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0. Summary 

This note presents a self-contained introduction into AUTOMATH, a formal 

definition and an overview of the language theory. Thus it can serve as an 

introduction to the papers of L.S. Jutting [ 7 ]  and I. Zandleven [ I l l  in this 

volume. Among the various AUTOMATH languages this paper concentrates on the 

original version AUT-68 (because of its relative simplicity) and one exten- 

sion AUT-QE (in which most texts have been written thus far). 

The contents are: 

1. Introductory remarks. 

2. Informal description of AUT-68. 

3. Mathematics in AUTOMATH: propositions and types. 

4. Extension of AUT-68 to AUT-QE. 

5. A formal definition of AUT-QE. 

6. Some remarks on language theory. 

For a description of the AUTOMATH project and for its motivation we refer to 

Prof. de ~ruijn's paper also in this volume C41. 

*) The author is employed in the AUTOMATH project and is supported by the 

Netherlands Organization for the Advancement of Pure Science (Z.W.O.). 



1 .  In t roductory remarks 

1 .  1. According t o  t he  claims f o r  t he  f o m a Z e y e t e r n ~ ~ ~ 0 ~ ~ ~  one ehouldbe able Eo 

formalize many mathematical f i e l d s  i n  i t  i n  such a  p rec i s e  and complete fash- 

ion t h a t  machine v e r i f i c a t i o n  becomes poss ib le .  The f l e x i b i l i t y  required t o  

meet t he  i nd i ca t ed  un ive r sa l i t y  i s  provided by having a  r a t h e r  meagre basic 

system. The AUTOMATH use r  himself has t o  add appropriate  primitive notions 

t o  the  b a s i c  system i n  order  t o  introduce the  concepts and axioms s p e c i f i c  

t o  t he  p a r t  of mathematics he l i k e s  t o  consider.  In  t h i s  respec t ,  the  b a s i c  

system may be compared with some usual system of l o g i c  (e. g. f i r s t  order  

pred ica te  ca lcu lus)  t o  which one adds mathematical axioms i n  order  t o  form 

mathematical theor ies .  

1.2. In  s p i t e  of t h i s  analogy however the  b a s i c  system i t s e l f  does no t  contain 

any l o g i c  i n  t he  usual sense.  Basic f o r  the  system are  t he  concepts of type 

and fiinction ( ins tead  of ,  e .  g . ,  the  concept of s e t  o r  of n a t u r a l  number), 

which a r e  formalized by a  ce r t a in  typed A-caZcuZus. 

When represen t ing  mathematics i n  AUTOMATH one has t o  dea l  with t h e  quest ion 

of coding! How t o  formalize general mathematical concepts i n  the form of 

types and functions (see s ec t i on  2.2). Clear ly  an appropriate  formalizat ion 

w i l l  incorporate  as much as poss ib le  of the  b a s i c  type-and-function frame- 

work. Sect ion 3 discusses  t h i s  coding problem and i n  p a r t i c u l a r  proposes a  

s u i t a b l e  way of represen t ing  propos i t ions ,  p red ica tes  and proofs (a func- 

t ional interpretation of l og i c ) .  

1.3. In  order  t o  s a t i s f y  the  claim of automatic v e r i f i c a t i o n  of correctness  the 

system c e r t a i n l y  has t o  be decidable (and even feasibly decidable on now- 

e x i s t i n g  computing machines). Since many common mathematical t heo r i e s  pro- 

duce undecidable s e t s  of theorems we must aonclude t h a t  we cannot expect 

the  computer t o  do a l l  our work. Indeed theorems have t o  be given together 

with t he i r  proofs i n  order  t o  allow ve r i f i ca t i on .  

Thus the  correctness  produced by the  machine v e r i f i c a t i o n  covers t he  argu- 

ments leading from axioms t o  conclusions only. The AUTOMATH user  himself i s  

responsible  f o r  h i s  choice of p r imi t ive  not ions and a l l  the  coding (and de- 

coding) involved. 



2. Informal d e s c r i p t i o n  of AUTOMATH 

2. 1. I n t r o d u c t i o n  

Here we t r e a t  t h e  o r i g i n a l  ve rs ion  of AUTOMATH, now named AUT-68. We chose 

t h i s  sys tem as an example because of i t s  r e l a t i v e  s i m p l i c i t y .  The d i scuss ion  

w i l l  be in formal  and i n t u i t i v e  and i n  f a c t  r e s t r i c t e d  t o  t h e  object-and-type 

fragment of t h e  language ( thus  l e a v i n g  t h e  proof-and-proposition fragment t o  

s e c t i o n  3). 

2.2. I n t u i t i v e  framework 

(This s e c t i o n  may be skipped by f o r m a l i s t s ) .  

