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§1.1.2 Metric spaces
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metric spaces

metric space (M, d) with set M and distance d : M ×M → R≥0

d(x , y) = 0 ⇐⇒ x = y (M1)

d(x , y) = d(y , x) (M2)

d(x , y) ≤ d(x , z) + d(z , y) (M3)

ultrametric space (M, d) also satisfies

d(x , y) ≤ max{ d(x , z), d(z , y) } (M4)
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Baire distance on A∞

truncation w [n] w [0] = ε
ε[n + 1] = ε

(a · v)[n + 1] = a · ( v [n] )

Baire distance dB(v ,w) =

{
0 if v = w
2−n if v [n] = w [n] and v [n + 1] 6= w [n + 1]

lemma 1.21

• dB(v ,w) ≤ 2−n ⇐⇒ v [n] = w [n]

• dB(a · v , a · w) = 1
2dB(v ,w)
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composition of metric spaces

product space M1 ×M2 = { (x , y) | x ∈ M1, y ∈ M2 }

dP((x , y), (x ′, y ′)) = max{ d1(x , x ′), d2(y , y ′) }

disjoint union M1 + M2 = ({1} ×M1) ∪ ({2} ×M2)

dU(x , y) =


d1(x ′, y ′) if x = (1, x ′), y = (1, y ′)
d2(x ′, y ′) if x = (2, x ′), y = (2, y ′)
1 otherwise

function space X → M for 1-bounded M

dF (f , g) = sup{ d( f (x), g(x) ) | x ∈ X }
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composition of metric spaces (cont.)

lemma 1.24

• if M1 and M2 1-bounded, then also M1 ×M2 and M1 + M2

• if M1 and M2 ultrametric, then also M1 ×M2 and M1 + M2

• if M 1-bounded, then also X → M

• if M ultrametric, then also X → M
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complete metric space

sequence (xn)n convergent to limit x iff

∀ε > 0∃i∀j ≥ i : d(xj , x) ≤ ε

sequence (xn)n Cauchy iff ∀ε > 0∃i∀j , k ≥ i : d(xj , xk) ≤ ε

metric space M complete if

every Cauchy sequence converges to limit in M

lemma 1.28

if M1,M2,M complete then also M1 ×M2,M1 + M2,X → M

theorem 1.29 (A∞, dB) 1-bounded complete ultrametric space
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non-expansive and contractive functions

M1,M2 two metric spaces, f : M1 → M2

f is non-expansive iff ∀x , y ∈ M1 : d2(f (x), f (y)) ≤ d1(x , y)

for α < 1, f is α-contractive iff

∀x , y ∈ M1 : d2(f (x), f (y)) ≤ α·d1(x , y)

notation M1
1→ M2 and M1

α→ M2

if M2 is complete, then so are M1
1→ M2 and M1

α→ M2

2IF55 (2009) week 2 9 / 10



Banach’s theorem

complete metric space M, f : M → M contractive

• f has a fixed point: ∃x ∈ M : x = f (x)

• f has at most one fixed point:

∀x , y ∈ M : ( x = f (x) ∧ y = f (y) )⇒ x = y

• for any x0 ∈ M, if x = limn f n(x0) then x = f (x)

notation fix(f )
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