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1. Synopsis 

The aim of this paper is to prove a theorem (the closure theorem) in 

lambda-typed lambda-calculus which states that the set of so-called legal 

expressions is closed under @-reduction. The proof of this theorem will be 

given in detail. 

The theory of lambda-typed lambda-calculus itself will be described in 

a nutshell, with a minimum of comment. We shall only give definitions 

necessary for the main theorem and we shall describe roughly some indispen- 

sable notions of the theory. Moreover we shall list a number of lemma's need- 

ed in the main theorem. These lemma's, which are theorems from lambda-typed 

lambda-calculus, will be given without proof. The theory of lambda-typed 

lambda-calculus will be described amply in Ell. 

The language of A-typed A-calculus 

2.1 The alphabet of the language consists of an infinite set of variables, 

a basic constant (T), a number of improper symbols (the brackets 'C ', 'I1, 
' I ' ,  'I' and the comma), and some symbols denoting functions and relations. 

2.2 Expressions of the language are defined as follows: 

(1) A variable is an expression; T is an expression. 

(2) If A and B are expressions and x is a variable, then [x,AIB and 

(AIB are expressions. 

The expression Ex,AIB is equivalent to AxB in A-calculus, where A is 

the type of x. The expression {A)B is equivalent to BA in A-calculus. 

An expression A can be a subexpression of an expression B (denoted as 

A c B). A recursive definition of subexpression is: 

(1) A c A. 

(2) C c A or C c B -C c [x,A]B. . 
(3) C c A or C c B =>C c IAIB. 



2.3 P a r t s  of expressions of t h e  form Cx,Al o r  {A) a r e  c a l l e d  abstractors o r  

applicators r e spec t ive ly .  I n  meta-language we use t h e  c a p i t a l s  A, B, C ,  ... 
f o r  express ions ,  Q f o r  s t r i n g s  of a b s t r a c t o r s ,  and P f o r  s t r i n g s  cons i s t i ng  

of a b s t r a c t o r s  and a p p l i c a t o r s .  (A s t r i n g  i s  t h e  r e s u l t  of j ux tapos i t i on ;  a  

s t r i n g  may be empty.) For v a r i a b l e s  we use i n  meta-language the  lower-case 

l e t t e r s  x ,  y ,  z , . . .  

Jux tapos i t i on  of l e t t e r s  i n  meta-language means jux tapos i t i on  of t h e  

o b j e c t s  they r ep resen t .  I f  two me ta - l e t t e r s  A and B r ep re sen t  t h e  same ob jec t  

then  we pu t  A 5 B ;  i f  not,  then A $ B. 

A l l  meta-symbols can be primed o r  indexed. 

2.4 Var iab les  occurr ing  i n  an express ion  immediately fol lowing an opening 

b racke t  ' C '  a r e  c a l l e d  binding. A l l  o the r  v a r i a b l e s  occurr ing  i n  an express- 

ion  a r e  c a l l e d  non-binding. The binding x i n  t h e  express ion  Cx,AIB binds a l l  

those non-binding x ' s  i n  B which a r e  n o t  y e t  bound by another  binding x. 

Those non-binding x ' s  a r e  then c a l l e d  bound (by t h e  binding x i n  t h e  abs t r ac t -  

o r  [x,A]) . A l l  non-binding v a r i a b l e s  which a r e  n o t  bound a r e  free. 

2.5 A bound expression i s  an express ion  which does n o t  con ta in  f r e e  v a r i a b l e s .  

A closed expression i s  a  bound express ion  i n  which a l l  binding v a r i a b l e s  a r e  

d i f f e r e n t .  The s e t  of a l l  c losed expressions i s  denoted by r .  We only use 

bound express ions  which a r e  closed i n  o rde r  t o  avoid misunder .andings a s  t o  

t h e  binding of v a r i a b l e s .  This  has  a l s o  i t s  advantages while  manipulat ing ex- 

p re s s ions .  For t h e  theory t h i s  i s  no t  r e s t r i c t i o n  a t  a l l .  