The mathematical  e n t i t i e s  d i scussed  i n  t h e  language f a l l  i n t o  two s o r t s :  

objects and types. The types  may be considered as  c l a s s e s  o r  s e t s  of a  cer- 

t a i n  k i n d ,  which may have o b j e c t s  as t h e i r  elements.  A l l  t ypes  a r e  supposed 

t o  be d i s j o i n t ,  f o r  each o b j e c t  belongs t o  j u s t  one type.  This uniqueness of 

types permi t s  one t o  speak about the type of an o b j e c t .  

The t y p e s t r u c t u r e  i s  b u i l t  up by s t a r t i n g  from ground types and forming 

function types from these .  Each mathematician may choose t h e  ground types  

himself  (as p r i m i t i v e  n o t i o n s ) ,  e.g. t h e  type of n a t u r a l  numbers. 

An example of a  func t ion  type i s  t h e  type a + B (where a and B a r e  types )  

of t h e  func t ions  from a t o  6. More g e n e r a l l y ,  the  func t ion  types  a r e  formed 

by t a k i n g  products, as follows : The language allows one t o  express  depen- 

dence of types  on o b j e c t s  (of some given type) .  That i s ,  one can desc r ibe  

c e r t a i n  f a m i l i e s  of types  B indexed by t h e  o b j e c t s  xof  a  given type a. Now 
X 

every f u n c t i o n  type i s  formed as t h e  generalized Cartesian product of such 

Bx* u s u a l l y  denoted n .Bx ,  and con ta in ing  as  o b j e c t s  j u s t  these  func t ions  
XE a 

t h a t  a s s o c i a t e  t o  any o b j e c t  x of type a an o b j e c t  of type Bx. The type 

a + B i s  t h e  s p e c i a l  case  where a l l  B a r e  a  f i x e d  type 8 .  
X 

2.3. Express ions ,  degrees and formulas ; c o r r e c t n e s s  

The language as  such only expresses  t h e  cons t ruc t ions  of types  and o b j e c t s  

and t h e  typ ing  r e l a t i o n s  between o b j e c t s  and types .  

The expressions of t h e  language have degree 1 ,  2 o r  3. Types and o b j e c t s  a r e  

denoted by express ions  of degree 2  and 3 r e s p e c t i v e l y  ( f o r  s h o r t  2-expres- 

s i o n s  , 3-expressions).  For convenience we in t roduce  t h e  ]-expression type 

t o  provide a  type f o r  t h e  types .  Fur the r  I-expressions w i l l  be in t roduced  i n  

s e c t i o n s  3  and 4. 



The symbol E expresses the typing r e l a t ion :  ... has type ... . So i f  A de- 

notes an object  then we have the  g-formulas A w E a and a  E -. The 2-ex- 

pressions and 3-expressions a re  b u i l t  up from v a r i a b h  and conetant-ex- 

p w s s i o n s  by means of :  

i )  the  s u b s t i t u t i o n  mechanism (sect ion 2.5) 

i i )  func t iona l  abs t rac t ion  and appl ica t ion  (sect ions 2.8 and 2.10). 

The constant-expressions have the  form c(x  ],... ,%) where x . ,% are  

var iab les  and c  i s  e i t h e r  a  p r imi t ive  constant introduced as a  pr imi t ive  

notion (sect ions 2.6) o r  a  defined constant (sect ion 2.7). 

Express ions and formulas a r e  co r r ec t  i f  they a re  constructed according t o  

the ru les  of the  language, which a re  informally discussed i n  the sequel.  

2.4.  Variables and contexts 
&' 

A mathematical statement general ly  presupposes ce r t a in  &ssumptions on the 

var iab les  used. For example: " l e t  x  be a  na tu ra l  and y a  r ea l  number". In 

AUTOMATH, i n  accordance with t h i s  usage, each var iab le  of degree 3 (object- 

var iab le)  ranges over a  ce r t a in  type, ca l l ed  the  type of the variable .  The 

2-variables (type-variables) are  supposed t o  range through the types and have 

type as t h e i r  type. 

Expressions and formulas containing free object- o r  type-variables , say 

x1 ,. . . ,%, can only be cor rec t  r e l a t i v e  t o  a  ce r t a in  context: 1.e. a  f i n i t e  

sequence of g-formulas x E a l  ,. . . ,\ E a,, ca l l ed  assurrptions, i n  which the 
1 - 

f r e e  var iab les  have t o  be e x p l i c i t l y  introduced with t h e i r  types. 

Some of the types ai may depend on the var iab les  given e a r l i e r  i n  the se- 

quence. For ins tance ,  a3 may contain both x and x as f r ee  var iab les .  It i s  
1 2  

understood t h a t  a l l  ai a r e  correct  expressions themselves: a ]  r e l a t i v e  t o  

the empty context ,  a2 r e l a t i v e  t o  x E a ] ,  e t c .  
1 - 

2-59 Subs t i tu t ion  mechanism 

Let us,  i n  informal discussion,  exh ib i t  the possible  dependence of an ex- 

pression C on var iab les  x ,,... ,% by wr i t i ng  X[xl ,... ,xkn f o r  Z. Then we 

wr i t e  ZUAI , .  . . ,%I f o r  the r e s u l t  of simuZtaneouaZy s u b s t i t u t i n g  Ai f o r  xi 

( fo r  i = I ,  ... ,k) i n  Z. 



