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Abstract

Extrudate swell behavior of the IUPAC LDPE melt is studied, based on the analyti-
cal solution presented by R.Fulchiron and others in [6]. For the melt a K-BKZ model
with an irreversible Papanastasiou-Scriven-Macosco (PSM) kernel is introduced. An
evaluation of the Finger tensor in a circular domain is presented. Two types of cir-
cular extruder geometries are chosen: a semi-infinite die and a die with a barrel.
A new software package TOLIK is developed, and used to calculated the radius of
the free extrudate. The results are validated with computations by the commercial
finite element method (FEM) package POLYFLOW 3.10, and with experimental
results from literature. The results by TOLIK show the best correspondence with
the experiments.
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1 Introduction

Extrudate swell prediction is of both engineering and scientific interest. A
good agreement between simulation and experimental data certifies the qual-
ity of the applied rheological model and the numerical technique used. The
material under consideration here is the IUPAC-LDPE melt - one of the most
studied polymer models in literature. The IUPAC working group [1] delivered
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experimental data from basic rheological tests. This data set was fitted to a
K-BKZ model with an irreversible PSM kernel, and the spectrum and the
K-BKZ material parameters were estimated with high precision. This means
that no extra fitting parameters are needed for the die swell model presented
here.
The first experimental swell-data for the IUPAC-LDPE melt known to us are
from Meissner [2]; in [3], Barakos, with reference to [2], also presents these
experimental data. Numerical simulations of extrusion processes for these set
of K-BKZ parameters were made by different authors, amongst which Barakos
and Mitsoulis, [3], [4], using different FEM software, mostly under isothermal
assumptions. Numerical FEM predictions close to experimental data were only
obtained at low shear rates (γ̇ ≤ 1 1/s). However, for the industrial range of
shear rates (γ̇ > 102 1/s) the numerical results were found to exceed the ex-
perimental ones. As it was pointed out by Goublomme and Crochet [5], and
by Fulchiron [6], neither non-isothermal flow assumptions nor an arbitrary
decrease in the normal stress ratio can affect the numerical swell predictions
enough to eliminate completely this discrepancy. This seems to be a general
drawback of FEM techniques applied to the extrudate swell problem. The most
significant difficulty is to find the unknown free extrudate boundary. When
high shear rates appear, the high-Weissenberg-number problem occurs [7], hin-
dering the numerical process to converge. To overcome these difficulties, an
evolution scheme is applied, which performs a number of intermediate steps.
The weak point of this approach is that the numerical error, however small at
a single evolution step, can be accumulated during dozens of evolution steps.
When numerical prediction differs from experimental data, the question arises:
was the error generated by the numerical method (FEM) or does it come from
the applied model and material parameters? Therefore, analytical solutions
are of great importance, since they provide an alternative to FEM techniques.
Comparison between FEM and analytical solutions, whenever possible, sheds
light on the quality of a particular model and the applied software.
Fulchiron et al., [6], [8], considered the swell problem for the Wagner version
of the integral K-BKZ model, the polymer under consideration being LLDPE.
Inside the extruder, flow is assumed to be fully developed Poiseuille flow,
subject to power-law behavior. The basic kinematic assumption in the free
extrudate zone is that the axial velocity field is uniform over each radial cross-
section. This enables them to relax the problem in the die-exit zone, where all
singularities are located.
Jeong and Leonov, [9] and [10], used a quasi-1D model developed by them
for fast-contracting flows (high Deborah or Weissenberg number) to simulate
the isothermal die swell for polymeric melts. The constitutive model used is
a multi-mode viscoelastic constitutive equation of differential type. Both slit
dies and circular capillary dies are considered. The basic relation for the calcu-
lation of the die swell is an integrated, over the cross-section of the extrudate,
force balance for the free extrudate (similar to the one used in this paper).
The numerical results obtained show good correspondence with experimental
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results.
In the present paper, the Finger-tensor representation in Protean coordinates
as introduced in [6] is used. Once the Finger tensor is evaluated, it can be
employed in any type of rheological integral model. In this paper, the K-BKZ
model with an irreversible PSM kernel is applied. The extruder geometry is
circular. The problem under consideration is the simulation of the extrudate
swell, but an analogous approach works for fiber spinning [6], [11]. For the
actual calculations, we have developed our own MATLAB software package,
which we called TOLIK. With TOLIK we calculated the unknown radius of
the free extrudate for several values of the flow rate. To validate the pro-
gramm, we also executed numerical evaluations with the commercial software
package POLYFLOW 3.10, available at Dow. Moreover, we also used exper-
imental results from [4] for this validation. It turns out that the results of
TOLIK are better in correspondence with the experimental ones than those
of POLYFLOW 3.10, which, as already said above, overestimate the extru-
date swell. Besides this, TOLIK is also faster than POLYFLOW 3.10, and
applicable to higher flow rates.
In Section 2, the K-BKZ model is introduced, and the relevant material pa-
rameters are specified. In Section 3, the extrusion geometry is described. In
Section 4, the representation for the Finger tensor is derived; the basic idea
hereby is the splitting-up of this tensor in parts related to the barrel, the die,
and the free extrudate. In Section 5, a global force balance law for, part of,
the free extrudate is formulated; this equation will be used to calculate the
axial velocity in the extrudate, and from this the unknown extrudate radius.
The computational method is explained in Section 6, and its results are pre-
sented and discussed in Section 7. Finally, the main conclusions are reviewed
in Section 8.