2.6 An equiva len t  d e f i n i t i o n  f o r  c losed expressions i s  t h e  fol lowing r ecu r s ive  

one (where we w r i t e  BV(A) f o r  t he  s e t  of binding v a r i a b l e s  i n  A): 

( 1 )  T E r 
(2) I f  QA E r and i f  x  does no t  occur i n  QA then  QCx,AIx E I'. 

(3 )  I f  QA and QB E r and if BV(A) n BV(B) = $ then Q(A}B E r .  

(4) I f  QA and QT E I' and i f  x does no t  occur i n  QA then Q[x,h]r E r. 
(5) I f  QA and Qy E r ,  i f  x does n o t  occur i n  QA and i f  x  f y,  then  Q[x,Aly E r .  

By means of t h i s  d e f i n i t i o n  we can cons t ruc t  every c losed  express ion  i n  

a  unique way. 

2.7 Let x  and y be  v a r i a b l e s .  We say " rep lace  x wi th  y i n  A" i f  we want t h a t  

every x occurr ing  i n  A i s  rep laced  by a  y. We d e f i n e  t h e  ope ra to r  Ref working 

on an express ion  A t o  have the  fol lowing e f f e c t :  each v a r i a b l e ,  which occurs  

a s  a b inding  v a r i a b l e  i n  A, has  t o  be  replaced wi th  a  ' f r e s h ' ,  never  having 



variables, and A I Cx ,rICx ,x l{x Ix then Ref A can be [y , ~ ~ C Y ~ , Y ~ I { Y ~ ~ ~ .  
1 2 1  2 3  1 

By defining an order in the set of all variables and by prescribing that 

Ref uses the 'fresh' variables in this order we can procure that Ref is a 

uni-valued function, so the expression Ref A is uniquely defined at the spot 

where we introduce it. But we agree that this same particular expression is 

also meant when we use 'Ref A' after this spot of introduction, as long as 

we use it in the same context. 

If we need other "fresh variables", in the same expression A, then we use 

an index with 'Ref': Ref A uses the first set of fresh variables, Ref A another 1 
one. 

2.8 The transformation a-reduction (denoted by '2 ' )  is the transitive a 
transformation generated by: 

"If A E r, if y is a variable not occurring in A, and if B is the expression 

obtained from A by replacing the variable x by y in A, then A 2 B." 
a 

Since we did not require x to occur in A it follows that a-reduction 

is reflexive. Obviously a-reduction is symmetric, too. So a-reduction gene- 

rates an equivalence-relation. It is also clear that A 2 Ref A. a 
An a-reduction with one variable or none renamed as described between 

the apostrophes of the definition is called a one-step a-reduction and denoted as 

A 2' B. a 
We state the following theorems: 

(i) If A E r and A 2 B then B E I', a 
(ii) corollary: if A c r then Ref A E T. 

2.9 Substitution of A for x in B is denoted by (x := A)B and defined as 

follows : 

(1) (x := A)x E Ref A; (x := A)y y if y f x; (x := A)T r T 

(2) (x := A)Cx,BIC I Cx,BlC; (x :=A)Cy,BIC = Cy,(x :=A)BI(x := A)C if y f x 

(3) (x := A){B)C I {(x := A)Bl(x := A)C. 
, /'' 

For convenience we also define (x := A)P for a string P of abstractors-, 
_.- 

and applicators: 

If (x := A)PT : P'T, then (x := A)P E PI. 

2.10 The relation B-reduction (denoted by ' z ~ ' )  is the reflexive and transi- 

tive relation generated by: 



(I) If Q(A)CX,BIC E r then Q{A)Cx,BIc 2 Q(x := A)C, 
B 

(2) If QC and Q(A)C E r and if QC 2 QD then Q{A)C 2 Q{A)D. B B 
(3) If QA and QCx,AlC E r and if QA 2 QB then QCx,AIC > QCx,BlC. B B 
(4) If QA and Q(A)C E I' and if QA 1 QB then Q(A)C 2 Q(B)C. B B 

We recall that Q denotes a string of abstractors. 