Suppose t h a t  under assumptions x l  g a, ,. . . ,% E ak we have a c o r r e c t  - E-for- 

mula a x  ],.. . ,%I a x l  , . Then t h e  e u b s t i t u t i o n  mechanism y i e l d s  t h e  

s u b s t i t u t i o n  in8 tunce  A I A I , . .  . ,%I E a6A1 ,.. . ,411 f o r  any sequence A l  ,. . . ,A, 
of s u i t a b l e  candidates  f o r  x I  , . . . ,%. 1 .e .  these  A l  ,. . . ,A, have t o  be o f  the  

a p p r o p r i a t e  types  where, however, i n  view of t h e  p o s s i b l e  dependence of types  

on v a r i a b l e s ,  t h e  s u b s t i t u t i o n  has  t o  t a k e  p l a c e  i n  t h e  types  too.  So we re- 

q u i r e  

2.6. P r i m i t i v e  n o t i o n s  

As mentioned b e f o r e ,  one has t o  add p r i m i t i v e  no t ions  t o  t h e  b a s i c  system i n  

o rder  t o  in t roduce  t h e  s p e c i f i c  concepts of t h e  p iece  of mathematics one 

wants t o  s tudy.  

For example, i n  o r d e r  t o  w r i t e  about t h e  n a t u r a l  numbers, one might i n t r o -  

duce t h e  p r i m i t i v e  type-constant nat and t h e  ob jec t -cons tan t  1 by axiomati- 

c a l l y  s t a t i n g :  

n a t  - E type 
1 E n a t  . 

I n  g e n e r a l ,  p r i m i t i v e  no t ions  a r e  in t roduced by s t a t i n g  an axiomat ic  - E-for- 

mula p ( x  ,..., 
1 

\) E d x I  ,... ,\D under c e r t a i n  assumptions x l  E a l  ,... , x k E a k .  

Here e i t h e r  a i s  type (and p i s  a type-constant)  o r  i n  t h e  c u r r e n t  context  we 

have a - E type a l r e a d y  (p being an ob jec t -cons tan t ) .  

A l l  c o r r e c t  s u b s t i t u t i o n  i n s t a n c e s  p (AI ,. . . ,A,) of such a constant-expression 

p ( x I  ,. . . $3) a r e  then produced by t h e  s u b s t i t u t i o n  mechanism, desc r ibed  above. 

For example, t h e  concept o f  8uUoe880P i n  t h e  n a t u r a l  number system can be in-  

t roduced under t h e  assumption x - E n a t  by s t a t i n g :  successor (x )  - E n a t .  

Using t h e  s u b s t i t u t i o n  mechanism we g e t  

s u c c e s s o r ( l )  E n a t  - 
successor ( successor (1 ) )  g n a t ,  e t c  . 

Notice t h a t  p r i m i t i v e  constant-expressions may n o t  only  con ta in  object -var ia-  

b l e s  ( l i k e  t h e  x i n  successor (x ) )  bu t  a l s o  type-var iables .  



2.7. Abbreviations 

I n  mathematics one o f t e n  in t roduces  abbrev ia t ions ,  i . e .  new names f o r  poss i -  

b l y  long and complicated express ions .  I n  AUTOMATH t h i s  abbrev ia t ion  f a c i l i t y  

i s  a l s o  p r e s e n t ;  indeed,  i t  w i l l  appear t h a t  by t h e  p a r t i c u l a r  format of t h e  

language every d e r i v e d  s ta tement  g ives  r i s e  t o  t h e  i n t r o d u c t i o n  of a  new de- 

f i n e d  constant .  Although t h i s  k i n d  of e x p l i c i t  d e f i n i t i o n  i s  o f t e n  considered 

t h e o r e t i c a l l y  u n i n t e r e s t i n g ,  we f e e l  t h a t  i t  i s  e s s e n t i a l  i n  p r a c t i c e  f o r  t h e  

a c t u a l  fo rmal iza t ion  and v e r i f i c a t i o n  of complicated t h e o r i e s .  

J u s t  l i k e  p r i m i t i v e  n o t i o n s ,  abbrev ia t ions  a r e  in t roduced  under c e r t a i n  as- 

sumptions and s o  may con ta in  f r e e  v a r i a b l e s  i n  general .  Thus new constant-  

express ions  d x , .  . , a r e  in t roduced ,  abbrev ia t ing  express ions  D which 

a r e  c o r r e c t  i n  t h e  c u r r e n t  context .  C lea r ly  t h e  type of d ( x l  ,. . . ,\) must be 

t h e  same as t h a t  of D. 