2 The K-BKZ model with irreversible PSM kernel

The total stress tensor is given by

T = −pI + T, (1)

where p is the hydrostatic pressure, I the unit tensor, and T the extra stress
tensor.
The following K-BKZ constitutive equation for the extra stress from the article
of Mitsoulis [4] is considered:

T(x, t) =
1

1 − Θ

∫ t

−∞

N
∑

i=1

Gi

λi

e
−

t−t′

λi H[hi](C
−1(x, t, t′) + ΘC(x, t, t′))dt′. (2)

Here, Gi and λi are the relaxation moduli and the relaxation times, respec-
tively, and Θ is a material parameter related to the normal stress ratio. The
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spectrum (Gi, λi) for the IUPAC-LDPE melt can be found in [3]; see also Ta-
ble 1.
The Cauchy strain tensor C = C(x, t, t′) and the Finger tensor C−1 =
C−1(x, t, t′) are given by

C = FTF , C−1 = F−1F−T , F = F(x, t, t′) =
dx′

dx
, (3)

where x′ is the position of a material point P at the earlier time t′, t′ < t and
x is the present position of P at time t.
The strain-memory function hi = hi(x, t, t′), for the PSM-kernel used here, is
specified for each relaxation mode i ∈ [1, N ] separately, by

hi(x, t, t′) =
αi

αi + βiI1 + (1 − βi)I2 − 3
, (4)

where αi and βi, i = 1, ..., N , are material constants, while I1, I2 are the first
invariants of the Finger and the Cauchy tensor, respectively, i.e.

I1 = tr(C−1) , I2 = tr(C) . (5)

An irreversibility assumption of network disentanglement is expressed by the
functional H:

H[hi] = min
t′≤τ≤t

hi(x, t, τ), (6)

which takes the smallest value of hi between times t′ and t.

The shear viscosity predicted by the model is independent of the model pa-
rameters βi, thus the model parameters αi can be determined from the experi-
mental values of the shear viscosity. Subsequently, the θ and βi are determined
from e.g. start-up of uniaxial extension. The response of the K-BKZ model in
simple flows is given in [4]; see also [12, Appendix A].
The material parameters (αi, βi), i = 1...N , can in general be mode-dependent,
however POLYFLOW 3.10 can tackle only single, i.e. mode independent, val-
ues α and β. Since our goal is to compare swell predictions of POLYFLOW
3.10 and TOLIK for the IUPAC-LDPE melt, we use the single values as esti-
mated by the IUPAC working group, from [4],

α = 14.38, β = 0.018, Θ = −0.111. (7)

The relaxation spectrum for the IUPAC-LPDE melt consists of 8 modes, listed
in Table 1.

