files.

6.1. Expression of covariants and contravariants. In computer programing, we express
covariants and contravariants by list by using the next order. Let A be a covariant of order g:

A=Ag0077 + Ag 1100y + -+ Arg-100y" 4 Ag g0y

+ Aq71,0,1l‘q_12 e 4 Ao,q71,1yq_lz
_l’_ ....................................
+ A1,07q_1x2q71 + A0,17q_1yzq71
+ A0707q2q.
We express A by
{ Ago0, Ag1,1,0 = - - y A1,g-1,0, A0,4,05
Ago1,0,1y ovrrereeeeees , Agg-11,
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If we replace A, ¢, x, y and z with B, r, u, v and w in the above, then we obtain a contravariant
B of order r and its expression.

Let A be a co(contra)variant of order 4:

Let B be a contra(co)variant of order 6:
B={B[1]], B2}, ---, B[[28]] }.
In our saving form, the differential operator D 4B is equivalent to as follows:

DaB = { 360A[[1]] B[[1]] + 60A[[2]}B[[2]] + - - - + 24 A[[15]] B[[23]],
120A[[1]] BI[2]] + 48A[[2]] B[[3]] + - - - + 24 A[[15]] B[[24],
24A[[1]]B[[1 H +6A[2]B[[15] + - -- + 360A[[15 1B[[28]] }

= { t0[[1, Y] A[[] BI[2([1, ]H] +20[[1 2] [
- tO[[1,
to[[2, ] A[A]1B{[#2[[2, 1]}]] +10[[2,2
- 4 t0[[2, 15]] A[[15]

where t0 and ¢2 are matrixes in the file of d-4-6.nb. The file name d-4-6.nb means that a
co(contra)variant of order 4 operates on a contra(co)variant of order 6. Similarly, we made the
files of d-2-4.nb and d-2-6.nb more.

6.2. Description of files. We describe all the file names on the directory S-3-4 as follows.
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abas-225.nb con-psi.nb jll.nb relation.pdf
bas-30.nb con-rho.nb j3.nb relation.ps
bas-33.nb con-sigma.nb jexc27.nb relation.tex
bas-36.nb cov-he.nb make-he.nb sec-4-lemma-i9b.nb
bas-39.nb cov-tau.nb make-i3.nb sec-4-lemma-il12b.nb
bas-42.nb cov-varphi.nb make-psi.nb sec-4-lemma-i15b.nb
bas-45.nb cov-xi.nb make-sigma.nb sec-4-lemma-i18b.nb
bas-48.nb d-2-4.nb quarticsdata.nb sec-4-lemma-i2la.nb
bas-disc.nb d-2-6.nb r30.nb sec-4-lemma-i21b.nb
coe-30.nb d-4-6.nb r33a.nb sumdisc.nb
coe-33a.nb disc.nb r33b.nb ter-30.nb
coe-33b.nb dual.nb r36a.nb ter-33.nb
coe-36a.nb entry-30.nb r36b.nb ter-36.nb
coe-36b.nb entry-33.nb r36c.nb ter-39.nb
coe-36c¢.nb entry-36.nb r39a.nb ter-42.nb
coe-39a.nb entry-39.nb r39b.nb ter-45.nb
coe-39b.nb entry-42.nb r39c.nb ter-48.nb
coe-39c.nb entry-45.nb r42a.nb ter-disc.nb
coe-42a.nb entry-48.nb r42b.nb unexistence.nb
coe-42b.nb entry-disc.nb r42c.nb unexistsolulist.nb
coe-42c.nb entry.c r42d.nb v48.nb

coe-42d.nb entry.nb r45.nb

coe-45.nb inv-i3.nb r48.nb

coe-48.nb inv-i6.nb rank.nb

coe-disc.nb inv-sec-4.nb relalist.nb

The files are classified as follows.

x.C : Source program of C,
*.nb : Mathematica file,
*.pdf : pdffile of TeX,

x.ps : ps-file of TeX,

*x.tex : Source file of TeX.

We describe each file. Moreover, if it is a program file, then we add its list and how to use it.
And moreover, if the program file uses other files, then we also add their file names. In this way,
some file uses other files. Then please compute on the directory S-3-4. We use the computer
which has the specification of 3GHz, 1GB.

6.2.1. abas-225.nb.

abas-225.nb = ABASQQ5.
6.2.2. bas—*.nb.
bas-30.nb = BASjy,
bas-33.nb = BASs3,
bas-36.nb = BASsg,
bas-39.nb = BASj3,
bas-42.nb = BASy,
bas-45.nb = BASs,
bas-48.nb = BASys,

bas-disc.nb = BASyse.
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6.2.3. coe—*.nb.

coe-*.nb are the lists which satisfy

coe-30.nb inner product bas-30.nb = 1’30,
coe-33a.nb  inner product bas-33.nb = 1r’33a,
coe-33b.nb  inner product bas-33.nb = 1r’33b,
coe-36a.nb  inner product bas-36.nb = 1r’36a,
coe-36b.nb  inner product bas-36.nb = 1’36b,
coe-36¢c.nb  inner product bas-36.nb = 1’36¢,
coe-39a.nb  inner product bas-39.nb = 1’39a,
coe-39b.nb  inner product bas-39.nb = 1’39D,
coe-39c.nb  inner product bas-39.nb = 1’39c,
coe-42a.nb  inner product bas-42.nb = 1’42a,
coe-42b.nb  inner product bas-42.nb = 1’42Db,
coe-42c.nb  inner product bas-42.nb = r’42c,
coe-42d.nb  inner product bas-42.nb = 1’424,
coe-45.nb inner product bas-45.nb = 1’45,
coe-48.nb inner product bas-48.nb = 1’48,
coe-disc.nb inner product bas-disc.nb = disc.nb,

where r’ * are following relations. We apply the inverse of jexc27.nb to r*.nb. r’* denote them.

6.2.4. con-*.nb and cov—*.nb.

con-psi.nb = 9,
con-rho.nb = p,
con-sigma.nb = o,
cov-he.nb = He,
cov-tau.nb = T,
cov-varphi.nb = ¢,
cov-xi.nb = &

6.2.5. d-2-4.nb.

Let A be a co(contra)variant of order 2 and B be a contra(co)variant of order 4.

d-2-4.nb = DyuB.

List

to={{ 12, 3, 2, 3, 1, 2},
{ 6, 4, 6, 2, 2, 2},
{ 2, 3,12, 1, 3, 2%},
{ 6, 2, 2, 4, 2, 6},
{ 2, 2, 6, 2, 4, 67},
{ 2, 1, 2, 3, 3, 12}}

t2={{ 1, 2, 3, 6, 7, 10},
{ 2, 3, 4, 7, 8, 11},
{ 3, 4, 5, 8, 9, 12},
{ 6, 7, 8, 10, 11, 13},
{ 7, 8, 9, 11, 12, 14},
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{ 10, 11, 12, 13, 14, 15}}
ce3={ 0, 0, 0O, O, O, O}
For[q=1,q9<=6,q++,
For[r=1,r<=6,r++,
cc3[[qll+=t0[[q,r]l*ccl[[r]]*cc2[[t2[[q,r]]1]]1/t
]
]

How to use
Similar to d-4-6.nb.