Example: 2 ,3 , .  . . can be in t roduced by 

2  := s u c c e s s o r ( l )  

3 := s u c c e s s o r ( 2 ) ,  e t c  . 
F u r t h e r ,  t h e  no t ion  of "successor  of successor"  might be abbrev ia ted  by s t a t -  

i n g  (under assumption x  E n a t )  t h a t  

Again, a l l  c o r r e c t  s u b s t i t u t i o n  i n s t a n c e s  w i t h  t h e i r  types  a r e  produced by 

t h e  s u b s t i t u t i o n  mechanism. 

2.8. Funct ional  a b s t r a c t i o n :  A-calculus 

We have mentioned f u n c t i o n a l  a b s t r a c t i o n  and a p p l i c a t i o n  as f u r t h e r  t o o l s  

f o r  c o n s t r u c t i n g  express ions .  By t h e s e  devices  a  form of typed 1-calculus 

i s  incorpora ted  i n t o  t h e  b a s i c  system. In  A-calculus , i n t u i t i v e l y  speaking,  

Ax.B denotes t h e  func t ion  which t o  any ob jec t  x  a s s o c i a t e s  t h e  o b j e c t  B. 

O r  ( e x h i b i t i n g  t h e  dependence on x) Ax.B(xD i s  t h e  map which, wi th  any A, 

a s s o c i a t e s  B[A]. 

I n  AUTOMATH (where a l l  func t ions  have a  domain) such e x p l i c i t l y  given func- 

t i o n s  a r e  denoted by abstractim e x p r e 8 8 i m s  [x,a]B, where B may con ta in  x  

as a  f r e e  v a r i a b l e ;  a  i s  t h e  type of x  and t h e  domain of t h e  func t ion .  I n  

case  B i s  a  3-expression, [x,a]B a t t a c h e s  o b j e c t s  t o  t h e  o b j e c t s  of type a  

and i s  c a l l e d  an object -valued funct ion.  I f  B i s  a  2-expression,  [x,a]B 



a t t a c h e s  types  t o  t h e  o b j e c t s  of type  a and i s  c a l l e d  a  type-valued function. 

I n  AUT-68 no  a b s t r a c t i o n  express ions  of degree  1 a r e  formed ( i n  c o n t r a s t  

wi th  AUT-QE) . 
Notice t h a t  p o s s i b l e  f r e e  occurrences of  x  i n  B a r e  bound by t h e  a b s t r a c t o r  

[x , a ]  and a r e  n o t  f r e e  i n  [x,a]B any more. An important  r e s t r i c t i o n  on ab- 

s t r a c t i n g  i s  t h a t  such a  bound v a r i a b l e  must be a  3-var iable .  Thus we only 

quantifS (c f .  s e c t i o n  3.4) over  ( the  o b j e c t s  o f )  a  given type and q u a n t i f i c a -  

t i o n  over  type  i s  n o t  p o s s i b l e .  

2.9. Type of  a b s t r a c t i o n  express ions  

Suppose t h a t  under t h e  assumption x  E a  we have B E 6. If f? i s  n o t  a  I-ex- 

p r e s s i o n  then  we may form bo th  t h e  a b s t r a c t i o n  express ions  [x ,a lB and Cx,alB- 

According t o  s e c t i o n  2 .8  [x,a]B denotes  an object -valued f u n c t i o n  and [ x , e J ~  

denotes a  type-valued func t ion .  

The l a t t e r  a b s t r a c t i o n  express ion  [ x , a ] ~ l x n  however i s  a l s o  used w i t h  a  d i f -  

f e r e n t  meaning i n  Automath, t h a t  i s ,  t o  denote t h e  corresponding function 

type n .B[xlJ (which i s  t h e  type  of  [x,a]B[[xn by s e c t i o n  2.2).  
xE a  

So we z b t a i n  Cx,alB E Cx,alB and Cx,alB E type.  

Example: t h e  s u c c e s s o r  firnction can be  in t roduced  ( i n  t h e  empty con tex t )  by 

succfun := [x ,na t ] successor (x )  - E [x ,na t ]na t  . 
The double use of 2-expressions mentioned above does n o t  cause ambiguity,  

because i t  i s  always c l e a r  whether an express ion  a c t s  as  a  f u n c t i o n  o r  as a 

type  i n  a  formula. I n  f a c t  i n  AUT-68 a b s t r a c t i o n  express ions  of degree 2 a r e  

e x c l u s i v e l y  used w i t h  t h e  second meaning, i . e .  a s  func t ion  types .  

2. 10. Func t iona l  a p p l i c a t i o n  

I n  f u l l  ( i . e .  type-f ree)  A-calculus any express ion  - as  a  f u n c t i o n  - may be 

a p p l i e d  t o  any express ion  - even i t s e l f  - as  an argument. 

