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1. B O O L E A N S  

1.9 k s i  

1.10 k s i  

1,12 k s i  

1 e l  4 k s i  

' .13 k s i  

'.I6 x 

1 .-Ir/ u 

1.78 x 

. 

1.19 ksi 

bool 

X 

TRUE 

CONTR 

:P [ u ksi] CONTR 

:P r r r r r r  

0 -  ...--..I . - 
: (x) U 

:P [t EMPTY(~S~) ] then 4 (t) 

:I= [t E~ECY(EMPTY(~~~)) ] ksi 

s o r t  - 
CONTR 

bool 

Trn (b) 

s o r t  - 
bool 

ksi 

~FCE(nonempt~) 

TRUE (nonempty) 

sort - 
ksi 

E ~ E P Y  (ksi) 

COMlR 

E ~ P T Y  (EXPT ~(icsi)  



2, E Q U A L I T Y  

ass I 

ass  1 

z 

ass 2 

ksi 

theta 

x 1 

P 1 

x 2 

ass 3 

P I  

P 1 

ass 4 

P 1 

ass @ 

reflexive 

ass 1 

symm 

I theta := 

sor t  - 
ks i  

ks i  

sor t  

boo1 

x I : = 

P 1 := 

sor t  - 
k s i  

[t ks i l the ta  

ks i  

IS (ksi , xd , x2) 

IS (theta, (a PI, {x2) PI ) 

[x ks i  ] theta 

IS ([x k s i  ] theta, PI , ~ 2 )  

[x ksi  ]IS (theta, (XI )PI , (x} ~ 2 :  

[x ks i ]  IS(theta, (x} Pl, (x} 

IS ([x k s i  ] theta, PI, P2) 

/ 

/ 
x 2 : = 

ass 3 :- 

then 6 := 

:= 

' ass 4 := 

4 then 7 :P 

1 
1 ass 4a :== 

1 It hen i a  := 



2a. IFELSE 

2a.6 ass 4% 

2&. 7 a  

h i  

e t a  

a 

b 

b 

b 

a s s  4d 

e t a  

zeta 

a 

b 

C 

ass 4e 

as s  4.f 

k s i  : = 

:ss 

,qua11 

ass 4d 

- a  : = 

i f  e l s e  :a 

w 

2'. E q u d i t y  f o r  two sor ts .  

, 

k s i  ") 
bool 

k si  

T L I U E ( ~ )  

IS  (ksi,if e l se ,  x) 

~ ~ ( k s i , i f e l s e ,  x) 

TRUE(&) 

ass 4b : = 

then '/'b := 

s o r t )  - 
s o r t  - 
k s i  

e t a  

ass 4c := 

t h e n 7 0  r =  

s o r t  - 
bool 

ISS (ksi ,eta,a,b) 

ISS (e ta ,ks i ,  b,a) 

s o r t  - 
k s i  

e t a  

zeta 

ISS (ksi, e t a  

1sS(eta,  zeta,b,c) 

ISS (ksi, zeta,a,  c) 

(-oment i The X's  in 2,2, 2.6, 2.9 can now be replaced respect ively  by I S ~ ( k s i , k s i , x , y ) ,  

apmm(ksi,ksi, x,y); t r a n s i t i w ( k s i , k s i  ,ksi,x,y, z). 



sort ""1 
: =n . - - - .  [x, e t a  lksi 

t n  [t, eta] E S  (ksi, eta, {t Jp, t) - s o d  

:= o w - - -  EIi'rBED 

In [x,ksi] nonempty(~~IS~~(eta, [b,eta]equal((b)p,x)) 

[x, ksi ] boo1 



3, P A I R S O R T .  

t h e t a  

t h e t a  

X 

Y 

3* 5 t h e t a  

j, 6 u 

30 7 u  

2.6 u 

3.9 Y 

5.10 Y 

-1-9 7 b 

': . 6 b 

4.9 ass 

4. :O ass 2 

F 
ks i  

t he t a  

u 

f i r s t  

second 

then 8 

s= then 9 ( theta,ksi ,y,x) 

s o r t  - 7 
s o r t  - 
k s i  

t h e t a  

pa i r sor t  

pa i r so r t  

k s i  

theta 

  ai air sort, u, @r(f irst , samd 

IS (ksi,x, f irst (gjair) ) 

