A supersolution for the porous media equation with non-uniform density

Mark A. Peletier

Delft University of Technology, PO Box 5031, 2600 GA Delft, The Netherlands

Abstract. We exhibit a supersolution for the porous media equation with non-uniform density, and derive an upper bound on the interfaces of a solution.

Keywords. Free boundary problems, interface, inhomogeneous porous media equation, Cauchy problem.

The purpose of this paper is to find a supersolution w of the Cauchy problem

(P) { ρ(x)u_t = Δ(u^m) u(x, 0) = u_0(x) in Q = R^N × R^+ x ∈ R^N (1.1) (1.2)

for the case that u_0 has compact support. The interfaces of w then constitute an upper bound (or, rather, an ‘outer’ bound) on the interfaces of a solution u.

We will assume that m > 1, and that the functions ρ and u_0 satisfy the following assumptions:

ρ ∈ C^1(R) ∩ L^∞(R), 0 ≤ ρ ≤ 1 u_0 ∈ C_c(R^N ), u_0 ≥ 0.

When ρ is a constant, eq. (1.1) is the classical porous media equation, of which it is known (see eg. [1]) that solutions having compact support initially also are compactly supported at every finite time t > 0, and that the interfaces tend to infinity as t tends to infinity. For densities ρ that decay to zero for large |x| the situation can be different. Kamin and Kersner [2] have proved several results about this case, of which we mention here two (u will denote any solution of problem P): (a) For N ≥ 3, if ρ satisfies

ρ(x) · (1 + |x|)^{−(N−2)/m} ∈ L^1(R^N ), (2)

then a time T_0 exists at which supp u can no longer be compact; (b) For N ≥ 1, if ρ(x) ≥ c(1 + |x|)^{−2} on R^N ,

then u has compact support for all time.

In this paper we shall offer some new information. By exhibiting a supersolution with compact support (at least) for small time, we can use the boundaries of the support as bounds on the interfaces of the solution itself. In contrast to result (b), which is also based on a comparison function, our supersolution is defined for all smooth and bounded densities ρ; the behaviour of ρ at infinity is transported into an ordinary differential equation for the interface of the supersolution, where it directly determines the occurence or non-occurence of blow-up of the interface.

We shall prove the following theorem:

Theorem 1. Let u be a solution of problem P. Let σ : R^+ → R^+ be defined by σ(r) = min_{|x|≤r} ρ(x), and let a and b be constants such that a ( 1 − |x|^2 b^2 ) + ≥ u_0(x)^{m−1}, x ∈ R^N .

If the curve ζ is defined by

ζ^′(t) = 2ma m − 1 1 ζ(t)σ(ζ(t)) , t > 0, ζ(0) = b, (3)

then supp u(·, t) ⊂ {x ∈ R^N : |x| ≤ ζ(t)} for all t for which ζ is defined.

The information provided by this theorem is twofold: first, it offers an explicit lower bound on the time T_0, when the support ceases to be compact, as mentioned in Kamin and Kersner’s theorem; second, the fact that the behaviour of the bound ζ does not depend on the dimension N, combined with the validity of the bound for N < 3, suggests that condition (2) might not be optimal.

Proof. We shall seek a supersolution of the form w(x, t) = [ a f(t) ( 1 − |x|^2 g^2(t) ) + ]_{1/(m−1)} , and we assume that the functions f and g are smooth enough to justify what shall follow. For this function to be a supersolution, three conditions must be satisfied: ρ(x)w_t ≥ Δ(w^m) in {(x, t)|w(x, t) > 0} g^′(t) ≥ − m ρ(x)(m − 1) ∂ ∂r (w^{m−1}) at |x| = g(t), t > 0

w(x, 0) ≥ u_0(x) x ∈ R^N ,

(4a)

(4b)

(4c) where we have used the notation r = |x|. A proof of this statement can be found in [3]. The first condition is the maximum principle for the classical part of the solution; the second is the interface condition, and the third compares the functions at t = 0. For (4a) we find that it is sufficient to demand f^′(t) ≤ 2maN 1 ρ(x)g^2(t) g^′(t) ≥ 2ma m − 1 1 ρ(x)f(t)g(t) , (5a)