6.2.6. d-2-6.nb.

Let A be a co(contra)variant of order 2 and B be a contra(co)variant of order 6.

d-2-6.nb = DyB.
List
to={{ 30, 5, 2, 5, 1, 2%},
{20, 8, 6, 4, 2, 2%},
{12, 9, 12, 3, 3, 2%},
{ 6, 8,20, 2, 4, 2%},
{ 2, 5,30, 1, 5, 2%},
{20, 4, 2, 8, 2, 6},
{12, 6, 6, 6, 4, 6},
{ 6, 6, 12, 4, 6, 6},
{ 2, 4, 20, 2, 8, 6},
{12, 3, 2, 9, 3, 123},
{ 6, 4, 6, 6, 6, 12},
{ 2, 3,12, 3, 9, 12},
{ 6, 2, 2, 8, 4, 203,
{ 2, 2, 6, 4, 8, 20},
{ 2, 1, 2, 5, 5, 30}}
t2={{ 1, 2, 3, 8, 9, 14},
{ 2, 3, 4, 9, 10, 15},
{ 3, 4, 5, 10, 11, 163},
{ 4, 5, 6, 11, 12, 173},
{ 5, 6, 7, 12, 13, 18},
{ 8, 9, 10, 14, 15, 19},
{ 9, 10, 11, 15, 16, 203},
{ 10, 11, 12, 16, 17, 21},
{ 11, 12, 13, 17, 18, 22},
{ 14, 15, 16, 19, 20, 23},
{ 15, 16, 17, 20, 21, 24},
{ 16, 17, 18, 21, 22, 25},
{ 19, 20, 21, 23, 24, 26},
{ 20, 21, 22, 24, 25, 27},
{ 23, 24, 25, 26, 27, 28}}
¢cc3={ o, 0o, 0, 0, O, O, O, O, O, O, O, O, O, O, O}

For[g=1,q9<=15,q++,
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For[r=1,r<=6,r++,

cc3[[qll+=t0[[q,r]l*ccl[[r]]*cc2[[t2[[q,r]]]]/t
]

How to use
Similar to d-4-6.nb.

6.2.7. d-4-6.nb.

Let A be a co(contra)variant of order 4 and B be a contra(co)variant of order 6.

d-4-6.nb = DyB.
List
t0={{360, 60, 24, 18, 24, 60, 12, 6, 6, 24, 6, 4, 18, 6, 24},
{120, 48, 36, 48,120, 24, 12, 12, 24, 12, 8, 12, 12, 12, 24},
{ 24, 18, 24, 60,360, 6, 6, 12, 60, 4, 6, 24, 6, 18, 24},

{120, 24, 12, 12, 24, 48, 12, 8, 12, 36, 12, 12, 48, 24,120},
{ 24, 12, 12, 24,120, 12, 8, 12, 48, 12, 12, 36, 24, 48,120},

{24, 6, 4, 6,24, 18, 6, 6, 18, 24, 12, 24, 60, 60,360}}
t2={{ 1, 2, 3, 4, 5, 8, 9, 10, 11, 14, 15, 16, 19, 20, 23},
{ 2, 38, 4, 5, 6, 9, 10, 11, 12, 15, 16, 17, 20, 21, 24},
{ 3, 4, 5, 6, 7, 10, 11, 12, 13, 16, 17, 18, 21, 22, 25},
{ 8, 9, 10, 11, 12, 14, 15, 16, 17, 19, 20, 21, 23, 24, 26},
{ 9, 10, 11, 12, 13, 15, 16, 17, 18, 20, 21, 22, 24, 25, 27},

{ 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28}}
cc3={ 0, O, O, O, O, O}
For[g=1,q<=6,q++,
For[r=1,r<=15,r++,
cc3[[qll+=t0[[q,r]1l*ccl[[r]]*cc2[[t2[[q,r]]11]1/t
]
]

How to use

For example p = D,%. The order of ¢ is 4. The order of v is 6.
In[1] :=ccl=Get ["cov-varphi.nb"];

In[2] :=cc2=Get["con-psi.nb"];

In[3]:=t=144; (divisor)

In[4] :=<<d-4-6.nb

In[5] :=cc3=Expand[cc3]

Out [5]={-5i%j? +20hijk -12h’k? -8gik® -8ejk? + ------
(In[6] :=cc3>>con-rho.nb)

6.2.8. disc.nb.

disc.nb = Iy7.
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6.2.9. dual.nb.
Let A be a co(contra)variant. dual.nb compute the dual A* of A.

List
t0={{4,-1},{1,-2},{4,-1},{1,-2},{1,-2},{4,-1}}
t1={{5,3},{2,4},{4,1},{3,2},{1,2},{2,1}}
t2={{5,6},{6,5},{4,6},{4,5},{5,4},{2,3}}
cc3={0,0,0,0,0,03}
For [g=1,9<=6,q++,
For[r=1,r<=2,r++,
cc3[lqll+=cc1[[t1l[q,r]1]11]1*cc1[[t2[[q,r]1]1]11/t0[[q,r]]
]
]

How to use

For example p*.

In[1] :=ccl=Get["con-rho.nb"];
In[2] :=<<dual.nb

In[3] :=cc3=Expand[cc3]

Out [3] ={ ......

(In[4] :=cc3>>cov-rhodual.nb)

6.2.10. entry-*.nb.

entry-30.nb = FENTj,
entry-33.nb = FENTj3,
entry-36.nb = FENTsg,
entry-39.nb = FENTj,
entry-42.nb = FENTy,
entry-45.nb = FENTjs,
entry-48.nb = ENT}3,
entry-disc.nb = FENTy..

The size of their matrixes is written in the next Table.

File name Size
entry-30.nb 98x99
entry-33.nb | 139x142
entry-36.nb | 199x206
entry-39.nb | 275x289
entry-42.nb | 375x403
entry-45.nb | 509x557
entry-48.nb | 678x761

entry-disc.nb | 66x67

6.2.11. entry.c.

entry.c compute entry-*.nb (¥=30, 33, 36, 39, 42, 45, 48, disc). This is a C program.
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List
We omit the list, because it is long. Please see the file directly. We wrote a brief outline of it in
itself.

How to use

We need a C compiler for 32-bit. It must be able to use quadruple precision real number. We
compile entry.c and make the execute file. We execute it.

For example the computation of entry-30.nb.

Input ter-*.nb  ter-30.nb
Input bas-*.nb bas-30.nb
Input save file name entry-30.nb

(Caution! If the file of entry-30.nb already exists, then it is overwritten.)

98

Other cases are similarly computed. The estimated computation time is written in the next
Table.

File name Estimated computation time
entry-30.nb 30 seconds
entry-33.nb 3 minutes
entry-36.nb 15 minutes
entry-39.nb 90 minutes
entry-42.nb 8 hours
entry-45.nb 46 hours
entry-48.nb 10 days

entry-disc.nb 10 seconds

Other necessary files except for input files
con-psi.nb, con-rho.nb, con-sigma.nb, cov-he.nb, cov-tau.nb, cov-varphi.nb, cov-xi.nb,
inv-i3.nb and inv-i6.nb.