For our practical calculations, we need a dimensionless formulation. For this,
we scale the time on the shortest relaxation time λ1, the stress on the greatest
modulus G1, and all length coordinates on the radius of the die. Velocity is
scaled with respect to Rd/λ1. As this is straightforward, we do this tacitly,
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Table 1
IUPAC-LDPE spectrum

i G (Pa) λ (s)

1 1.29·105 10−4

2 0.948·105 10−3

3 5.86·104 10−2

4 2.67·104 10−1

5 0.98·104 100

6 1.89·103 101

7 1.80·102 102

8 1 103

without explicitly changing our notations.
Moreover, for numerical purposes it is necessary to replace the lower bound
−∞ in the integration in (2) by a finite time. Based on the exponentially
decaying behaviour of the integrand, we restrict the range of integration to
(t − t′)/λi < n, where n is some chosen number (for our computations, we
have used n = 5). In this way, (2) is approximated by

T(x, t) =
1

1 − Θ

N
∑

i=1

Gi

λi

∫ t

t−nλi

e
−

t−t′

λi H[hi](C
−1(x, t, t′) + ΘC(x, t, t′))dt′. (8)

3 Extrusion geometry

Since only circular geometries are considered here, we introduce a cylindrical
coordinate system (r, θ, z), with the origin located at the centre of the exit of
the die. The geometry of the extrusion through a barrel and a die, followed
by the die swell of the free extrudate is sketched in Figure 1.

The radius of the barrel is Rb, the radius of the die is Rd, and the length of the
die is Ld. The final radius of the extrudate surface is denoted by R∞. The barrel
is supposed to be infinitely long. The ratio Ld/Rd is a primary characteristic
of the die. Further on, two particular extruder geometries will be simulated:
the semi-infinite die MC0 (no barrel and Ld = ∞) and the barrel with the die
MC3 (Ld/Rd = 30, Rb/Rd = 4; the latter is a slightly different value than the
one used in the experiments of [2], where Rb/Rd = 5.1 was used). We recall
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Fig. 1. Extrusion geometry of a barrel connected to a die and the free extrudate;
the dotted line indicates an, idealized, stream line

here that all our length parameters are scaled on Rd. The major attention
will be paid to the swell ratio R∞/Rd. The geometries were specified by the
IUPAC working party. They are sketched (in a half axial-section) in Figure 2.
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Fig. 2. MC0 and MC3 geometries

4 Evaluation of the Finger tensor

In order to evaluate the Finger tensor in all points of the polymer melt, the
following domain subdivision is made:

• zone 1, the barrel z < −Ld;
• zone 2, the die −Ld < z < 0;
• zone 3, the extrudate zone z > 0.

Following [6], two simplifying assumptions are made.
First, in the zones 1 and 2 (inside the extruder, z < 0), the flow is a fully
developed Poiseuille flow of a pseudo-plastic power-law fluid right up to the
die exit. This means that the radial velocity v is zero, and that the axial
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velocity u is expressed by

u(r, z) =
3n + 1

n + 1

Q

πR(z)2



1 −

[

r

R(z)

]1+1/n


 , z < 0. (9)

Here, Q is the prescribed volumetric flow rate and n is the power-law index.
The power-law index n can be found from the shear viscosity data (for our
numerical simulations, we used n = 0.6, which seems to be a reasonable value
for the IUPAC-LDPE-melt and for the shear-rate range of interest). In zone 1,
R(z) = Rb, and in zone 2, R(z) = Rd(= 1, after scaling). Following a material
point P along a stream line, we note that the ratio

r

R(z)
= ̺ , (10)

remains constant for all z.
Secondly, in zone 3, the axial velocity is assumed uniform across each radial
cross-section: u = u(z). The radial velocity is now no longer zero, but follows
from the equation of continuity as

v(r, z) = −
r

2

du

dz
, z > 0. (11)

The extrudate radius R(z) is related to the axial velocity via the flow rate Q
by

R(z) =

√

Q

πu(z)
, z > 0. (12)

The assumptions made above provide a good estimate for the velocity field
inside the extruder and simplifies the history tracking of the stream lines of
the singular velocity field v(r, z) in the area of the die exit, needed to calculate
the K-BKZ memory integral.
The most delicate issue is to evaluate the Finger tensor in the free extrudate
(z > 0). Here, we follow [6], and we refer to their results. Let us consider
two different positions in the extrudate: x = (r, z) with velocities (v, u) at the
present time t, and x′ = (r′, z′) with velocities (v′, u′) at the earlier time t′

