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Timed Automata

A timed automaton with propositions AP is a tuple 7 = (L, Ly, Act,C, —,1, AP, {)
» L is a finite set of locations; Ly C L is a non-empty set of initial locations
» Act is the set of actions
» C is a finite set of clock variables
» —C L x C(C) x Act x 2€ x L is the set of switches
» 1: L — C(C) is the invariant assignment function
» (: L — 24P isthe labelling function

e
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Timed Automata

Recalling intuition:

> A switch [ sk, I’ means that:

action a is enabled whenever guard g evaluates to true.

upon executing the switch, we move from location I to location I’ and reset all clocks
in R to zero.

only locations /" that can be reached with clock values that satisfy the location
invariant.

» an invariant /() limits the time that can be spent in location I.
« staying in location / only is allowed as long as the invariant evaluates to true.
* before the invariant becomes invalid location I must be left.
+ if no switch is enabled when the invariant becomes invalid no further progress is
possible: timed deadlock.
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Timed Automata

Recalling notation:
» A clock valuation v for a set C of clocks is a function v : C — Rx>p
» We write vE= ¢ iff [¢], = true.

» Clock valuation update: v 4 d is defined as: (v +d)(x) = v(x) + d for all
de ]Rzo.

» Clock valuation reset: [v]g is defined as: [v]g(x) = 0if x € R, else v(x).
Additional notation:
» Let C(C) be the set of clock constraints over C.

» The atomic clock constraints C,(C) over C is the subset of C(C) not containing
true and A.
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Timed Automata

Let 7 = (L, Ly, Act,C,—,1, AP, ¢) be a Timed Automaton.
Its semantics is defined as a timed transition system: [7] = (S, S, Act, —, —, AP, ¢')

» S={(l,v) € Lx (C—Rxp) | vE=1(I)}, i.e. all combinations of locations and
clock valuations that do not violate the location invariant.

» So={(,v) € Lo x (C = Rxp) |vE=1(I) AVx € C:v(x) =0}.

» —C S x Act x S is defined as follows:

gaR
-

I I vEgnl) V=g VEU)

(Lv) = (I v)

» —C S x Rx>g x S is defined as follows:
veE(l) YO<d <d:v+dEd)
(Lv) & (1,v +d)

» AP’ = AP U(C,(C); the labelling function: ¢/ ((I,v)) = £(I) U {¢ € Ca(C) | v= ¢}
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Timed Automata

Lemma
Let 1(1) be a negation-free location invariant. Then for all d € R>q and all v:

viE () and v+ df= 1(1) implies V0 < d' < d: v+d'}=u(l)

» The proof follows by a structural induction on ¢(I).

» This means that for negation-free location invariants, we can simplify the rule
for timed transition relations:

vEul)  v+dE ()
(Lv) & (1Lv +d)
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Analysing Semantics
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Analysing Semantics

Let 7 = (L, Ly, Act,C,—,1, AP, ¢) be a Timed Automaton.
» Assume V0 < d' < d: v+d'=i(l) for fixed d € R

» A possible execution fragment starting from the location [ is:

L)@ (Lv+d) @ (Lv+dy+d) & (Ly+dy +dy +ds) &

» where d; > 0 and the infinite sequence d; + d; + ... converges towards d
« such path fragments are called time-convergent, i.e. time advances only up to a
certain value.

» Time-convergent execution fragments are unrealistic and ignored

+ compare to unrealistic executions in Kripke Structures and fairness constraints that
eliminate these
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Analysing Semantics

Let 7 = (L, Ly, Act,C,—,1, AP, ¢) be a Timed Automaton.
» Infinite path 7t is time-divergent if A(71) = oo

» The function A : Act UR>g — R> is defined as follows:

A7) 0 ift e Act
Tl d ift=71€Ry
» For infinite execution fragments o = s Losi Bosy. .. in [T] let:

(o)

Alo) =), A7)

i=0

« for path fragment 7t in [7] induced by o: A(7r) = A(0)
» For a state s € [T]: Pathgj,(s) = {7t € path(s) | 7 is time-divergent}
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Analysing Semantics

Light automaton:

» The path 7t € [Light] in which on-and off-periods of one/two time units
alternate:

7t = (off,0) (off,1) (on,0) (on,1)(on,2) (off,2) (off,3) (on,0) (on,1)...

is time-divergentas A(m) =14+2+1+2+... =
» The path:

- 1 3 7 15
7' = (off,0) (off, E) (off, Z) (off, §) (off, R)

is time-convergent, since A(77') = ¥ (%)’ =1<o0
i>1
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Analysing Semantics

Let 7 = (L, Ly, Act,C,—,1, AP, {) be a Timed Automaton.
» State s € [7] contains a timelock if Pathg;, (s) = @

* there is no behaviour in s where time can progress ad infinitum
» T is timelock-free if no reachable state in [7] contains a timelock