6.2.12. entry.nb.

entry.nb compute entry-*.nb (¥=30, 33, 36, 39, 42, 45, 48, disc). This is a Mathemat-
ica program.

List

varphi=Get ["cov-varphi.nb"]
sigma=Get ["con-sigma.nb"]
he=Get ["cov-he.nb"]
psi=Get["con-psi.nb"]
ccl=varphi

cc2=psi

t=144

Get["d-4-6.nb"]
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rho=Expand [cc3]
ccl=rho
cc2=varphi
t=12
Get["d-2-4.nb"]
tau=Expand [cc3]
ccl=sigma
cc2=he

t=72
Get["d-4-6.nb"]
xi=Expand[cc3]
ccl=rho

cc2=he

t=2
Get["d-2-6.nb"]
pi=cc3

ccl=xi
cc2=sigma

t=12
Get["d-2-4.nb"]
eta=cc3
ccl=tau
cc2=psi

t=2
Get["d-2-6.nb"]
zeta=cc3
ccl=tau
cc2=zeta

t=4
Get["d-2-4.nb"]
chi=cc3
ccl=eta

cc2=pi

t=4
Get["d-2-4.nb"]
nu=cc3

ccl=rho
Get["dual.nb"]
rhodual=cc3
ccl=tau
Get["dual.nb"]
taudual=cc3
ccl=xi
Get["dual.nb"]
xidual=cc3
I3=Get ["inv-i3.nb"]
I6=Get ["inv-i6.nb"]
ccl=tau
cc2=rho
Get["j11.nb"]

31



32 TOSHIAKI OHNO

I9a=cc3
ccl=xi
cc2=rho
Get["j11.nb"]
I9b=cc3
ccl=rho
Get["j3.nb"]
I12a=cc3
ccl=tau
cc2=eta
Get["j11.nb"]
I12b=cc3
ccl=tau
Get["j3.nb"]
I15a=cc3
ccl=xi
Get["j3.nb"]
I15b=cc3
ccl=rhodual
cc2=taudual
Get["j11.nb"]
I18a=cc3
ccl=rhodual
cc2=xidual
Get["j11.nb"]
I18b=cc3
ccl=eta
Get["j3.nb"]
I21a=cc3
ccl=nu
cc2=eta
Get["j11.nb"]
I21b=cc3
ccl=nu
cc2=chi
Get["j11.nb"]
J27=cc3
rdim=Length[ter]
cdim=Length [bas]
s=Table[0,{im,rdim},{jm,cdim}]
For[im=1,im<=rdim,im++,{
For[jm=1, jm<=cdim, jm++,
s[[im, jm]]=Coefficient [bas[[jm]],ter[[im]]]
1,
Print [im]

3]

How to use
The case of entry-30.nb.

In[1] :=ter=Get["ter-30.nb"];
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In[2] :=bas=Get ["bas-30.nb"];
In[3] :=<<entry.nb

1

2

98
(In[4] :=s>>entry-30.nb)

Other cases are similarly computed. The estimated computation time is written in the next

Table.

File name Estimated computation time
entry-30.nb 320 minutes
entry-33.nb 54 hours
entry-36.nb
entry-39.nb
entry-42.nb
entry-45.nb
entry-48.nb

entry-disc.nb 30 hours

Other necessary files except for input files
con-psi.nb, con-sigma.nb, cov-he.nb, cov-varphi.nb, d-2-4.nb, d-2-6.nb, d-4-6.nb, dual.nb,
inv-i3.nb, inv-i6.nb, ji1.nb and j3.nb.

6.2.13. inv—*.nb.

inv-i3.nb = I3,
inv-i6.nb = I.

6.2.14. inv-sec-4.nb.

inv-sec-4.nb is the 13-dimensional list
{137 167 Iga7 [gb, IlQay 07 Il5a7 07 118(17 07 07 07 0}
satisfying j = m =n =p =0 (Lemma 4.2).

6.2.15. ji1.nb.
jll.nb = J171.

List

t0={1,2,1,2,2,1}

cc3=0

For[g=1,q<=6,q++,
cc3+=ccl[[ql]*cc2[[q]l]1/t0[[q]]

]
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How to use

For example Ig, = J1,1(7, p).
In[1] :=ccl=Get["cov-tau.nb"];
In[2] :=cc2=Get["con-rho.nb"];
In[3]:=<<j11.nb

In[4] :=cc3=Expand[cc3]
Oout[4]={ ------

(In[5] :=cc3>>inv-i9a.nb)

6.2.16. j3.nb.

j3.nb = Jzgor Jo3s.

For[q=1,q9<=5,q++,
cc3+=ccl1[[t1[[ql]1]*cci[[t2[[ql]11]1*cc1[[t3[[ql1]11/t0[[q]]
]

How to use

For example I124 = Jo3(p).

In[1] :=cc1=Get["con-rho.nb"];
In[2] :=<<j3.nb

In[3] :=cc3=Expand[cc3]
OQut[3]={------

(In[4] :=cc3>>inv-il12a.nb)

6.2.17. jexc27.nb.
jexc27.nb is the rule of the exchange of Ja7 for Ia7.

How to make this file is as follows.

In[1] :=disc=Get["disc.nb"];

In[2] :=Solve[I27==disc,J27]

Out [2]={{J27 -> (295928456745600I12al1b5a — ------
We obtain the rule of jexc27.nb.

6.2.18. make-he.nb.
make-he.nb compute cov-he.nb.
List

F=axx"4+4%b*x "~ 3*y+6*cxx~ 2%y~ 2+4*xd*x*y~3+e*xy 4+
dxfxx”3*z+12%gxx "2k y*kz+12x%h*xky " 2%z+4* 1%y~ 3xz+
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6% jkx " 2%z 2+12%kkx*y*z " 2+6%1xy " 2%z" 2+
4xmxx*z” 3+4*xnxy*xz" 3+
p*xz~4
A={{D[F,x,x],D[F,x,y],D[F,x,2]},
{D[F,y,x],D[F,y,y],D[F,y,z1},
{D[F,z,x],D[F,z,y],D[F,z,z]}}
he=Expand [Det [A]/1728]
var={x"6,x"5*y,x"4*xy~2,x"3*%y"3,x 2%y 4,x*y"5,y"6,
X%z, x"4*xy*z ,x" 3%y 2%z ,x" 2%y " 3%z ,x*y " 4*z,y " b*z,
XT4*xz"2, X" 3%y*z2"2, X" 2%y " 2%27 2 ,xxy " 3%z272,y"4*z"2,
X"3*z273,X " 2%y*z2"3,x*¥y 2%z 3,y " 3*z"3,
X"2xz74 ,xxy*xz"4,y"2*%z"4,
x*z"5,y*z"5,
z 6}
s=Coefficient [he,var]

How to use
In[1] :=<<make-he.nb

(In[2] :=s>>cov-he.nb)

6.2.19. make-i3.nb.
make-i3.nb compute inv-i3.nb.