We call rule (2) to (4) the monotony-ruZes of B-reduction. 

A B-reduction A 2 B obtained by one application of rule (1) followed B 
by a number of applications of the monotony-rules is called a one-step 

B-reduction and denoted as A 2' B. 
B 

If A reduces to B by a sequence of a- and B-reductions then we write 

A r B. 

We state the following theorems: 

(i) If A E I' and A 2 B then B E I'. 
B 

(ii) If QC and QCx,AIC E r and if QC 2 QD then QCx,AIC 2 QCx,AlD. B B 
(This last theorem is apparently missing in the set of monotony-rules for 

6-reduction; it turns out to be a consequence of the rules of @-reduction.) 

2.11 Let A and B E I'. We define an equivalence between A and B (A % B) as 

follows : 

A % B if there exists a D such that A r D and B r D. 

The transitivity of this equivalence is implied by the Zhrch-Rosser 

theorem, which holds also for our special A-calculus. (We can also prove 

Church-Rosser directly; cf. C21). 

2.12 If A E r and A : P Cx,B1P2x, then we define Typ A : P Cx,BIP2 Ref B. 
n 1 1 n+ 1 

Analogously, if Typ A E P Cx,BIP x for some n 2 1 then Typ A r 1 2 
0 - P,Cx,BIP, Ref B. We define Typ A = A. 

L 

The following theorem holds: 

(i) If A E r and Typ A is defined then Typ A E I'. 

2.13 For each expression in r we define a number called class (~1): 
(1) If A z PT then C1 A = 1; 

(2) If A : Px then C1 A = Cl(Typ A) + 1. 

The theorem holds : 

(i) If A E I' then Typ pT. 

This "highest possible power" of Typ has a special significance. We 

abbreviate Typ CIA-l~ as T ~ ~ * A .  



2.14 Let A E r. We define a norm v on A by recursion with respect to the sub- 
expressions of A: 

(I) If T c A then v(r) : T. 

(2) If x c A and x is bound by the binding x in the abstractor Cx,BI then 

V(X) : v(B) . 
(3) If Cx,BIC c A then v([x,B]C) E Cx,v(B)lv(C). 

(4) If (B)C c A then v({B)C) 5 (v(B) )v(C). 

We can prove that v(A) is well-defined for every A E r. It is obvious 
that v(A) contains no bound variables. The most important property of this 

norm is stated in 3.4 (XIII). 

We state the theorem: 

If A E r then v(A) E r; if A 2 B then v(A) r v(B). 
a a 

2.15 In the alternative definition of closed expression, given in 2.6, we 

find : 

"(3) If QA and QB E I' and if BV(A) n BV(B) = 4 then Q{A}B E r". The common 

interpretation of (A)B is: the function B applied to the argument A. Clearly 

we put in r no restrictions on the argument A with respect to the domain of 
B. In a subset of r, called! the set of legal expressions, abbreviated as A, 

we want the argument of a function to "match" with the domain of that function. 

As definition of legal expressions we use the definitions of 2.6 ( I ) ,  

(2), (4) and (5) ,  where we read A instead of r ,  and a new (3) which reads: 
(3) If QA and QB E A, if T@*QB 2 Q&Cy,KlL and Typ QA a QK for  certain K and L, 

and if BV(A) n BV(B) = 4 then Q{AlB E A. 

The condition printed in italics is called the applicability condition. 

We can weaken this applicability condition: see 3.5 (XIV). 