IS   theta,^, second(pair) ) 

4. S O O L E Q U A L ,  I M P L I C A A I O N .  

bool 

bo 01 

pa i r so r t ( [ t   TRUE(^)) ] TEU-E(S), 

[S TRUE (b) ] T R ~ ( & )  ) 

IS (bool, a, b) 

IS (bool, a, b) 

pa i r so r t ( [ t  T L I U E ( ~ ) ]  TRE(-J), 

[S T ~ L E  ('a) ] T R ~  (a ) )  

:= [UTRUX(~)]TRUE(~)  - s o r t  

I?/m 

TRUE (b) 



5, SOXE LOGICAL COlETALTS. 

contradict ion := nonernpty(~O~~Fi) 5ocl 

OBVIOUSLY :=  contradiction, contradiction) sorL 

t r i v i d  : = nonempty (OBVIOUSLY) 'Go 01 

now 1 := [u~~Z1E(contmdict ion)]  u 03'JTOIISLY 

:= then 2 (OBVIOUSLY, now 1)  ml TI - \ 
now 2 6 3  (t riv-i.~ 1 

now 3 : = [u CQTR] u DGTY ( C  0 ~ i i ; i  

b 

NON 

non 

C 

AND 

and 

if 

then 12 u 

then 12 b 

i 

I 
I 

:= 0 " - 0 -  

:= E ~ Y ( T R U E  (b)) 

:= nonempty (NON) 

:= - . - - m e  

:P then ~ ( N o N ( ~ )  , i f )  

:= then 2 ( ~ 0 ~ ( b ) , i f )  

bool 

sort  - 
boo1 

AND 

TRUE ( b) 

TiXE(c) 



k s i  

P 

P 

v 

ass 1 

P 

ass 2 

ass 2 

? 

P 

v 

ass 3 

k s i  

7. E X I S T S ,  A L L .  

(ksi :a - - - - o  

ass 2 :n I---.. 

then 13 a : PN 

then 13 b := PN 

ALL : n k s i ]  TRUE((U) P) 

NONEXIST :P [U ks i  1 EMPTY( (u) P) 

\'BAK3XLST : = EIIIPT Y (NONEXIST ) 

PARADISE 1 := [Q, [u ks i  ] boo1 ][t WEAXXIST (Q) ] 

EXISTS (Q) 

:= - - - - -  

[u k s i ]  % a d  

so* - 
k s i  

T R ~ ( ( v )  ,u) 

EXISTS 

EXISTS 

ks i 

TRUZ( (then 9 a 

so r t  - 
SO ~ - 

s o r t  - 
PklDISE I 

P i W S T  (P) 

EXIST (P) 



t he t a  

p i  

k s i  

P 

k s i  '. : = 

t he t a  : = 

: = 

C := 

then 15 := 

----, [G  k s i ]  t he t a  

[s k s i  ][t k s i  ] IS (theta, (t 

(4 p i )  . - sorb 

9. C O N D I T I O N A L  B I I A C  I N G ,  

i 

P := - - - - -  [t ksi ] boo1 

:P ..-I- [t k ~ i ] [ s  TEUE((t ) P )  2 

I bool 

X := - a m - -  k s i  

s iqa : TRUE({X)P) - s o r t  

then 16 := EXISTS (sigma, { x ) h )  sor t  - 
Q :P [t k s i  ] nonempty( then 1 6 (t ) ) [t ks i  ] boo1 

a := .---- TRT-W(~) Q) 

then 17 := then 3(then 16, a) then 1 6 

then 18 := then 1 Ja (sigma, {x)h, then 17) TiiUE({x) P) 

then 19 := then 13b (sigma, (x)h, then 17) T~UX({tl;en 18)(x) h) 

a := - - - - -  TI?T,T ( (x )?) 

b := - 0 a . -  TRUE( (a)(x) h) 

then 20 :, then13(~~~~({x)~),{x)h,a,b) t h e n 1 6  

then 2'1 := then 2(then 16, then 20) TELL%( ( s )  Q) 

then 22 := TXJE( (x) &) 