List
A={{x[1],x[2],x[3]1},
{y[1],y[2],y[3]},
{z[1]1,z[2],z[3]1}}
i3=Expand [Det [A]~4/6]
exc={x[t_1"4 -> a, x[t_17"3xy[t_] -> b, x[t_1"2xy[t_1"2 -> c,
x[t_1*y[t_1°3 -> d, y[t_1"4 -> e,
x[t_173*%z[t_] —> £, x[t_]1"2xy[t_1*z[t_] -> g,
x[t_I*ylt_1"2%z[t_] -> h, y[t_1"3*z[t_] -> i,
x[t_1"2*z[t_1"2 -> j, x[t_Ixylt_l*z[t_1"2 -> Kk,
ylt_1"2%z[t_]"2 -> 1,
x[t_I*z[t_1°3 -> m, ylt_1*z[t_1"3 -> n,
z[t_1"4 -> p}
s=13//.exc

How to use
Similar to make-he.nb.

6.2.20. make-psi.nb.
make-psi.nb compute con-psi.nb.

List

35
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A12={{u,x[1],x[2]},
{v,y[1],y[2]%},
{w,z[1],z[2]}}
A23={{u,x[2],x[3]1},
{v,y[2],y[3]3%},
{w,z[2],z[3]1}}
A31={{u,x[3],x[1]},
{v,y[3],y[113},
{w,z[3],z[11}}
psi=Expand [Det [A12] “2*Det [A23] ~2#Det [A31] ~2/6]
exc={x[t_]1"4 -> a, x[t_]1"3*y[t_] -> b, x[t_1"2*y[t_1"2 -> c,
x[t_1*y[t_1"3 -> d, ylt_1"4 -> e,
x[t_173*z[t_] -> £, x[t_]1"2xy[t_l*z[t_] -> g,
x[t_I*yl[t_1"2%z[t_] -> h, y[t_1"3*z[t_] -> i,
x[t_1"2*z[t_1"2 -> j, x[t_I*xylt_l*z[t_1"2 -> Kk,
ylt_1"2*z[t_]1°2 -> 1,
x[t_I*z[t_1°3 -> m, ylt_1*z[t_1"3 -> n,
z[t_1"4 -> p}
psi=psi//.exc
var={u~6,u"5*xv,u"4*xv"2,u"3*xv"3,u"2*xv"4,uxv"5,v"6,
U b*w,u"4*vHkw,u” 3%V 2%w,u”" 2% v " 3*%w, ukv " 4*xw, v b*xw,
UW4kw 2,0 3% vxw 2,0 2%V T 2%xw 2, ux v 3%w T2, v 4xw "2,
U 3*%w™3,u"2%v*xw "3, uxv"2*%w"3,v"3*xw "3,
u"2*xw 4, uxvkw4,v"2%xw "4,
u*xw"5,vxw"5,
w6}
s=Coefficient [psi,var]

How to use
Similar to make-he.nb.

6.2.21. make-sigma.nb.
make-sigma.nb compute con-sigma.nb.

List

A12={{u,x[1],x[2]},
{v,y[1],y[2]%},
{w,z[1],z[2]}}
sigma=Expand [Det [A12] ~4/2]
exc={x[t_1"4 -> a, x[t_]1"3*y[t_] -> b, x[t_]1"2xy[t_]1"2 -> c,
x[t_I*xy[t_1°3 -> d, y[t_1"4 -> e,
x[t_173*z[t_] -> £, x[t_]1"2xy[t_J*z[t_] -> g,
x[t_I*yl[t_]1"2%z[t_] -> h, y[t_1"3*z[t_] -> i,
x[t_1"2*z[t_1"2 -> j, x[t_Ixylt_I*z[t_1"2 -> Kk,
ylt_1"2*z[t_1°2 -> 1,
x[t_I*z[t_1"3 -> m, ylt_1*z[t_1"3 -> n,
z[t_1"4 -> p}
sigma=sigma//.exc
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var={u~4,u"3*v,u"2*v"2,u*xv"3,v"4,
U™ 3%w,u” 2% vHkw, uxv"2*%w, v 3*w,
U 2w 2, uxvkw 2, v 2%w "2,
uxw~3,v*w"3,
w™4}
s=Coefficient[sigma,var]

How to use
Similar to make-he.nb.

6.2.22. quarticsdata.nb.

37

quarticsdata.nb is the 14-dimensional list such that its i-th component is the 15-dimensional

list of values of coefficient of ternary quartic (Lemma 4.2).

6.2.23. r*x.nb.

r30.nb

r33a.
.nb
r36a.
.nb
.nb
r39a.
.nb
.nb
rd2a.
.nb
.nb
.nb

r33b

r36b
r36¢c

r39b
r39c

r42b
rd2c
rd42d

nb

nb

nb

nb

r45.nb
r48.nb

6.2.24. rank.nb.

rank.nb compute the rank of entry-*.nb (¥x=30, 33, 36, 39, 42, 45, 48).

List

rdim=Length[A]

For [k=1,k<=rdim,k++,{
m=A[[k,k]],
For[j=k, j<=rdim, j++,A[[k,j]1]1/=m],
For[i=k+1,i<=rdim,i++,{

m=A[[1,k]],

If [m!=0,For[j=k,j<=rdim, j++,A[[1,j]1]1-=A[[k, j]1]*m]]
H,
Print [k]

]

Rso,

R334,
Rs33p,
R36q,
Rsep,
R3ge,
R394,
Rs3gp,
Ry,
Ry2q,
Ryop,
Ryae,
Ry24,
Rys,

Rys.
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How to use

The case of entry-30.nb.
In[1]:=A=Get["entry-30.nb"];
In[2] :=<<rank.nb

1

2

98
Other cases are similarly computed. The estimated computation time is written in the next
Table.

File name | Estimated computation time
entry-30.nb 10 seconds
entry-33.nb 20 seconds
entry-36.nb 80 seconds
entry-39.nb 4 minutes
entry-42.nb 15 minutes
entry-45.nb 150 minutes
entry-48.nb 260 minutes

6.2.25. relalist.nb.

relalist.nb make a list s of all the relations in Theorem 3.2:
s = {r30.nb, r33a.nb, ---, r48.nb}.
List
s={0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}
fn={"r30.nb", "r33a.nb", "r33b.nb", "r36a.nb", "r36b.nb",
"r36c.nb", "r39%a.nb", "r39b.nb", "r39c.nb", "r42a.nb",

"r42b.nb", "r42c.nb", "r42d.nb", "r45.nb", "r48.nb"}
For[i=1,i<=15,i++,s[[i]1]1=Get [fn[[i]1]1]]

How to use
In[1] :=<<relalist.nb

6.2.26. relation.*.

relation.tex is a source file of TeX. relation.ps is the PostScript File. relation.pdf is
the Portable Document Format File. In these files, we describe the coefficient of W, in the
relation in Theorem 3.2.

6.2.27. sec-4-lemma-*.nb.

The computation in Lemma 4.4 and Lemma 4.5 is computed by sec-4-lemma-i9b.nb.

The computation in (Lemma 4.4 and) Remark 4.6 is computed by sec-4-lemma-i12b.nb,
sec-4-lemma-i15b.nb, sec-4-lemma-i18b.nb, sec-4-lemma-i21a.nb and
sec—-4-lemma-i21b.nb.
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We describe the only case of sec-4-lemma-i9b.nb. We omit other cases, because they are
similar to sec-4-lemma-i9b.nb.