3. A list of lemma's 

3.1 A lemma concerning r: 
I '  

1. QCx,AIB E D ,  x # B -> QB E 

3.2 Lemma's concerning reduction and equivalence: 

11. QC, QPC E I', QC 2 QD ==+ QPC 1 QPD. 

111. QCx,AlB E r ,  Q[x,AIB 1 Q[x,ClD + QA 2 QC. 

IV. PA, PCx,BIRef D E r -.> P Ref(x := A)D r P(x := A)ReflD. 
a 



3 . 3  L e m m a ' s  concerning T y p  and C1:  

n 
N.B. I f  w e  w r i t e  TYP A then w e  a s s u m e  tha t  TypnA i s  def ined  (i .e.  n I C 1  A - 1 ) ;  

w e  c a l l  such a value of n v a l i d .  

n 
V. A E r ,  A 2 B =, ~ y p  A 5 T Y P ~ B .  a C1 

V I .  PB,  P P ' B  E r 9 C 1  P B  = C 1  P P ' B .  

V I I .  A E r ,  A r B --) C 1  A = C 1  B. 
a 

3.4 L e m m a ' s  concerning the  n o r m  v:  

X I I .  A E r , B c A - v (B)  shorter than v ( A ) .  

1 1 1  A s r =;. v (A) 2, v (TyPnA)  

3.5 L e m m a ' s  concerning A: 

* 
X I V .  QA, Q.B E A, T y p  QB % Q C y , K I L  and T y p  QA % QK f o r  cer ta in  K and L ,  a n d  

BV(A) n BV(B) = 6 - Q{A)B E A .  

X V . A E A , A >  B T B E A .  
ct 

n 
X V I .  A E A => T y p  A E A. 

XVII. QA, QB E A, Q [ x , A I B  E r 4 Q [ x , A I B  E A. 

X V I I I .  Q{A)B E A => QA, QB E A. 

X I X .  Q C x , A l B  E A =+ QA E A. 

XX. QCX,AIB E A, QB E r QB E A. 

n 
X X I .  Q C x , A l C ,  QB E A, C l  QA = C 1  QB, T y p  QA % T y p n Q ~  f o r  a l l  v a l i d  n Q[x,B]c E A. 

XXII. Q ~ A I C X , B I C ,  QCX,BID E A =., Q(A)[X,BID E A.  

4. T h e  closure t h e o r e m  

4 . 1  D e f i n i t i o n :  We c a l l  t w o  expressions E and F co-legal i f  ( 1 )  E E A, F E A, 
k k 

(2) T y p  E T y p  F f o r  a l l  v a l i d  k a n d  (3) C l ( E )  = C l ( F ) .  



Lemma A: I f  E and F a r e  co- legal ,  E 2 E' and F r F ' ,  then  E' and F' a r e  
a a 

co- l e g a l .  

Proof:  By Lemma (XV): E '  E A and F' .E A. -- 
k k k k k k By (V): Typ E Typ E' and Typ F 2 Typ F' .  So Typ E '  % Typ F ' .  

C1 

By (VII):  C 1  E = C 1  E '  and C 1  F = C 1  F ' ,  hence C 1  E' = C 1  F ' .  

4.2 

Lemma B: Le t  E and F be co-legal  and E 2 F. I f  E' 2 F' i s  a d i r e c t  conse- 
B B 

quence of E 2 F according t o  one of t h e  monotony r u l e s  f o r  
B 

6-reduct ion ( i .  e. r u l e  (2 ) ,  ( 3 ) ,  (4)  of 2. l o ) ,  and i f  E '  .E A then  

E' and F' a r e  co-legal.  

Proof:  case I :  E 2 F i s  QC 2 QD, E '  2 Q(A]C E A and E' 2 F' E Q{A)D. 
B 13 B 

* 
(1)  Since  Q(A)C E A:  QA .E A ,  Typ QC 2 Q[x,MIN and Typ QA 2 QM. I f  * * 

TYP QC T~P'QC, then  Typ QD Z T ~ ~ ~ Q D  s i n c e  C 1  (QC) = C 1  (QD) . Hence * * * 
TYP QC % Typ QD, s o  Typ QD % Q[x,MIN. From (XIV): Q(A)D E A. 

k k 
(2)  (XI) impl ies :  Typ Q f A I C  % Typ QIAID f o r  a l l  v a l i d  k. 