(5b)

on {w > 0}, which is given by {(x, t) : |x| < g(t)}. By direct calculation one can verify that (5b) implies (4b), and (4c) is satisfied by the definition of a and b. If we define f and g—both functions of t, but not of x—by

f^′ = 2maN 1 g^2 , t > 0 f(0) = 1 g^′ = 2ma m − 1 1 σ(g)fg , t > 0 g(0) = b, (6)

then conditions (5a) and (5b) are satisfied and the function w is indeed a supersolution of problem P.

The support of w is given by |x| ≤ g(t). We can eliminate f from (6) to obtain the following ordinary differential equation in g:

g^{′′} + { σ^′(g) σ(g) + 1 g + N(m − 1) σ(g) g } g^{′2} = 0, t > 0. (7)

By integrating (7) once we find

g^′(t) = g^′(0) σ(b)b g(t)σ(g(t)) e^{−N(m−1)} ∫_{g(t)} b σ(γ) γ dγ (8)

If we set

φ(ξ)^{def}= e^{−N(m−1)} ∫_ξ b σ(γ) γ dγ , ξ ≥ b, and use (6) to rewrite g^′(0), then g satisfies

g^′(t) = 2ma m − 1 φ(g(t)) g(t)σ(g(t)) . (9)

We can find a simpler, albeit weaker, version of (9). Since φ(ξ) ≤ 1 for all ξ ≥ b, the function ζ : R^+ → R, defined by

ζ^′(t) = 2ma m − 1 1 ζ(t)σ(ζ(t)) ζ(0) = b (3)

will also be an upper bound for the interface of a solution u, but a weaker one. However, we claim that in replacing φ by 1 we do not change the qualitative behaviour, in the sense that finite time blow-up will occur either in both cases or in neither, depending on ρ. Indeed, blow-up of ζ occurs if and only if ξσ(ξ) ∈ L^1(b, ∞). If ζ blows up in finite time, then clearly σ(ξ)/ξ ∈ L^1(b, ∞), and therefore φ(γ) remains bounded away from zero as γ → ∞. In that case g will also exhibit finite time blow-up. Inversely, if ξσ(ξ) ∉ L^1(b, ∞), then ξσ(ξ) φ(ξ) ≥ ξσ(ξ) ∉ L^1(b, ∞), and g will remain finite for all time. We conclude that the function ζ is an upper bound for the interface of a solution with the same qualitative behaviour as the interface g of the supersolution. •

Example. Let ρ(x) = (1 + |x|^2)^{−α/2} for α > 0. Then the function ζ defined by (3) is given by

ζ(t)^2 = −1 + [ (1 + b^2)^{(2−α)/2} + (2 − α) 2ma m − 1 t ]_{2/(2−α)} α ∈ (0, 2) ∪ (2, ∞), ζ(t)^2 = −1 + (1 + b^2)e^{4mam}�^{1 t} α = 2.

In these expressions it can be seen explicitly how ζ changes from remaining bounded on every finite time interval to blowing up in finite time, via an exponential regime, as α passes the critical value 2.

Acknowledgement. The author would like to express his gratitude towards S. Kamin and R. Kersner for bringing this problem to his attention.

References.

[1] D.G. Aronson, The Porous Medium Equation, in Nonlinear Diffusion Problems (eds A. Fasano and M. Primicerio), Lecture Notes in Mathematics, 1224, Springer Verlag 1986.

[2] S. Kamin & R. Kersner, Disappearance of interfaces in finite time, Meccanica 28, 117–120 (1993).

[3] D.G. Aronson, M.G. Crandall, & L.A. Peletier, Stabilization of Solutions of a Degenerate Nonlinear Diffusion Problem, Nonlinear Analysis, Theory, Methods & Applications, Vol. 6, No. 10, 1001–1022 (1982).