1 1  



10. D I R E C T  B R A C I N G .  

0 

0 - 

0 

k s i  

k s i  

C 

k s i  

d 

17.71 0 

11.12 ks i 

l l .13  lcsi 

'11.14 c 

11 , I 5  k si  

11.16 d 

dash 

:n - - - - -  
:= [t ksg and ({t)~,(t)&) 

k s i  

c l a s s in  

c: : 

predicof 

d 

classof 

- - - - -  
pa i r sor t  ( [t k s i  poo l ,  UW) 

s o r t  

[t k s i  ] bool 

["is i ] bool 

[t k s i ]  boo1 

- - - - -  
f i r s t  ( [t k s i  ] bool ,TLW.E, c )  

- I - - -  

pair (  [t k s i  $001, NAME, d ,  dash) 

sort - 
NA-W 

s o r t  

s o r t  - 
c l a s s in  

[t k s i  ] bool 

[t k s i ]  bool 

c lass in (ks i )  

s o r t  - 
NAXE 2 

( k s i  : E  - - . - - -  - s o r t )  

PREDICATE := Fa i r so r t (  [t k s i  $ool,NATvliE 2) s o r t  

C := - - - - -  PREDICATE 

predicup := first( [t k s i ]  b o o l , ~ , ~ )  [t ksi] boo1 

d st - - I - m  [t ksi] boo1 

predicdom := 2air( [t k s i  ]bool,NfiE 2, d,dot ) PFEDBCTE 



1-i.."17 

11.18 

11,:g theta 

"1.20 P 

11.21 a 

11.22 ksi 

11.23 b 

11.24 ksi 

71.25 c 

ksi 

(-t&ta 

P 

a 

then 25 

b 

then 26 

C 

then 27 

X 

then 28 

then 29 

then 30 

Y 

then 31 

then 32 

then 33 

Z 

then 34 

then 35 

:= m o m - -  EXl?T~(ksi) 

:P then 25(TRUE(nonempty(ksi)), E3IPI~(TRUE(nonea~%y(ks 

kci, [s TRUE (nonempty (ksi) ) 1, 

then 3(s),b) 

:= m e - . = -  mPTY (T~~",(nonempty(ks 

:= then 25 (ksi,T~UE(nonempt~(irsi)), 

[s ksi] then 2(s),c) EIWPY (ksi) 

- - - - I  

.--.-- 

then 3 (ZMPTY (TRUE (non(b) ) , x) 
then 27 (NON(~), x) 

then 29 

. . . o n - -  

Y 

then 26(~0N(b), then 31 ) 

then 2(~0~(non(b) ) 

- - - M e  

then 5 (TRUE ( b) , z) 
then 33(~aUE(b),then 34) 

boo1 

TIiUE (nan(non( b) ) 

E&lPT~(~Rll(non(b)) 

BI~(NON(~)) 

mimy ( m m ~  (TRUE (b ) ) ) 

W I Y  ( E ~ Y ( T R ~  (b) ) 

EMI?TY(NON(S) j 

~oN(non(3)) 

TEUE (non (non(b ) ) 

 TRUE(^) 

~IPTY ( ~ T J I ~ Y  (TxTJE (b) ) 

TRUE(non(non(b)) 



12, E X C L U D E D  T H I H D .  

0 

0 

excl 

b 

if 

0 

b 

b 

if 

3 xc1 

a 

if 

then 36 

,(b 

u r n  

if 

then 37 

(comment : 

:= - - o n 0  bo 01 

:= . . . - . - -  U ~ L  PT Y (NON( 2 )  ) 

: = (a) (i4 excl T am (a) 

:= 0 0 - 0 -  bool) 

: [s EXCLTHIRD] TRUE (b) - sort 

gm 0 0 - n -  TRLE (b) 

:P [s EXCLTHI~~D ] if VAIJD(b)  

VALID i s  the notion of truth in non-intuitionistic logic: 

P 

9 

then 38 

then 39 

then 

2 

9 

then 40 

then 41 

then 42 

- - --- 3 
(9 IP 
then 35(then 38) 

[a EXCLTHIBD ] then 39(s) 

- - - - . . .  
(9 19 

then 30 (then 40) 

then 36(q,b, then 41 ) 

[s ZXCLTHIRD ] then @(s)  