(3) Moreover: C 1  Q(AIC = C 1  QC = C 1  QD = C 1  Q(A)D by (VI). 

case 2: E L F i s  QA 2 QB, E' 2 Q[x,AIC E A and E' F' 5 Q[x,BIC. 
B B > B  

We prove co - l ega l i t y  f o r  QCx,AIC and QCx,BIC. 

(1)  From (XXI): QCx,BIC E A. 

(2)  We now prove t h e  
k k 

"lemma: I f  QCx,AIC E A then  Typ QCx,AIC % Typ Q[x,BIC ( f o r  a l l  v a l i d  k)  and 

C 1  QCx,AIC = C 1  QCx,BIC1' 

by i nduc t ion  on C 1  Q[x,AIC. I f  C 1  QCx,AIC = 1 then t h i s  i s  t r i v i a l .  So 
k k 

assume Typ Q[x,AIH % Typ QCx,BIH ( f o r  a l l  v a l i d  k) and C 1  Q[x,AIH = C 1  Q[x,BIH 

f o r  a l l  H such t h a t  QCx,AIH E A and C 1  QCx,AIH < C 1  Q[x,AIC. 

subcase 2.1: Assume Q[x,AIC 5 Q[x,AlPy where y $ x. Then t h e  f i n a l  y ' s  

i n  Q[x,AIC and QCx,BIC a r e  bound by b inding  y ' s  of t h e  same a b s t r a c t o r s  [y ,EI ,  

s o  Typ Q[x,A]C 5 Q[x,A]P Ref E E A (by ( X V I ) )  and Typ Q[xyB]C Q[xyB]P Ref2E 
1 

and C 1  Q[x,A]P Ref,E = C 1  Q[x,AIC - 1 .  
Q R R 

So by induc t ion :  Typ Q[x,AIP Ref,E % Typ QCx,BIP Ref E 2 Typ Q[x,B]P Ref2E 
k k 1 a 

f o r  a l l  v a l i d  R 2 0.  Hence Typ QCx,AIC % Typ QCx,BIC f o r  a l l  v a l i d  k 1 1 .  



But f o r  k  = 0 t h e  l a s t  equivalence a l s o  ho lds .  By induc t ion ,  too: 

C l  Q[x,AIP ReflE = C 1  QCx,BIP ReflE = C 1  QCx,BlP Ref2E ( the  l a s t  e q u a l i t y  

by ( V I I ) ) ,  s o  a l s o  C 1  QCx,AIC = C 1  QCx,BlC. 

izubcase 2.2: Assume QCx,AIC s QCx,AlPx. Then Typ QCx,AIC I 

QCx,AIP Ref A E A (by XVI)) and Typ Q C x , B l C  - QCx,BIP Ref B. Now 
R C 1  QCx,AIP Ref A = C 1  Q[x,AIC - 1 ,  s o  by induc t ion :  Typ QCx,AIP Ref A % 

R 
Typ QCx,BlP Ref A f o r  a l l  v a l i d  R 2 0 .  By lemma A: Q Ref A and Q Ref B a r e  

R !2 co-legal ,  xo Typ Q Ref A % Typ Q Ref B. 
R R 

(XI) then  impl ies  t h a t  Typ QCx,BIP Ref A % Typ QCx,BIP Ref B f o r  a l l  
k k  

v a l i d  R .  It  fo l lows  t h a t  Typ QCx,AIC % Typ QCx,BIC f o r  a l l  v a l i d  k 2 1 .  For 

k = 0 t h e  l a s t  equiva lence  a l s o  holds .  

Moreover: C 1  Q[x,AIP Ref A = C 1  Q Ref A (by (VI)) = C 1  Q Ref B (by t h e  

co - l ega l i t y  of Q Ref A and Q Ref B) = C 1  QCx,BIP Ref B (by (VI) aga in ) ,  s o  

a l s o  C 1  QCx,AIC = C 1  QCx,BIC. 

case 3:  E 1 F i s  QA z QB, E' I Q{A)c E A and E '  zg F - Q{B)c. B 8 
We prove co - l ega l i t y  f o r  Q{A)C and Q{B)C. 