(here 0 < z′ < z). In [6, eq. (30)], the Finger tensor C−1 is expressed in Pro-
tean coordinates, and then transformed to physical components in cylindrical
coordinates in [6, eq. (45)]. Following the same approach, and realizing that
in the extrudate (zone 4 in [6, eq. (42)] holds, we obtain for the components
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cij of C−1,

crr =
(

v

u′

)2

− 2
r′vv′

ruu′
+

(

r′u′

ru

)2

+

(

r′v′

ru

)2

,

cθθ =
(

r

r′

)2

,

czz =
(

u

u′

)2

,

crz = czr =
uv

u′2
−

r′v′

ru′
,

crθ = cθr = cθz = czθ = 0. (13)

By inverting C−1 (note that detC−1 = 1), we find for the components of the
Cauchy tensor C,

Crr =
(

ru

r′u′

)2

,

Cθθ =

(

r′

r

)2

,

Czz =
(

r

r′

)2




(

v

u′

)2

− 2
r′vv′

ruu′
+

(

r′u′

ru

)2

+

(

r′v′

ru

)2


 ,

Crz = Czr =
(

r

r′

)2
(

uv

u′2
−

r′v′

ru′

)

,

Crθ = Cθr = Cθz = Czθ = 0. (14)

The evaluation of the Cauchy and Finger tensor when x, andhencealsox′, are
inside the extruder (z < 0) is quite simple and does not require Protean
coordinates. First, the MC0 geometry is considered. Inside the die the flow is
a simple shear flow in the z-direction, and therefore the deformation tensor F

and the Cauchy and Finger tensor are

F =















1 0 0

0 1 0

−γ 0 1















, C =















1 + γ2 0 −γ

0 1 0

−γ 0 1















, C−1 =















1 0 γ

0 1 0

γ 0 1 + γ2















, (15)

where γ = γ̇(t− t′), the total shear between the two points x at time t and x′

at time t′. The time t − t′ is found, for fixed r = r′, from

t − t′ =
z − z′

ud(r)
, ⇒ γ = γ̇

z − z′

ud(r)
, (16)
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where ud(r) is the axial velocity in the die, given by (9) for R(z) = Rd. The
shear rate γ̇ in the die is defined as

γ̇ =
dud

dr
. (17)

Secondly, the MC3 geometry is considered. In case both points x′,x are in
zone 1 (barrel) or in zone 2 (die), the Cauchy and Finger tensor are the same
as in (15).
In case x′ is in zone 1 and x in zone 2, the Cauchy tensor C(x′,x) is split into
the product

C(x′,x) = FT (x′,x0)F
T (x0,x1)F

T (x1,x)F(x1,x)F(x0,x1)F(x′,x0), (18)

while the Finger tensor follows from an inversion of C(x′,x). The interim
points x0 and x1 are located on the transition from the barrel to the die, so

z(x0) = z(x1) = z0 = −Ld , r(x′) = r(x0) =
Rb

Rd

r(x1) =
Rb

Rd

r(x). (19)

In (18), F(x′,x0) and F(x1,x) represent simple shear and F(x0,x1) the con-
traction the polymer experiences when flowing from the barrel into the die.
The first two can be found using (15), with

γb = γ̇b(t0 − t′), γd = γ̇d(t − t1), (20)

where γ̇b and γ̇d are the shear rates in the barrel and in the die, respectively.
The related times are found from

t0 − t′ =
z0 − z′

ub(r)
, t − t1 =

z − z0

ud(r)
, (21)

and the shear rates from

γ̇b =
dub

dr
, γ̇d =

dud

dr
. (22)

The axial velocities ub(r) and ud(r) in the barrel and the die are given by (9)
for R(z) = Rb and R(z) = Rd, respectively.
The tensor F(x0,x1), representing the contraction at the transition from the
barrel to the die, is given by

F(x0,x1) =















Rb

Rd
0 0

0 Rb

Rd
0

0 0 (Rd

Rb
)2















, (23)

and the time this contraction takes is assumed to be infinitesimally small,
meaning that t1 = t0.
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The total Cauchy tensor C(x′,x) can now be evaluated for any two points
x and x′, and this holds analogously for the Finger tensor. The case when
both points are inside the extruder (z ≤ 0) is already considered above. When
both points are inside the extrudate (z ≥ 0), (13) and (14) can be applied
directly. When the point x′ is located inside the extruder and the point x in
the extrudate, the Cauchy tensor can be split in a way analogously to (18),
where now x0 is located at the die exit (z0 = 0).