I n  AUTOMATH, as  a  typed A-calculus, a11 func t ions  have domains and any form 

of  s e l f - a p p l i c a t i o n  i s  r u l e d  o u t  by t h e  application res tr ic t ions:  The a p p l i -  

cation expression <A>B (denot ing t h e  r e s u l t  o f  applying B as  a  func t ion  t o  A 

as  an argument) i s  c o r r e c t  on ly  i f :  

i )  B i s  a  f u n c t i o n  and s o  has  a  domain, say  a. 

i i )  A i s  an o b j e c t  o f  type  a ,  

The n o t a t i o n  <A>B, with  t h e  argument i n  f r o n t ,  is  somewhat unusual;  i t  i s  

convenient  however s i n c e  a b s t r a c t i o n s  a r e  w r i t t e n  i n  f r o n t  too.  



2.1 1 .  Type of a p p l i c a t i o n  express ions  

Assume t h a t  B - E Cx,alB. Here C x , a l @ [ x ~  i s  a 2-expression a c t i n g  a s  a type  and 

s o  denotes .B[x]. Hence B must be considered as a func t ion  w i t h  domain a. 
xEa 

Now i f  A - E a-we a r e  allowed t o  form t h e  a p p l i c a t i o n  express ion <A>B having 

BI[A] as i t s  type.  

Note t h a t  B need n o t  be of t h e  form [x ,a lC  i t s e l f .  It may, e .  g. , be a s i n g l e  

ob jec t  v a r i a b l e  o r  o b j e c t  cons tan t  wi th  type Cx,alB. 

Example: As an a l t e r n a t i v e  express ion f o r  t h e  number 3 we might in t roduce  

3 a l t  := <2>succfun 5 n a t  . 
2. 12. Equa l i ty  

We w i l l  de f ine  a r e l a t i o n  of d e f i n i t i o n a l  e q u a l i t y  among t h e  c o r r e c t  expres- 

s i o n s ,  a p p r o p r i a t e  t o  t h e  i n t e r p r e t a t i o n  of express ions  suggested above. The 
- r e l a t i o n  i s  denoted . . . - . . . and generated by: 

i )  a b b r e v i a t i o n a t  o r  6 -equa l i ty ,  =6 

i i )  A-equality . 
The l a t t e r  i s  generated i n  t u r n  by 8 -equa l i ty ,  = and n-equal i ty ,  = Usual- 

8 '  rl' 
l y  i n  A-calculus t h e  A-equality a l s o  e x p l i c i t l y  embodies a-equazity (renanr 

i n g  of bound v a r i a b l e s ) .  I n  t h i s  no te  however we take  t h e  p o i n t  of view of 

simply ignor ing  t h e  names of t h e  bound v a r i a b l e s .  So a-equal express ions  a r e  

i d e n t i f i e d  and a r e  a f o r t i o r i  d e f i n i t i o n a l l y  equal  by t h e  r e f l e x i v i t y  of t h e  

= - r e l a t i o n  (cf .  a l s o  s e c t i o n  5.3.2). 

2. 12.1. 6-equali ty 

Assume t h e  de f ined  cons tan t  d has  been in t roduced i n  s u i t a b l e  context  by 

d ( x l  ,... ,%) := D~[x ] , . .  . , % D  . 
Then d ( x l , .  . . ,xk) abbrev ia tes  D and we w r i t e  d ( x l , . .  . ,xk) D. And f u r t h e r  

f o r  t h e  s u b s t i t u t i o n  i n s t a n c e s :  



2.12.2. B-equality 

Assume <A>Cx,alB[x] i s  a c o r r e c t  express ion  (so  A - E a ) .  Now B-equality ex- 

plaits t h e  i n t e r p r e t a t i o n  of Cx,alB as a func t ion  w i t h  domain a and simply 

amounts t o  e v a l u a t i n g  t h e  r e s u l t  of t h e  a p p l i c a t i o n :  

2. 12.3. n-equal i ty  

I n  mathematics one u s u a l l y  cons iders  func t ions  as  extensionaZ o b j e c t s ,  i n  

t h e  sense  t h a t  func t ions  wi th  t h e  same domain and which a r e  pointwise  equal 

a r e  i d e n t i f i e d .  I n  AUTOMATH t h i s  e x t e n s i o n a l  e q u a l i t y  i s  partly covered by 

t h e  q-equal i ty :  If x does not occur m e  i n  B then Cx,al<x>B = B ( f o r  cor- n 
r e c t  express ions  only) .  This i s  i n t u i t i v e l y  sound only i f  domain B = a ,  

which indeed i s  t h e  case  by t h e  cor rec tness  o f  Cx,al<x>B. 

2. 12.4. D e f i n i t i o n a l  e q u a l i t y  

Now d e f i n i t i o n a l  e q u a l i t y  = i s  de f ined  t o  be t h e  equivalence relation on t h e  

c o r r e c t  express ions ,  generated by =&, = = and by monotonicity: If A = A' 
8 '  rl 

aad B '  i s  produced fmm B by replacing m e  spec i f i c  occurrence o f  A i n  B by 

(an occurrence o f )  A' then B = B' .  

O r ,  us ing suggestive dots f o r  t h e  unchanged p a r t  of t h e  express ion B: If 

A = A' then ... A ... = ... A' . .. . 
Example o f  the  monotonicity r u l e :  I f  A = A' then <C><A>D = <C><A1>D ( i f  both  

express ions  a r e  c o r r e c t ) .  