We assume the conditions of Is = I = Iy, = I18¢ = Io7 = 0 and I1oq, = I15, = 1. See the
list below. ¢ is 240-dimensional list. ¢[[j]] (1 < 7 < 190) is the left hand side of (1) ~ (190).
allj]] (191 < j < 240) is Wy ~ Wso. A is 190x240 matrix. A[[i,j]] (1 <i <15, 1 < j < 240)
is the coefficient of ¢[[j]] in the relation of (1) ~ (15) and the remaining entries are 0 at first
(299~314-th line).

The n (16 < n < 190)-th relation is maked from s[[n]]-th relation multiplied by r[[n]]. We
execute this work from n = 16 to n = 190. But we do not execute it at a time. We divide g[[n]]
(16 < n < 145, 146 < n < 190) according to their degree. There are 65 kinds. We express its
information by list nn. The list nn has 65 rows. The first 20 rows correspond to Lemma 4.4.
The remaining 45 rows correspond to Lemma 4.5 (15, ~ Ig,? ). The 315~347-th line correspond
to the computation of Lemma 4.4 and Lemma 4.5 (I, ~ I5)). The 348~355-th line correspond
to the computation of Lemma 4.5 (Uy,, ).

List
We show the only list of sec-4-lemma-i9b.nb. We omit other lists, because they are similar to
sec—4-lemma-i9b.nb. Please see each file directly.

nn={{ 16, 16},{ 17, 19},{ 20, 24},{ 25, 32},{ 33, 44},
{ 45, 52},{ 53, 65},{ 66, 80},{ 81, 90},{ 91,100},
{101,111},{112,119},{120,125%},{126,131},{132,135},
{136,138},{139,141},{142,142},{143,143},{144,145},
{146,146} ,{147,147},{148,148%},{149,149},{150,150},
{151,151},{152,152},{1563,153%},{154,154},{155, 155},
{156,156},{157,157},{1568,158},{159,159},{160,160},
{161,161},{162,162},{163,163},{164,164},{165,165},
{166,166},{167,167},{168,168},{169,169},{170,170},
{171,171} ,{172,172},{173,173},{174,174},{175,175}%},
{176,176} ,{177,177},{178,178},{179,179},{180,180},
{181,181},{182,182},{183,183},{184,184},{185,185},
{186,186},{187,187},{188,188},{189,189},{190,190}}

s={ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
0, 0, 0, 0, 0, 1, 2, 3, 1, 5,
6, 2, 3, 1, 4, 7, 8, 9, 2, 3,
6, 1, 11, 17, 18, 7, 19, 12, 13, 9,
3, 1, 1, 6, 10, 21, 22, 23, 7, 5,
3, 9, 4, 4, 26, 27, 28, 29, 30, 32,
8, 24, 12, 13, 6, 34, 35, 14, 37, 38,
39, 41, 42, 43, 44, 31, 32, 24, 9, 13,

10, 10, 49, 51, 52, 40, 41, 44, 12, 13,
57, 14, 58, 59, 60, 63, 64, 65, 52, 41,
70, 32, 71, 72, 73, 74, 75, 79, 80, 51,
43, 84, 85, 62, 78, 89, 90, 43, 65, 96,
97, 98, 100, 79, 80, 108, 109, 110, 111, 89,
90, 116, 117, 118, 119, 102, 124, 125, 128, 130,
131, 134, 137, 140, 141, 4, 146, 147, 148, 149,
150, 151, 162, 153, 154, 155, 156, 157, 158, 159,
160, 161, 162, 163, 164, 165, 166, 167, 168, 169,
iro, 1v1, 1v2, 173, 174, 175, 1ve6, 177, 178, 179,
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180, 181, 182, 183, 184, 185, 186, 187, 188, 189}
r={ o, o, 0, 0, 0, 0, 0, 0, o, 0,
0, 0, 0, 0, 0, I9%, 1I9, 19, I12b, 1I9b,
I9b, I12b, I12b, I15b, I12b, 1I9b, 1I9b, 1I9b, I15b, I15b,
I12b, I18b, I9%, 1I9, 19, I12b, I9b, I9%, 1I9b, I12b,
I18b, I21a, I21b, I15b, I12b, I9, I9, 1I9b, I15b, I18b,
I21a, I15b, I21a, I21b, 19, 1I9b, 1I9b, I9%, 1I9, 19D,
I18b, I12b, I15b, I15b, I21b, I9b, 1I9b, I15b, I9b, 19D,
I9p, 1I9b, 1I9p, 1I9b, 1I9b, I12b, I12b, I15b, I21b, I18b,
I21a, I21b, I9, 1I9, 1I%9, I12b, I12b, I12b, I21b, I21a,
I9, I21b, 1I9b, 1I9b, 1I9%, 1I9%, 1I9b, 1I9b, I12b, I15b,
I9p, I21b, 1I9p, 1I9p, 1I9b, 1I9b, 1I9b, 1I9b, 1I9b, I15b,
I18b, 1I9b, 1I9b, I15b, I12b, I9b, 1I9b, I21a, I15b, 19D,
I9p, 1I9b, 1I9b, I15b, I15b, 1I9b, I9b, 1I9b, 1I9b, I15b,
I15b, I9, 1I9%, 1I9%, 1I9, I15b, 1I9b, 1I9b, 1I9b, 19D,
I9p, 19>, 1I9p, 1I9p, 1I9b, 1I9b, 1I9b, 1I9b, 1I9b, 1I9b,
I9p, 19, 1I9p, 1I9b, 1I9b, 1I9b, 1I9b, 1I9b, 1I9b, 1I9b,
I9b, 19, 1I9p, 1I9%, 1I9%, 1I9%, 1I9, 1I9>, 19>, 1I9b,
I9b, 19, 1I9p, 19, 1I9%, 1I9%, 1I9, 1I9, 1I9, 1I9b,
I9b, I9%, 1I9%, 1I9%, 1I9%, 1I9, 1I9%, 1I9%, 1I9%, I9}
g={I15b"2, I12bx*I21a, I12b*I21b, I9%"4, I12b~3, I18b~2,
I9b*I112b*xI18b, I12b~2*xI15b, I18b*I21a,
I9p~3%xI15b, I9b"2xI12b~2, I21a"2, I21b~2, I9b~3%I18b, I9b~"2*%I15b"2,

I9b*I15b~2,

I9b*I12b*I21a, I9b*I12b*I21b, I12b*xI15b"2,

I9b*I12b~3, I9b*I18b~2, I12b"2*I21a, I12b~2%I21b, I15b"3,

I9b~4%xI12b, I9b~2*xI12b*I18b, I9b*I12b~2*I15b, I9b*I18b*I21a,
I12b*I15b*I21a, I12b*I15b*I21b, I12b*I18b~2, I15b~2*I18Db,