5 Momentum equation

The previous section shows how the Cauchy and Finger tensor can be calcu-
lated, if the z-velocity field u is known. Inside the extruder, this field is given
by (9). In the extrudate zone the velocity field is unknown. The velocity field
and, consequently (see (12)) the swell profile, can be found using the method,
described in [6] and [8].
For this, we need the global balance of momentum, or the force balance for
a part of the extrudate. We isolate a material part from z = zk > 0 to
z = z1 = L, where L is the expected length, long enough for the extrudate to
reach the final swell R∞. As the inertia terms can be neglected (the Reynolds
number Re is small) the total force on this isolated part must be zero. In
the slender extrudate, i.e. for sufficient large aspect ratio length/radius (L/R)
the normal stress in radial direction is order (R/L)2 smaller than the one in
z-direction, and this implies that

Trr = −p + Trr ≈ 0 , =⇒ p = Trr, (24)

and then

Tzz = −p + Tzz = Tzz − Trr = N1 , (25)

the first normal stress difference.
Neglecting air drag and surface tension and retaining only first-order terms
in curvature (O(R/L)), the overall force balance in z-direction between the
k−th cross-section (z = zk) and the final cross-section (z = z1 = L), which
is free of stress, contains only the normal force on the first cross-section and
the force due to the ambient or atmospheric pressure pa on the lateral surface
of the extrudate. Using (25) and that the z-component of the normal vector
on the lateral surface is in first-order equal to dR(z)/dz, we obtain as force
balance

−2π
∫ R(zk)

0
N1(r, zk)rdr + 2πpa

∫ z1

zk

dR(z)

dz
R(z)dz =

−2π
∫ R(zk)

0
N1(r, zk)rdr + πpa (R2(zk) − R2(z1)) = 0 . (26)

10



We note here that the contribution of the ambient pressure pa is also small
(also O(R2/L2)), but we nevertheless have maintained this term, because it
facilitates the convergence of our iteration process (to be explained in the
next section) in the initial steps. There acts always a non-zero longitudinal
force on the free extrudate in the cross-section at the die exit, which is due
to the interaction with the fluid that is still in the die. This means that the
longitudinal extensional force in the cross-section z−zk must balance this exit
force.
Here, the first normal stress difference N1 follows from (8) as

N1(r, z) = Tzz − Trr = Tzz − Trr =
1

1 − Θ

N
∑

i=1

Gi

λi

∫ t

ti
e
−

t−t′

λi Λ(r, t, t′)dt′, (27)

where

ti = t − nλi , (28)

and

Λ = H[h] (czz − crr + Θ(Czz − Crr)) . (29)

In (27), where z > 0 always, t must be interpreted as te(z) according to,

te(z) =
∫ z

0

dζ

u(ζ)
, (30)

and in the same sense, for z′ > 0, t′ must be interpreted as function of z′.
The latter, however, differs for z′ < 0 and z′ > 0, in so far that for z′ > 0
(30) holds, whereas for z′ < 0, t′ follows from either t′ = t′(z′) = z′/ud(r) or
t′ = t′(z′) = z′/ub(r), depending on whether t′ refers to a time in the die or
in the barrel. Therefore, in case ti < 0, it is better to split the integral in (27)
into two parts: one from ti to 0 and one from 0 to tk = te(zk). As a second
step, we replace r′ and r bij the variable ̺, introduced in (10), which has a
fixed value along a stream line. This means that we put r = Rb̺ in the barrel,
r = ̺ in the die, and r = R(z)̺ in the extrudate (all lengths scaled to Rd).
Finally, we transform the integration over t′ in (27) to one over z′, using the
interpretation described above for t′(z′).
We evaluate this here only for the MC0-case (no barrel), since for the MC3-
case the evaluation goes completely analogously, only we then have to split
the integral from ti to 0 again into a part in the barrel and one in the die, in
case ti refers to a time inside the barrel.
Thus, for MC0 we find, with zk > 0 and for ti < 0,