* 
( 1 )  Since  Q{A)C E A:  QA E A, Typ QC 2 QCx,MIN and Typ QA 1 QM. Also 

TYP QA % Typ QB, s o  Typ QB % QM. From (XIV): Q{B)C E A. 
k  k 

(2) Assume Typ QC E Q C '  ( c f .  (VI I I ) )  . Then Typ Q(A}C 2, Q{A}CT(by (IX)) E A 
k  

(by (XVI)) and Typ Q{B)C 2, Q f B } C 1  (by (1x1) 
k  k From QA 1 QB fo l lows  Q{A1C1 2 Q{B)C1, s o  Typ Q{A)C 2 Typ Q{B)c. 

Moreover C 1  Q{A)C = C 1  QC = C 1  Q{B}C by (VI). 

4 .3  Main theorem: I f  K E A and K 2 L then  K and L a r e  co- legal .  
B 

Proof: We regard  t h e  theorem a s  a  p ropos i t i on  about K and r e f e r  t o  i t  as  

Prop (K). We prove t h e  theorem by induc t ion  on t h e  l eng th  of v(K). I f  

K 5 r then t h e  theorem i s  t r i v i a l .  So assume t h a t  Prop (H) i s  t r u e  f o r  

a l l  H w i th  v(H) s h o r t e r  than v(K) ( i nduc t ion  hypothes i s  1 ) .  Under t h i s  

assumption we f i r s t  prove: 

proof of t h e  c e n t r a l  lemma: Assume C Cy I , C l l  ... Cy C I P ' s ,  where 
k'  k 

P' f Cz,EIF and s r T, s E y ( f  x) o r  s 5 x. 

case I :  P' E 4, k = 0 .  Then C - s and L Qs i f  s f x o r  

L r Q Ref A i f  s E x. From K E A fo l lows  by (XVIII): QA E A ,  s o  a l s o  



Q Ref A E A (by (XV)). Also from K E A follows by (XVIII) : QCx,Bls E A ,  

so  i f  s f x then ( I )  and (XX) imply Qs E A.  Hence always L E A. 

case 2:  P' a @, k > 0. Now K I Q{A)Cx,BICy C 1 . . . [yk,Ckls 1 '  1 
L Z Q [ y l , ( x  := A)C1l ... [yk,(x := A)Ckl(x := A)s. From K t A follows by (XVIII): 

QCxyBIc E A ,  SO by (XIX): QCxYB1Cyl , C l 1  . . . Cyk-] ,Ck-]  l C k  E A. 

From (XXII) follows t h a t  a l s o  Q{A)Cx,BICyl,CII ... Cyk-I,Ck-lICk E A .  

Since the  l a s t  expression has a s h o r t e r  v than K by (XII) we can apply 

ind. hyp. 1 t o  f ind:  

subcase 2.1 :  I f  s E y then L E 
k 

QCyl, (x := A)C1l . . . Cyk-] , (X := A)Ck-IICyky (X := A)C k k  l y  E A .  

subcase 2.2:  Let s f yk. QCX,BIC e A ,  so i f  s f yk then ( I )  and (XX) 

imply t h a t  QCxyBICyI,C1l ... Cyk-l ,Ck-I l~  E A ,  so from (XXII): 

Q{A)Cx,BICyl , C l  I . . . Cyk-] ,Ck-] I s  e A. The l a s t  expression has a shor te r  v 

than K by (XII),  so  QCyl,(x := A)CIl .. . Cyk-],(x := A)Ck-]l(x := A)s E A (2) 

Now (1) and ( 2 )  imply t h a t  L E A (by (XVII)) . 
case 3: P' {E}P1'. Abbreviate Cyl , C I 1  . . . Cy k k  , C  1 Q '  and 

[y ,  , ( x  := A)Cll . . . [ykY(x := A)CkI E (x := A)Q1. Then K I Q(A}[x,B]Q'{E}P"s 2 