I9b"3%I12b"2, I9"2%I12b*xI21a, I9b~2*%I112b*I21b,

I9b*I112b~2%xI18b, I9b*I12b*I115b~2,
I9b*I121a"2, I9b*I21b~2, I12b*I18b*I21a, I12b*I118b*I21Db,
I15b"2%I121a, I15b"2*xI21b, I15b*I18b~2,

I9b"3%I12b*xI15b, I9b"2%I118b~2, I9b*I12b~2*I21a, I9b*xI12b~2*I21b,
I9b*I12b*I15b*I118b, I12b~3*I18b, I12b*I121a*xI21b, I15b*I18b*I21a,

I9p~4xI21a, I9p"4xI121b, I9b~3%I112b*xI18b, I9b~2*xI12b~2*I15Db,
I9p~"2*xI118b*I21a, I9b*I12b*xI15b*I21a, I9b*I12b*I15b*xI21b,
I9b*I15b~2%I18b, I12b"2*xI15b*I18b, I12b*I15b"3,

I15b*I21a"2, I15b*xI21b~2, I18b~2*I21b,

I9b~3*xI12b*I21a, I9b " 3*I12b*I121b, I9b~3*%I15b*xI18b,
I9b"2*xI12b*I15b72, I9b"2*%I21a"2, I9 "2*I21b~2, I9*I12b*I18b*I21b,
I9b*xI15b~2*%I21a, I9b*I15b~2xI121b, I9b*I15b*xI18b~2, I12b~2*I18b~2,
I12b*I15b"2*xI118b, I15b~4, I18b*I21axI21b, I18b*I21b~2,

I9b~3*xI15b*I21a, I9~3*I15b*xI21b, I9b~2%I12b*xI15b*I18Db,
I9b*I12b*I21a*xI21b, I9b*xI15b*I18bxI21a,

I12b"2%I18b*xI21a, I12b"2*I18b*I121b,
I12b*I15b*xI18b"2, I21a"2*I21b, I21a*xI121b"2,

I9b"3*%I18b*I21a, I9b~3%I118b*I21b,

I9b"2xI12b*I15b*I21a, I9b~2*xI12b*xI15b*I21b,
I9p~"2*xI15b"2%I18b, I9b*I15b*xI21a”2, I9b*I15b*xI21b~2,
I9b*I118b~2*I21b, I12b*I15b*I18b*I21a, I12b*I15b*I18b*I21b,
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I9b~3*%xI21a"2, I9b"3xI21a*I21b, I9b~3*%I21b"2,

I9b~2*%I12b*xI118b*I21b, I9b~2*%I15b~2xI21a, I9b~2*xI15b~2*%I21b,
I9b~2*%I15b*xI118b"2, I9b*xI18b*I21a*I21b, I9b*I18b*I21b~2,
I12b*xI15b*I21a*xI21b, I15b"2*%I18b*I21b,

I9b"2*%xI112b*xI121a*I21b, I9b~2*%I15b*I18b*xI21a, I9b~2*xI15b*I18b*I21b,
I12b*I15b~4, I9b*I21a~2%I21b, I9b*I21a*I21b"2,

I15b"2*%I21a*xI21b, I15b*xI18b~2*I21Db,

I9b~2*%xI15b*xI121a"2, I9b~2*I15b*I21b"2, I9b~2xI18b~2*I21b,
I9b*I12b*I115b*xI118b*I21b, I15b*I18b*xI21a*I21b, I15b*I18b*xI21b~2,

I9b~2%xI118b*xI121a*I21b, I9b"2*I18b*I21b~2, I9b*I12b*xI15b*xI21a*I21b,
I9b*I15b~2xI118b*I21b, I15b*I21a"2*%I21b, I15b*I21a*xI21b~2,

I9b~2%xI121a"2*%I21b, I9b"2*%I21a*xI21b"2,

I9b*xI15b"2*%I121a*xI21b, I9b*xI15bxI18b~2*xI121b,

I9b~3*%I15b*xI121a*xI21b, I9bxI15b*I18b*I21a*I21b, I9b*I15b*xI18b*xI21b"2,

I9b"2*%I112b*xI115b*xI121a*xI21b, I9b*I15b*I21a"2*xI21b, I9b*I15b*I21a*I21b"2,

I9b"2*%I15b"2*%I21a*I21b,

I9b~2%xI115b*xI18b*I21a*xI21b,

I9b"2*%I15b*x121a"2*%I21b, I9 " 2*%I15b*I21a*I21b"2,

I9b°5,

I9p~"6, 1I9~7, 1I9%~8, 1I9"9, 1I9b~10,
I9p~11, I9b"12, I9~13, I9%"14, I9%b"15,
I9p~16, I9b~17, I9~18, I9"19, I9"20,
I9p~21, I9b~22, I9~"23, I9%"24, I9b~25,
I9p~26, I9b~27, I9~"28, I9p~29, I9p"30,
I9p~31, I9b~"32, I9%~"33, I9%"34, I9b~35,
I9p~36, I9b~"37, I9~38, I9p~39, 19740,
I9p~41, I9b~42, I9b~43, I9p~44, I9b745,
I9b~46, I9b~47, I9b~48, I9p~49,

1, I9, I12b, I15b, I9p"2, I18b, I9%*I12b, I21a, I21b, I9b*I15b, I12b"2,
I9b~3, I9b*xI18b, I12b*I15b, I9b~2*I12b, I9b*I21a, I9b*I21b, I12b*xI18Db,
I9b~2*%I15b, I9b*I12b~2, I15b*I18Db,