N1(r, zk) = N11(̺, zk) + N12(̺, zk), (31)

where

N11(̺, zk) =
1

1 − Θ

N
∑

i=1

Gi

λi

∫ 0

zi,k

e
−

te(zk)−z′/ud(̺)

λi Λ(̺, zk, z
′)

dz′

ud(̺)
, (32)
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with zi,k = zi,k(ρ) = ud(ρ)ti,k = ud(ρ)(tk − nλi), tk = te(zk), and

N12(̺, zk) =
1

1 − Θ

N
∑

i=1

Gi

λi

∫ zk

0
e
−

te(zk)−te(z′)

λi Λ(̺, zk, z
′)

dz′

u(z′)
. (33)

If ti > 0, then N11 = 0 and the integral in N12 then runs from zi to zk, where
zi is such that te(zk) − te(zi) = nλi.
With all this, we rewrite the force balance (26) as

∫ 1

0
N1(̺, zk)̺d̺ =

pa

2

(

1 −
R2(z1)

R2(zk)

)

=
pa

2

(

1 −
u(zk)

u(z1)

)

, (34)

where z1 = L such that R(z1) → R∞.
In the next section, we show how we can compute u(z), and then also R(z),
from this equation.

6 Computational method

The resultant force balance (34) must be solved numerically. To this end, we
have developed our own software package TOLIK.
For our numerical procedure, we follow the method proposed by Fulchiron et
al. [6, p.125], by applying (34) to M axial points zk, for k = 1 to M . By
this, the extrudate, 0 ≤ z ≤ L is divided into M − 1 elements z1 > ... > zM ,
with z1 = L and zM = 0. Observations on extrudates predict a more or less
exponential behaviour of R(z). Therefore, for the lengths zk − zk+1, a fixed
successive ratio q, 0 < q < 1, is introduced by

q =
zk−1 − zk

zk − zk+1

, (35)

such that the distribution of discrete points is increasingly dense towards the
die exit.
For k running from 1 to M , (34) thus yields a nonlinear system of M force
balance equations for M unknown axial velocities uk = u(zk), k = 1, ...,M .
The solution of this system is obtained numerically using the Newton method,
starting from chosen initial values for the radius of the extrudate R(z). The
special MATLAB procedure FSOLVE was used to solve this system of M non-
linear equations. For our actual calculations on the IUPAC-LDPE melt, we
used M = 15 and q = 2.
The thus obtained integrals are linearly discretized in both axial and radial
direction. Inside the die and the barrel, the velocity field is explicitly given
as a function of ρ by (9), making this part of the integration rather trivial.
On the other hand, in the extrudate, the axial velocity depends only on z, i.e.
u = u(z), for z > 0. The integral for N12 in (33) is computed using trapezoidal
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approximations. The integration points in axial direction are equally spaced
with the step equal to λi/na, where we used na = 6. Since the IUPAC-LDPE
melt has 8 relaxation times, 8 separate integrations are to be performed.
The basis of the numerical solution of (34) is an iteration procedure. We start
with an initial guess for the radius of the extrudate R(z), for 0 < z < L. We
begin with a very low flow rate, and for this flow rate the Newtonian swell
solution is used (having a swell ratio of about 1.13). We use this R(z), and
the associated u(z)(= (Q/π)R2(z); see (34)) as an initiation in (34) and then
calculate u(z) from it (in the way we have explained above). Substituting this
result into (12), we obtain a new estimate for R(z). We continue this iteration
until the difference in R(z) between two successive iteration steps becomes
less than some chosen critical norm.
After this initiation, we gradually increase the flow rate from this very low
value to high industrial values. In this, it is advantageous to use in each next
step, higher flow rate, the previous solution as an initial guess.
We notice that it took 20 to 60 iterations for different shear rates from γ̇ = 0.1
to 25.1 1/s to reach convergence.