L 5 Q(x := A)Q1{(x := A)E)(x := A)(PWs). Since K E A:  QCx,BIQ'{E)P1's E A, so 

a l s o  QCx,BIQIE E A ,  QCx,BIQ'P1's e A ,  T ~ ~ * Q C X , B I Q ' P ' ~ S  r QCx,BIQ'Cz,M'IN1 and 

~ y p  QCX~BIQ'E 2 QCxY~IQ'M1.  L\CU-C 

By (XXII) : Q{A)Cx,BIQIP"s and Q{A)Cx,BIQIE E A,, 8 0 t h  a shor te r  v 

than K by (XII) ,  so Q(x := A)Q1 (x := A) (P1's) and Q(x := A)Q1 (x := A)E E A.  

Moreover by (VI) and (X) : T ~ ~ * Q { A ) C X , B ~ Q ' P " S  r Q{A)Cx,BlQ' Cz,M1 I N '  2 

Q(x := A)Q'Cz,(x := A)M1l(x := A)N' and Typ Q(A}Cx,BIQ'E 2 Q(A)[X,BIQ'M' 2 

Q(x := A)Q1(x := A)M1. Combining these  r e s u l t s  with ind. hyp. 1 we get :  

Q(x := A)Q1 (x := A)M1 % Typ Q{A)Cx,BIQIE % Typ Q(x := A)QV(x := A)E and 

Q(X := A ) Q ~ c ~ , ( x  := A)M'I(X := A)N' % T ~ ~ * Q { A } c ~ , B I ~ ' P ~ ~ S  % 

4 r. u, ,.-36$2 W* 
V Typ Q(x := A)Q1 (x := A) (P1's) ; W $%is l a s t  equivalence we twpd t h a t  C 1  K = C 1  L ,  3 

so  C l  Q{A}[x,B]QIP"s = C 1  Q(x := A)Q1(x := A)(P1's) by (VI). 

It  follows t h a t  Q(x := A)Q1((x := A)E}(x := A)(PWs) 5 L E A by (XIV). 
n 

End of the  proof of the  c e n t r a l  lemma. 

We s h a l l  now prove the  main theorem ( s t i l l  assuming ind. hyp. I ) :  



case I :  K 2 Id i s  QCA)CX,BIC r Q(x := A)C. 
B a 

We proceed by induct ion  on C 1  K. I f  C 1  K = 1 then C 1  L = 1 s o  L E A by the  c e n t r a l  
k k 

lemma. Moreover Typ K % Typ L s i n c e  k can only be zero. So i n  t h a t  case K and 

L a r e  co-legal .  

So assume ( ind .  hyp. 2 ) :  K' and L '  a r e  co-legal  i f  C1(K1) < Cl(K) and 

i f  K '  2 L '  i s  Q'{A'1Cx,B'IC1 1, Q1(x := A')C1. 
I-' 

subease 1.1: Let K - Q { A } ~ x , B I P ~ ,  where y 8 x. Then L E Q((x := A)P)Y. 

I f  t h e  f i n a l  y  i n  K i s  bound by the  binding y i n  t h e  a b s t r a c t o r  Cy,DI, then 

Typ K f Q{A)CX,BIP Ref D.  Also: t he  f i n a l  y  i n  L i s  bound by the  binding y i n  

t he  a b s t r a c t o r  Cy,(x := A I D ] ,  where t h e  s u b s t i t u t o r  (x := A) i s  perhaps super- 

f luous ,  so  Typ L 5 Q((x := A)P) Ref ( x  := A)D Q((x .= . A)P)(x := A) Kef,D 

by (IV). Hence Typ K Q~A}CX,BIP ReflD 2 Q((x := A)P)(x := A)ReflD 2 Typ L. B a 
Since C 1  Typ K = C 1  K - 1 i t  fol lows from ind. hyp. 2 and lemma A t h a t  

k k Typ K and Typ L a r e  co-legal.  So Typ K % Typ L f o r  a l l  k 2 1 ,  but  t h i s  equiva- 

lence  a l s o  holds  f o r  k = 0 .  Moreover C 1  Typ K = C 1  Typ TJ, so C l  K = C 1  L. 