I9b~2*%I18b, I9b*I12b*I15b, I15b*xI21a, I15b*xI21b,
I9b~"3*%I12b, I9b~2*I21a, I9~"2*I21b, I18b*xI21b,
I9b*I15b*I18b, I12b"2*%I18b, I21ax*I21b,
I9b~2*%I12b*xI115b, I9b*I15b*xI21a, I9b*I15b*xI21b, I12b*I15b*I18b,
I9b~3*I21a, I9b~3*I21b, I9%*I18b*I21b, I9b~"2*I15b*xI18b, I9b*I21a*xI21b,
I9b~2*%I15b*xI21a, I9b~"2*xI15b*I21b, I15b*I18b*I21Db,
I9b~2*%I18b*xI21b, I15b*I21a*I21b, I9b~2*%I21a*xI21Db,
I9b*I15b*xI18b*I21b, I9b*I15b*I21a*xI21b, I9b~2%I15b*I21a*xI21b}
nh=65
nu=145
nr=190
nc=240
fn={"r30.nb", "r33a.nb", "r33b.nb", "r36a.nb", "r36b.nb",
"r36¢c.nb", "r39%9a.nb", "r39b.nb", "r39c.nb", "r42a.nb",
"r42b.nb", "r42c.nb", "r42d.nb", "r45.nb", "r48.nb"}
A=Table[0,{i,nr},{j,nc}]
For[i=1,i<=15,i++,{
rel=Get [fn[[i]]],
rel=rel//.{I3->0,16->0,I9a->0,I12a->1,I15a->1,I18a->0,I27->0},
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n=Length[rell,
For [k=1,k<=n,k++,{
co=rel[[k]],
j=1,
While[IntegerQ[co/ql[jl]]==False, j++],
A[[i,jl1+=co/ql[j]1]
H
H
For[k=1,k<=15,k++,{
m=A[[k,k]],
For[j=k, j<=nc, j++,A[[k,j]1]/=m]
1
For[h=1,h<=nh,h++,{
For[n=nn[[h,1]] ,n<=nn[[h,2]] ,n++,
For[i=s[[n]],i<=nc,i++,{
If[A[[s[[n]],i]1]==0,Continuel]l],
t=q[[i]1]*r[[n]],
For[j=1, j<=nc, j++,
If [t==q[[j1],{A[[n,jl]=A[[s[[n]],i]],Break[]}]
]
H
1,
For[k=1,k<=nn[[h,1]]1-1,k++,
For[i=nn[[h,1]],i<=nn[[h,2]],i++,{
If[A[[i,k]]==0,Continue([]],
m=A[[i,k]],
For[j=k, j<=nc, j++,A[[i,jl]=Together [A[[i,jl1]-A[[k,j]]*m]]
H
1,
For[k=nn[[h,1]] ,k<=nn[[h,2]],k++,q{
m=A[[k,k]],
For [j=k, j<=nc, j++,A[[k,j1]1/=nm],
For[i=k+1,i<=nn[[h,2]],i++,{
m=A[[i,k]],
For[j=k,j<=nc, j++,A[[i,j]l]=Together[A[[i,jl]1-A[[k,j]1]1*m]]
H
H,
For[k=nn[[h,2]] ,k>=nn[[h,1]] ,k--,
For[i=k-1,i>=nn[[h,1]],i--,{
m=A[[i,k]],
For[j=k, j<=nc, j++,A[[i,jl]=Together[A[[i,jl1]1-A[[k,jl]*m]]
H
1,
Print [h]
1]
B=Table[0,{i,50},{j,50}]
B[[1,1]1]1=1
B[[2,2]]1=1
B[[3,5]]1=1
B[[4,12]1]=1
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For[j=1,j<=50,j++,B[[5,j]1]1=-A[[4,nr+j]1]]
For[i=6,i<=50,i++,For[j=1, j<=50,j++,B[[i,j]]1=-A[[nu+i-5,nr+j]11]
Print [NullSpace [B]]

How to use

In[1] :=<<sec-4-lemma-i9b.nb
1
2

65
{3

Other cases are similar to sec-4-lemma-i9b.nb. The estimated computation time is 2 ~ 4
minutes.

Other necessary files
r30.nb, r33a.nb, r33b.nb, r36a.nb, r36b.nb, r36¢c.nb, r39a.nb, r39b.nb, r39c.nb, r42a.nb,
r42b.nb, r42c.nb, r42d.nb, r45.nb and r48.nb.

6.2.28. sumdisc.nb.
sumdisc.nb compute Io7 on given condition.

List
We omit the list, because it is similar to entry.nb. Please see the file directly.

How to use

For example j =k=1l=m=n=p=0.

In[1] :=exc={j->0,k->0,1->0,m->0,n->0,p->0};
In[2] :=<<sumdisc.nb

0

Other necessary files
bas-disc.nb, coe-disc.nb, con-psi.nb, con-sigma.nb, cov-he.nb, cov-varphi.nb, d-2-4.nb,
d-2-6.nb, d-4-6.nb, dual.nb, inv-i3.nb, inv-i6.nb, j11.nb and j3.nb.

6.2.29. ter—*.nb.

ter-30.nb = TFERs,
ter-33.nb = TFER3s3,
ter-36.nb = TFERsg,
ter-39.nb = TFER3,
ter-42.nb = TFERy,
ter-45.nb = TFERys,
ter-48.nb = TFERys,

ter-disc.nb = TERgjse..
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6.2.30. unexistence.nb.
The computation in Lemma 4.2 is computed by unexistence.nb.

In practical computation, it is hard to compute exact values of b;. We select €1 and €3 (€1, €2 > 0)
and make a pair {b; — €1,b; + e2}. We define that a pair {z1,z2} always satisfies x; < z5. We
define four fundamental rules of arithmetic between two pairs {z1,z2} (1 > 0 or z2 < 0) and
{yl,yg} (y1 >0 or Y2 < 0):

{z1, 22} + {1, 92} = {z1 + y1, 22 + Y2},
{w1, 22} —{y1, 92} = {21 — y2, 22 — Y1},

{xminymina $marymaz} (5613/1 > 0)
x b X ) -
{ ! 2}{y1 yz} { {_xmaacyma:m _xminymin} (xlyl < 0)7

_ {xmin/ymaxv xmar/ymin} (551y1 > 0)
{z1, 22} /{y1, 2} = { {~Zmaz/Ymins —Tmin/Ymaz} (2191 < 0),

where
Tmin, = min(|z1], |x2|),
Tmaz = max(|z1], |x2|),
Ymin = min(|y1], [y2]),
Ymaa = max(|y1], [y2])-

We execute computation by using these rules. If the result {z1,x2} satisfies z1z9 > 0, then it is
not equal to 0. On the other hand, if it satisfies z1z2 < 0, then it may be equal to 0. The later
case does not occur in our computation.

List
add[inl_,in2_]:=
Module [{outmin,outmax}, {
outmin=ini [[1]]+in2[[1]],
outmax=in1[[2]]+in2[[2]],
If [outmin*outmax<=0,Print["This may be 0 by add."11};
Return[{outmin,outmax}]
]
sub[inl_,in2 ]:=
Module [{outmin,outmax}, {
outmin=ini1[[1]]-in2[[2]],
outmax=ini[[2]]-in2[[1]],
If [outmin*outmax<=0,Print ["This may be O by sub."]1]};
Return[{outmin, outmaxl}]
]
multilinl_,in2_]:=
Module [{minl,max1,min2,max2,outmin, outmax}, {
If[in1[[1]1]>0,{min1=in1[[1]] ,max1=in1[[2]]},
{min1=-in1[[2]] ,max1=-in1[[1]]13}],
If[in2[[1]1]>0,{min2=in2[[1]] ,max2=in2[[2]]},
{min2=-in2[[2]] ,max2=-in2[[1]1]13}],
If[in1[[1]]*in2[[1]]>0,{outmin=minl*min2,outmax=maxl*max2},
{outmin=-max1*max2, outmax=-minl*min2}]};
Return[{outmin, outmax}]
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]
div[ini_,in2_]:=
Module [{minl,max1,min2,max2,outmin, outmax},{
If[in1[[1]1]1>0,{minl=in1[[1]] ,max1=in1[[2]]3},
{min1=-in1[[2]] ,max1=-in1[[1]1]13}],
If[in2[[1]]1>0,{min2=in2[[1]] ,max2=in2[[2]]3},
{min2=-in2[[2]] ,max2=-in2[[1]1]1}],
If[in1[[1]1]1*in2[[1]1]1>0,{outmin=minl/max2,outmax=max1/min2},

{outmin=-max1/min2,outmax=-minl/max2}]};