7 Results and discussion

All our computations are performed for the IUPAC-LDPE melt described in
Section 2. The geometries chosen here are MC0 - the semi-infinite die - and
MC3 - the die with the barrel. Since the available experimental data from
[2] or [3] contains swell ratios for the shear rates γ̇ = 0.1, 1 and 10 1/s,
TOLIK simulations were performed for the same shear rates. However, also
some intermediate shear rates were simulated. The latter was done to compare
our results with results obtained by us from simulations with the commercial
software package POLYFLOW 3.10. The swell ratios computed by TOLIK
simulations and those predicted by POLYFLOW 3.10, together with experi-
mental results from [3], are presented in Figures 3, for the MC0 die, and in
Figure 4, for the MC3 die.
We observe in both cases that our TOLIK results are in very good correspon-
dence with the experimental results of [3], whereas those of POLYFLOW 3.10
overestimate the swell ratios, especially for higher shear rates, and stronger
for MC3 than for MC0. The POLYFLOW MC3 simulations show the largest
discrepancies, possibly due to computational issues in the contraction region.
It is worth mentioning that some results of POLYFLOW 3.10 for the K-BKZ
model were simulated by POLYFLOW 3.10 software engineers independently
of the author’s computations, and the corresponding swell ratios coincided
with those given in Figure 4 . Besides this, also the mesh was refined in order
to see the influence of mesh refinement on the POLYFLOW 3.10 swell predic-
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tions. The result appeared to be the same. This discrepancy of POLYFLOW
3.10 was already earlier observed by Goublomme and Crochet [5], who stated
that neither non-isothermal flow assumptions nor an arbitrary decrease in the
normal stress ratio can affect the numerical swell predictions enough to elim-
inate completely this discrepancy. This seems to be a general drawback of
FEM techniques applied to the extrudate swell problem, at least for KBKZ-
type models.
Moreover, we point out that a FEM-package as POLYFLOW 3.10 shows bad
convergence for high Weissenberg numbers, making it impossible to use this
package for shear rates higher than, say, γ̇ = 102 1/s. For TOLIK, no conver-
gence problems for higher Weissenberg number occur at all; it seems applicable
up to arbitrarily high shear rates, inclusive industrial ones (at Dow, simula-
tions for γ̇ = 272 and γ̇ = 1901 were performed without any difficulties in
convergence).
Finally, as a third advantage, we mention that TOLIK is faster (about 100
times) than (the more general package) POLYFLOW 3.10. The CPU time of
one TOLIK simulation on a IBM Pentium M PC with the size of the mesh
smallest element equal to 5·10−4 mm, is about 10-20 minutes. The correspond-
ing POLYFLOW 3.10 simulation on a SGI Origin 2000 Server (Irix6.5.11 64
bits) takes 10-20 hours for a mesh smallest element size of 3 · 10−2 mm.
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Fig. 3. Comparison of swell ratios for the semi-infinite die (MC0), obtained from
computations by TOLIK and POLYFLOW 3.10, and experimental ones from [3]

8 Conclusions

On the basis of [6] we have constructed a software programm in MATLAB,
which we called TOLIK, that is able to calculate the final shape of the die
swell in the extrusion through a circular capillary. We have presented explicit
results for the die swell ratios for both the MC0 and the MC3 die, and for
several values of the flow, or shear, rate. The results were compared with
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Fig. 4. Comparison of swell ratios for the barrel and the die (MC3), obtained from
computations by TOLIK and POLYFLOW 3.10, and experimental ones from [3]

those computed with use of POLYFLOW 3.10, and with experimental ones
from [3]. It turned out that TOLIK has several advantages with respect to
POLYFLOW 3.10: it is faster, it can simulate higher shear rates, and, last but
not least, it shows a better correspondence with experimental results. On the
other hand, of course, one should realise that POLYFLOW is a much more
general program than TOLIK, which is specifically designed to simulate the
extrusion of a KBKZ fluid through a (circular) die.
The same approach can be used for different materials, different geometries
and different rheological models. It is also applicable to other processes such
as fiber spinning, see [6], [8], [11].
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