2.13. The format:  books and l i n e s  

2. f 3.1. Actual AUTOMATH t e x t s  a r e  w r i t t e n  i n  t h e  form of books. A book c o n s i s t s  of a 

f i n i t e  sequence of l ines.  Each l i n e  must be placed i n  a c e r t a i n  context ( the  

context  o f  t h e  l i n e )  and in t roduces  a new i d e n t i f i e r  of a c e r t a i n  type. A l l  

l i n e s  c o n s i s t  of f o u r  consecut ive  p a r t s ,  separa ted  by s u i t a b l e  marks o r  

spaces  : 

i )  context part,  i n d i c a t i n g  t h e  con tex t  of t h e  l i n e .  I n  genera l  the  con- 

t e x t  p a r t  c o n s i s t s  of t h e  context indicaBor, i . e .  t h e  l a s t  v a r i a b l e  of 

t h e  c u r r e n t  context .  From t h i s  t h e  complete context  can e a s i l y  be re-  

covered. I f  t h e  context  of t h e  l i n e  i s  x l  & a l ,  ...,% g ak,  t h e  sequence 

of v a r i a b l e s  x I , .  . . ,% i s  c a l l e d  t h e  indicator s tr ing of t h e  l i n e .  The 

e w t y  context  can be i n d i c a t e d  by an empty context  p a r t .  



i i )  i d e n t i f i e r  p a r t ,  c o n s i s t i n g  of t h e  new i d e n t i f i e r .  

i i i )  middle p a r t ,  con ta in ing  the  symbol - E B  ( c f .  2. 13.2), the  symbol - PN 

(cf .  2.13.3) o r  t h e  d e f i n i t i o n  of the  new i d e n t i f i e r  ( c f .  2. 13.4). 

i v )  ca tegory p a r t ,  con ta in ing  t h e  type of the  new i d e n t i f i e r .  

Assume an AUTOMATH book i s  given,  i n  which the  v a r i a b l e  xk has  been i n t r o -  

duced wi th  type ak  i n  the  context  x  E a 1  ,.. . E a  '%-I - k-I. Then we may add 
1 - 

l i n e s  with context  i n d i c a t o r  %, SO having x  E a  . . ,% E ak a s  t h e i r  con- 
I - 

t e x t .  Below we d i scuss  the  t h r e e  d i f f e r e n t  k inds  of l i n e s .  

2 .  13.2. The block opening Zines have middle p a r t  EB ( f o r  e v t y  block opener) o r ,  i n  

a l t e r n a t i v e  n o t a t i o n ,  a  b a r  - . An EB-line in t roduces  a  new v a r i a b l e  and - 
thus a l lows ex tens ion  of the  c u r r e n t  context  by one assump,tion. 

Example: xk * y := EB E o ( " l e t  y  be of type a") in t roduces  a  new v a r i a b l e  
A -  

y of type a. Lines having y  as t h e i r  contekt  p a r t  - which may appear l a t e r  

i n  t h e  book - then have x E a ]  ,. . . ,% g a k ,  y g a as  t h e i r  context .  1 - 

2. 13.3. The p r in&t ive  n o t i o n  l i n e s  have middle p a r t  - PN and in t roduce  t h e  p r i m i t i v e  

no t ions .  For example: 

in t roduces  t h e  p r i m i t i v e  cons tan t  express ion p  ( x l  ,. . . ,%) and con ta ins  t h e  

k o m a t i c  - E-statement p ( x  ,,... ,%) a.  

2.13.4. The abbreviation l i n e s  look l i k e :  

where t h e  middle p a r t  D i s  t h e  d e f i n i t i o n  of d ,  i . e .  the  express ion  t o  be 

abbrevia ted.  This l i n e  c o n t a i n s ,  r e l a t i v e  t o  the  preceding book and the  cur- 

r e n t  c o n t e x t ,  both  t h e  de r ived  - E-statement D - E a and t h e  d e f i n i n g  axiom f o r  

the  new def ined cons tan t  d: 



2.  14. Cor rec tness  of l i n e s ;  v a l i d i t y  

A l i n e  i s  c o r r e c t  i f  both  t h e  middle p a r t  ( i f  n o t  EB o r  PN) and t h e  ca tegory - 
p a r t  a r e  c o r r e c t  express ions  w i t h  r e s p e c t  t o  the  preceding book and t h e  cur- 

r e n t  c o n t e x t ,  and t h e  ca tegory  p a r t  i s  the  type of t h e  middle p a r t  ( i f  n o t  

EB o r  PN). For the  c o r r e c t n e s s  of t h e  e x p r e s s i o n s ,  a l l  i d e n t i f i e r s  used have - - 
t o  be  valid. Constants a r e  v a l i d  i n  a  book from t h e  l i n e  on i n  which they  

a r e  in t roduced.  Free v a r i a b l e s  a r e  v a l i d  i n  a  l i n e  i f  they occur  i n  i t s  con- 

t e x t .  We speak about t h e  b lock of l i n e s  i n  which a  f r e e  v a r i a b l e  i s  v a l i d  

(whence block opener) .  