Return[{outmin,outmax}]
]
int[in_]:=
Module [{outmin,outmax}, {
outmin=Floor[in[[1]]],
outmax=Ceiling[in[[2]]],
If [outmin*outmax==0,Print ["This output becomes O by int."]]};
Return[{outmin,outmax}]
]
approx[poly_,in_]:=
Module[{val,mid,outmin, outmax},{
outmin=in[[1]],
outmax=in[[2]],
val=1,
While[val>err,{
mid=(outmin+outmax)/2,
val=poly//.b->mid,
If [val>0,outmax=mid,{outmin=mid,val=-val}]
13
Return[{outmin, outmax}]
]
ge=Get ["inv-sec-4.nb"]
gs=Get ["quarticsdata.nb"]
solulist=Get["unexistsolulist.nb"]
bas=Get ["abas-225.nb"]
gesym={I3,16,19a,I19b,I12a,112b,I15a,115b,I118a,I18b,I21a,I21b,I127}
nc=Length [bas]
col=Table[0,{nc}]
beta=Table[0,{ii,nc},{jj,nc},{kk,2}]
bpow=Table[0,{ii,100},{jj,2}]
gel=Table[0,{13}]
err=1/10"200
nr=0
For[ii=1,ii<=Length([gs],ii++,{
For [kk=1,kk<=13,kk++,gel [ [kk]]=Expand[ge[[kk]]//.{a->gs[[ii,1]],
c->gs[[ii,3]],e->gs[[ii,5]],f->gs[[ii,6]],g->gs[[ii,7]],
h->gs[[ii,8]],i->gs[[ii,91],k->gs[[ii,11]1],1->gs[[ii,12]1]1}]1],

gb=GroebnerBasis [{gel1[[3]],gel1[[5]]1},{d,b},MonomialOrder->Lexicographic],

solud=Solve[gb[[2]]1==0,d],

For [kk=1,kk<=13,kk++,gel [ [kk]]=Expand[gel [[kk]]//.solud[[1,1]1]1]1],

gf=gb[[1]],

45
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For [kk=1,kk<=13,kk++,gel [[kk]]=PolynomialRemainder [gel[[kk]],gf,bl],
If[ge1[[4]1]==0,Print["I% is equal to 0."1],
If[ge1[[7]1]1==0,Print["I15a is equal to 0."]],
If[gel1[[9]]1==0,Print["I18a is equal to 0."]],
For[jj=1,jj<=nc,jj++,{

gg=1,

For [kk=1,kk<=13,kk++,

For[11=1,11<=Exponent [bas[[jjl],gesym[[kk]]],11++,{
gg=Expand [gg*gel [[kk]]],
gg=PolynomialRemainder[gg,gf,b]

}]

1,
If [gg==0,Print["This component is 0."]],
coll[jjll=gg
1,
collist=Table[CoefficientList[col[[jjl],b]l,{jj,nc}],
For[iii=1,iii<=Length[solulist[[ii]]],iii++,{
inmin=solulist([[ii,iiil],
inmax=inmin+1,
If[(gf//.b->inmin)<0,sign=1,sign=-1],
bpow[[1]]=approx[gf*sign,{inmin,inmax}],
For [kk=2,kk<Exponent [gf ,b] ,kk++,
bpow [ [kk]]=multi [bpow[[kk-1]],bpow[[1]]]
1,
nr++,
For[jj=1,jj<=nc,jj++,{
vall={collist[[jj,1]1],collist[[jj,11]1},
For [kk=2,kk<=Length[collist[[jj11],kk++,
If [collist[[jj,kk]]!=0,{
val2=multi [bpow[[kk-1]],{collist[[jj,kk]],collist[[jj,kk11}],
vall=add[vall,val2]

H
1,
betal[[nr,jjll=int [vall]
H,
Print [nr," R I ",gel[[1]1]1," ",gell[2]],

" ",geil[3]]," ",gell[5]]]
H
H
For [kk=1,kk<=nc,kk++,q{
For[ii=kk+1,ii<=nr,ii++,{
vall=div[betal[[ii,kk]],betal[kk,kk]]],
betal[[ii,kk]]1={0,0},
For[jj=kk+1,jj<=nc,jj++,{
val2=multi[betal[kk,jjl]l,valll,
val2=sub[betal[ii,jjl],val2],
betal[[ii,jjll=int[val2]
H
1,
For [jj=kk, jj<=nc,jj++,betal [kk,3jj11={0,0}],
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Print [kk]
H

How to use

In[1] :=<<unexistence.nb
1 0 0 0

OO WN -
N NN - =
O O O O O
o O O O O
O O O O O
O O O O O o

41
42

The estimated computation time is 3 minutes.

Other necessary files
abas-225.nb, inv-sec-4.nb, quarticsdata.nb and unexistsolulist.nb.

6.2.31. unexistsolulist.nb.

unexistsolulist.nb is the 14-dimensional list such that its i-th component is the 3-dimensional
list of greatest integers less than or equal to solutions (Lemma 4.2):

{{[bl] ) [b2]7 [b3]}7
{[ba]; [b5], [bs]}

{[b37], [b3s], [bso]}
{[bao], [bar], [baz]}

where | ] is the Gauss symbol.

6.2.32. v48.nb.

v48.nb = Vig.
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6.3. Description of proofs.

6.3.1. Theorem 2.4.

We compute entry-disc.nb by using entry.nb or entry.c.
In[1] :=<<entry-disc.nb;

In[2] :=NullSpace[%1]

Out [2]={-8028160000,

%2 is equal to coe-disc.nb. The inner product of coe-disc.nb and bas-disc.nb is disc.nb.

6.3.2. Theorem 3.2.

We describe the case of degree 30.

We compute entry-30.nb by using entry.nb or entry.c.
We compute the rank of entry-30.nb by using rank.nb.
In[1] :=<<entry-30.nb;

In[2] :=<<coe-30.nb;

In[3]:=%1.%2

Out[3]={0, 0, O, O, O, O, O, O, O, O,

o, 0, 0, 0, 0, O, 0, O, 0, O, O, O}
In[4] :=<<bas-30.nb;

In[5] :=rel=%2.%4;

In[6] :=exc=Get ["jexc27.nb"];

In[7] :=rel=rel//.exc;

In[8] :=rel=Expand[rel]

Out [8]=-141120000115aI15b

(In[9] :=rel>>r30.nb)

The cases of other degree are similarly computed.

6.3.3. Lemma 4.2.

We execute unexistence.nb.

6.3.4. Lemma 4.3.

It is sufficient that we compute Io7 on each condition of k£ = [

j=l=m=n=p=0.

In[1] :=exc={k->0,1->0,m->0,n->0,p->0};
In[2] :=<<sumdisc.nb

0
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In[3] :=exc={j->0,1->0,m->0,n->0,p->0};
In[4] :=<<sumdisc.nb
0

6.3.5. Lemma 4.4 and Lemma 4.5.

We execute sec-4-lemma-i9b.nb.

6.3.6. (Lemma 4.4 and) Remark 4.6.

We execute sec-4-lemma-il12b.nb, sec-4-lemma-il15b.nb, sec-4-lemma-i18b.nb,
sec-4-lemma-i2la.nb and sec-4-lemma-i21b.nb.

6.3.7. Proposition 5.1.

In[1] :=<<relalist.nb
In[2] :=<<v48.nb;
In[3] :=Expand[s.%2]
Out [3]=0
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