VALID ('D) 

EXCLTEI-tQ 

 TRUE'(^) 

TRUE (non(non (t ) ) 

V A L D  (non(non( b) ) 

VALID (non(non (b) ) 

EXCLTBIXD 

T XJ~(non(non(b) ) 

~Y(NON('D)) 

TRUE (b) 

VALD (b) 



ks i 

ks i  

X 

S 

S 

k s i  

S 

t 

ks i  

k s i  

ks i  

7 - 
XS 1 

ks i  

ass 

s i  

t; 

5 

3ST I 

w t i  

t 

INCL 

incl 

3 

mer s e t 

iverse 

hen 43 

ptyset 

a s s  

then 4.4 

then 45 

hen 46 

nen 47 

- m - - -  

[x k s i  ] bool 

.--.- 

.---- 
T R ~ (  {xb) 

(x 1s 
0 - a - m  

a m - - -  

A ~ ~ ( k s i ,  [u ksi] nonempty ( DPL 

( (U)S# (u l t ) )  

nonempty (INCL ) 

- - m - -  

[x set  ] incl(x, s) 

[x k s i  ]trivial 

1 1 - 1 1 1 . -  

n o w  2 

[x ks i  ] contradict ion 

1 3 - . . . 1  

I"-.-.. 

assume 

then 3 ( ~  ONTB, then 44) 

[t ESTI(x, emptyset) ] then 45 

then 46 

sor t )  - 
s o r t  - 
k s i  

se t  

sort  
7 

bool 

se t  

se t  

s o r t  - 
bool 

se t  ) 

se t  ( se t (ks i )  ) 

s e t  

k si 

EST I (x,univers e) 

s e t  

ks i 

EST1 (x, enptyset) 

TRU~(contradiction) 

C ONTR 

~~Y (ESTI(X, enptyset 

~ ~ ~ ( e s t i ( x ,  emptyset) 



ass 1 

ass 2 

X 

ass  3 

14.9 ass 3 

i4.10 zss 3 

q4.13 ass 2 

t 

r 

as, 

a 

t : 

s e t  

s e t  

se t  

IMCL(S,~) 

s s 2  := 

X := 

ass  3 := 

then 48 : = 

"dnen49 := 

t h e n g : ~  

then 51 := 

then 5 2 : ~  

hen 53 := 

- - - _ -  TRVE ( (XIS 
then ~(IKPL( ( X I S ,  (x)t ), 

(x) ass  I )  D t ~ t (  ( x ) s ~  (x)t)  

(ass 3 )  then 48 TRUS ( (x) t j 

then @(t ,r , r ,ass .  2, a s s  2, 

x,thein 49) TRUE( {x)r) 

[P TRUE((+) Ithen ~ O ( P )  JXPL( (x)s , (x)r) 
then 2( Z~!LPL ( (x)r , (x )t ) , then 51) TWE (nonempty( IK~?L( ( 2  

[t ks i  ] then 52(t) IXCL (s , r) 



1 5. IBCLUSI ON I N D U C D  I N  PUJXlShT. 

ass  4 . - .- 
I& : = 

then 54 := 

then 55 P= 

then 56 := 

then 57 := 

then 58 := 

;hen 59 := 

;hen 60 := 

;hen 61 := 

l a 6 2  :P 

s e t )  

s e t )  

X N C L ( S , ~ )  

-.I--- s c t  

- - - - -  TRUE ( (u ) powers e t  ( s )  ) 

a TRTB (incl  (u, a) ) 

: then 3 ( ~ c L  (u, s) , then 54) IXCL (u, s ) 

then 53(u, s, t, then 55,ass 4) INCL(U, t )  

then 2 (INCL (u, t ) , then 56 $ T3UE(incl(,.i9t)) 

then 57 TRUE( {u) powerset (t ) 

[a TXE({U) powerset (s))] then 58 

? I d a (  (u) p o ~ e r s e ~  (s) , 

(u) powerset (t) ) 

IMPL( (u) powerset (s), (u)povrerset (t) 

s o r t  - 
then  then 60, then 59) TXUE (nonempty( then 62, 

[t s e t ]  then 61 ( t )  INCL (set,pswerset(s), 

powers e t  (t )) 