» Timelocks are usually modelling flaws that should be avoided

« like deadlocks, we need mechanisms to check their presence

/ department of mathematics and computer science 12/24



technische-universiteit-eindhoven

Analysing Semantics

Let 7 = (L, Ly, Act,C,—,1, AP, ¢) be a Timed Automaton.
» If T can perform infinitely many actions in finite time it is Zeno
» A path 7in [7T] is Zeno if:

+ itis time-convergent, and
+ infinitely many actions a € Act are executed along 7

» 7 is non-Zeno if there does not exist an initial Zeno path in [7]

« apath 7 € path([T]) is time-divergent or
* 7t is time-convergent, with nearly all (except for finitely many) transitions being
delay transitions

» Zeno paths are considered modelling flaws that should be avoided

« like deadlocks and timelocks, we need mechanisms to check for Zenoness
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Analysing Semantics

Let 7 = (L,Lg, Act,C,—,1, AP, ¢) be a Timed Automaton.
Non-Zenoness can be checked directly on the Timed Automaton:

Suppose that for every control cycle:

g1 m Ry g2 a2 Ry 8n an Ry

lo I I

there exists a clock x € C such that:

1. x € R; forsome 0 < i < n,and

2. for all clock evaluations v:

v(x) < 1implies (v f= gjorv = i(l;)) forsome 0 < j < n

Then 7 is non-Zeno
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Timed CTL
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A really temporal logic:

» CTL is a qualitative branching temporal logic
« If p holds then in the future g holds: p — AF g

» TCTL is a quantitative branching temporal logic:
* If p holds then g holds within 10 time units: p — A Fjg19) g

» Full TCTL is described in:
[1] T.A. Henzinger, X. Nicollin, J. Sifakis and S. Yovine, Symbolic Model Checking
for Real-Time Systems, in Information and Computation 111:193-244, 1994

» We consider a subclass that is inspired by the Uppaal model checker
(http:/ /www.uppaal.com)

- until-operator
+ timed future operator and derived invariance operator
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Syntax of TCTL state-formulae over AP and set of clocks C:
Su=true|AP|SAS|-S|EF;S|AF;S

where | C R> is an interval whose bounds are naturals

» Fj ¢ asserts that a ¢-state is reached at time instant ¢ € |

» ] can have the following forms: [n, m], (n,m], [n,m) or (n,m) for n,m € N and
n<m

» For right-open intervals, m = oo is also allowed

» Note: no E X ¢ (what does next mean in real-time?)
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» Always is obtained as follows.
> EG]qb:ﬁAF]—\(P

E Gj ¢ asserts that for some path during the interval J, ¢ holds
> AG](tf):—\EFI—\(P
A Gj ¢ requires ¢ to hold for all paths during the interval |
Standard future-operator of CTL: F ¢ = F(g o) ¢
Standard global-operator of CTL: G ¢ = Gig o) ¢

v

v
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Let 7 = (L, Ly, Act,C,—,1, AP, ¢) be a Timed Automaton. Let (/,v) be a state in [7]

Satisfaction of a formula ¢ is defined as:

» (I,v)E true

v

Note: path quantifiers are over time-divergent paths only.

/ department of mathematics and computer science 19/24



technische-universiteit-eindhoven

For infinite path fragments in [7] performing an infinite number of actions let:

(ZO/VO) \dg (llrvl) gl} (12/V2) 52’ ce with d01d1/d2/~ 2 0

denote the equivalence class containing all infinite path fragments induced by
execution fragments of the form:

dy A a
(10,1/0) }—0> li> (10,1/+0+d0) —1>
d% dll(l a2
(11,1/1) = (11,V+0+d1) —
242

(lyv2) W .. (I, v +0+dy) = ...

ki
where k; € N, d; € R>p and a; € Act such that }, d? =d;
j=1

For 7t € (Iy, vp) L. (I1,v1) 4 ... we have A(r) =Y d;
i>0
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For time-divergent paths 7w € (y, vp) % (I1,v1) LA

i—1
= Fr¢iff 3 > 0: (I, v; +d)|= ¢ forsome d € [0, d;] with Zdj+d e]J
j=0
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» TCTL semantics is also well-defined for Timed Automata suffering from
timelocks

» A state is timelock-free if and only if it satisfies E G true

+ some time-divergent path satisfies G true, i.e. there is at least one time-divergent
path
« note: for fair CTL, the states in which a fair path starts also satisfy E G true

» A Timed Automaton 7 is timelock-free iff for all reachable s € [T], sk= E G true
» Timelocks can thus be checked by means of model checking
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Exercise
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A Is the Timed Automaton

Non-Zeno when:

Timelock-free when:
» R={x}
10 < x » R={y}

» R={xy}

Explain and motivate
your answers.

Is the Timed Automaton

w » R={x}
x < 6,{x} W<yvi<x{y} »R={y}
9 i
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