2. 15. Shorthand f a c i l i t y  

Assume t h a t  a  p r i m i t i v e  o r  de f ined  c o n s t a n t  c  was in t roduced  i n  a  c e r t a i n  

con tex t  x E a  ] , .  . . , r( E ak.  Then i f  l a t e r  i n  t h e  book c  occurs wi th  fewer 1 - 
than k  arguments, t h e  argument l i s t  i s  completed by adding a  s u i t a b l e  i n i -  

t i a l  segment of t h e  o r i g i n a l  i n d i c a t o r  s t r i n g  (cf .  2. 13. l i i ) )  x l  ,. . . ,xk. In  

o t h e r  words t h e  express ion  c(Ai+ ] , .  . . ,+) i s  shor thand f o r  

c ( x  ,xi,Ai+ ,%) and t h e  s i n g l e  c o n s t a n t  c  i s  shor thand f o r  

c ( x I ,  .. . ,\). Clear ly  t h e  completing v a r i a b l e s  have t o  be v a l i d ,  t h a t  i s ,  

t h e  i n i t i a l  segments of t h e  o r i g i n a l  and t h e  c u r r e n t  con tex t  have t o  coin- 

c ide .  The shor thand f a c i l i t y  accords w i t h  usua l  mathematical  p r a c t i c e  where 

f r e e  v a r i a b l e s  a r e  o f t e n  considered a s  f i x e d  throughout an argument and a r e  

n o t  mentioned e x p l i c i t l y .  

2.16. Paragraph system 

For each v a r i a b l e  and c o n s t a n t  i t  must be p o s s i b l e  t o  r e t r a c e  from which 

l i n e  i t  o r i g i n a t e s .  This cond i t ion  i s  c l e a r l y  s a t i s f i e d  when a l l  names a r e  

unique. A more l i b e r a l  method of  naming however i s  allowed by t h e  s o c a l l e d  

paragraph system, f o r  a  d e s c r i p t i o n  of which we r e f e r  t o  Zandleven C 1 1 ,  

s e c t i o n  111. Both shor thand f a c i l i t y  and paragraph system do n o t  r e a l l y  

concern the  language d e f i n i t i o n  b u t  a r e  p r e s e n t  f o r  convenience only. 



2. 17. Example 

I n  t h e  fo l lowing  AUT-68 bookle t  t h e  examples of t h e  preceding s e c t i o n s  a re  

now w r i t t e n  i n  the  p roper  format. 

* n a t  := PN - 
* 1 := PN - 
* X - 

x * s u c c e s s o r  := PN 
* 2 

* 3 

x * plus two 

* succfun 

type 
n a t  

n a t  

n a t  

= s u c c e s s o r ( l )  n a t  

= successor  (2) n a t  

= successor  (successor)  n a t  

= Cx,na t l successor  (x) Cx,nat]nat 

* 3 a l t  := c2>succfun n a t  

Here t h e  middle p a r t  of plustwo uses t h e  shor thand f a c i l i t y .  It i s  l e f t  t o  

the  r e a d e r  t o  e s t a b l i s h  3 a 3 a l t .  



3. Mathematics i n  AUTOMATH: Propos i t ions  as  types  

3. 1 .  Funct ional  i n t e r p r e t a t i o n  of l o g i c  

Up till now we have descr ibed AUTOMATH as a  ca lcu lus  of o b j e c t s  and t h e i r  

types only. A major p a r t  of mathematics however c o n s i s t s  of making s t a t e -  

ments and reasoning wi th  them, i . e .  dea l s  wi th  log ic .  

Now t h e r e  a r e  d i f f e r e n t  ways of coding some l o g i c  i n t o  the  objects-and-types 

framework. Here we only mention a  s o c a l l e d  ftcnotional interpretatiOn of l o g i c ,  

which gives  r i s e  t o  t h e  proposition.8-as-types not ion .  This i d e a  of i n t e r p r e t -  

i n g  l o g i c  was developed independent ly  by de Brui jn  and c e r t a i n  o t h e r s ,  of 

whom we mention Howard [61, Prawitz  [ 101, Girard  [5] and  arti in-LO£ [8]. 

3 . 2 .  Propos i t ions  as  types  

So f a r  we have in t roduced type as t h e  only I-expression. We had C - E type and 

r E 1 f o r  t h e  types C and t h e  o b j e c t s  I' of  type C respec t ive ly .  Now we i n t r o -  - 
duce ano ther  I-expression,  t h e  b a s i c  symbol prop.  O r i g i n a l l y  i n  AUT-68 no 

d i s t i n c t i o n  was made between type and m. The l a t t e r  I-expression a c t s  j u s t  

l i k e  type and was in t roduced  l a t e r  t o  a l low d i f f e r e n c e  of t rea tment  between 

types which a r e  t o  be considered as  p r o p o s i t i o n s  and types  which a r e  j u s t  

types  of o b j e c t s .  