But t he  c e n t r a l  lemma then impl ies  t h a t  L E A.  So K and L a r e  co-legal.  

subcase 1.2: Let  K E Q{AICX,BIPX. Then L r Q((x := A)P) Ref A and 
* 

Typ K I Q{A)CX,BIP Ref B. Since K E A: QA E A ,  QCx,BIPx E A ,  Typ Q[x,BIPx 2 

Q[x,MIL (so  QB 2 QM by (111) and (VI I I ) )  and Typ QA r QM. 

Since a l s o  Q Ref B 2 QM: Typ K 2 Q{A}Cx,BIPM (by (11))  2 

Q ( ( x  := A)P)(x := A)M E Q ( ( x  := A)P)M. The l a s t  i d e n t i t y  holds because x does 

no t  occur i n  B,  and consequently no t  i n  M. Put Typ Q Ref A - QD, then a l s o  

QD 2 QM by (V), so  Typ L >a Q((x := A)P)D (by (LX)) 2 .Q((x := A)P)M by (11).  

Now v(Q Ref B) i s  s h o r t e r  than  v(K) by (XII) and v(Q R e f  A) = v(QD) (by 

(XI I I ) )  which i s  s h o r t e r  than  v(K), so by ind. hyp. 1 :  
R R R 

Typ Q Ref B % Typ QM % Typ QD. 
R R We s h a l l  now d e r i v e  from t h i s  t h a t  Typ Q{A)Cx,BlP Ref B % Typ Q((x := A)P)D, 

R R R R 
so Typ K % Typ L f o r  R r I .  We do t h i s  a s  fol lows:  From Typ Q Ref B % Typ QM 

R 
and (XI) fol lows:  Typ Q{AICX,BIP Ref B % T ~ ~ ~ ~ { A ) [ X , B I P M .  (1 

R R R R From Typ QM % Typ QD and (XI) fol lows:  Typ Q((x := A)P)M % Typ Q((x := A)P)D. ( 2 )  
R R I f  we can now manage t o  show t h a t  Typ Q{A}Cx,B]PM % Typ Q((x := A)P)M 

then we a r e  ready. 

X 
Typ Q((x := A)P)M (because x does not  occur i n  M'). From t h i s ,  (1) and ( 2 )  follows: 



R k k 
Typ QIANx,BIP Ref B ". TypL9((x := A)P)D for all valid R 2 0, so Typ K a Typ L 

for all valid k 2 1, but also for k = 0. 

Since v(QB) is shorter than v(K) and QB 2 QM it follows from ind. hyp. 1 

and ( V I T )  that C1 QB = Cl QM. Also, since v(Typ QA) = v(QA) is shorter than 

v(K) and Typ QA 2 QM: C1 Typ QA = C1 QB. So also C1 Typ Q Ref A = 61 QD = 

Cl Q Ref B by (VII). 

By this and (VI): Cl Typ K = Cl Q Ref B = Cl QD = Cl Typ L, so C1 K = C1 L. 

From the ce~tral lemma then fo?lows that L E A, SO K and L are co-legal. 

case 2:  Assume K 2 L in one step as a direct consequence of K' B " @  L' 

and one of the monotony-rules. Then always v(K6) < v(K) SO by ind. hyp. I: 

K '  and L' are co-legal. Lemma B then implies that K and L are co-legal. 

case 3: Assume K 2 L in more steps, then this reduction can be split 
B 

up in one-step reductions K E K 2 K 2 ... 2 K 5 L. Then Cnduction on p 
1 6 2 8  B P  - 

shows that K. and Kill are co-legal for all I 5 i < p, so by the transitivity 
1 

of co-legality: K and L are co-legal. 

Corollary: Closure theorem: - If K E A and K 1 L then L E A. 
8 
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