I f  C E f r o p  we cons ider  C as  a p ropos i t ion .  I f  f u r t h e r  r E C ,  we cons ider  r - - 
as  some c o n s t r u c t i o n  e s t a b l i s h i n g  t h e  t r u t h  of C (a  "proof" of C). Thus 

t h e  formula I" - E C i s  conceived a s  asserting t h e  p r o p o s i t i o n  C. 

3 . 3 .  I n t e r p r e t i n g  i m p l i c a t i o n  

Let a E prop and B E prop.  Now we may say  we have a  "proof" of t h e  implica- - - 
t i o n  a + f3 i f  from an assumption of t h e  t r u t h  of a  we can argue and conclude 

t h e  t r u t h  of i3. That i s ,  i f  f o r  any cons t ruc t ion  e s t a b l i s h i n g  the  t r u t h  o f  

a we can produce a  c o n s t r u c t i o n  f o r  t h e  t r u t h  of B o r ,  e q u i v a l e n t l y ,  i f  we 

have a  map from "proofs" of a  t o  "proofs" of 6. 

Now i n  AUTOMATH terminology: we say  we "prove" a  + B i f  f o r  any x  E a we can 

produce some B E B .  1 .e.  i f  we have some C i n  t h e  func t ion  type Cx,alB. So 

we l e t  Cx,alB denote t h e  impl ica t ion  a + B and have [x,alB - E prop.  This cor- 

responds t o  t h e  second i n t e r p r e t a t i o n  of a b s t r a c t i o n  express ions  i n  s e c t i o n  

2 . 9 .  



Now by t h i s  i n t e r p r e t a t i o n  we o b t a i n  t h e  modus ponens (from a  and a  + 

i n f e r  6) by simple f u n c t i o n a l  a p p t i c a t i o n .  For l e t  A - E a  and C - E [x,a]B 

(A and C thus  b e i n g  "proofs"of  a  and a  + B r e s p e c t i v e l y ) .  Then by t h e  app l i -  

c a t i o n  r u l e  we c o n s t r u c t  4 > C  e s t a b l i s h i n g  t h e  t r u t h  of B. 

3.4. Universa l  q u a n t i f i c a t i o n ;  nega t ion  

In  e x a c t l y  t h e  same manner a  func t ion  i n t e r p r e t a t i o n  of  m i v e r s a 2  s t a t ements  

can b e  given. Namely i f  a  - E type  and f o r  x - E a we have 8 - E  prop thenwe i d e n t i -  

f y  t h e  func t ion  type  [x,alB w i t h  t h e  u n i v e r s a l  s t a t ement  Vsa 6. Here func- 

t i o n a l  a p p l i c a t i o n  corresponds t o  t h e  " i n s t c m t i a t i m "  m l e  Tn l o g i c .  

Thus by t h i s  i n t e r p r e t a t i o n  of l o g i c  i n  AUTOMATH one g e t s  t h e  (V,+)-fragment 

of f i r s t  o r d e r  p r e d i c a t e  l o g i c  f o r  f r e e .  However i n  AUTOMATH only  p o s i t i v e  

s t a t ements  a r e  made and s t a tements  l i k e :  "C i s  n o t  of type  r" cannot be ex- 

pressed.  I n  o r d e r  t o  i n t e r p r e t  nega t ion  we in t roduce  a s  a  p r i m i t i v e  n o t i o n  

t h e  p r o p o s i t i o n  con ( f o r  "con t rad ic t ion" )  t o g e t h e r  wi th  some s u i t a b l e  axiom 

( p r i m i t i v e  n o t i o n ) .  Here a r e  d i f f e r e n t  p o s s i b i l i t i e s ,  e .  g. t h e  i n t u i t i o n i s t i c  

a b s u r d i t y  r u l e  ( f o r  any p r o p o s i t i o n  a ,  from con i n f e r  a)  o r  t h e  c l a s s i c a l  

double nega t ion  Zm. Then an AUTOMATH theory  ( i . e .  book) i s  c o n s i s t e n t  i f ,  

i n  t h e  empty c o n t e x t ,  i t  does n o t  produce sorneC E con. 

For a  - E p rop  we d e f i n e  non(a) as  a  -+ con o r ,  i n  AUTOMATH n o t a t i o n ,  [ x , a ] c ~ %  

Now t h e  double nega t ion  law can be s t a t e d  by i n t r o d u c i n g  t h e  p r i m i t i v e  no- 

t i o n  &l as  fo l lows:  If a  E prop,  x  - E n o n ( n m ( a ) )  then  dnZ(a,x) - E a. 

By a l s o  choosing s u i t a b l e  d e f i n i t i o n s  f o r  the  o t h e r  connect ives  ( A , v )  and 

t h e  e x i s t e n t i a l  q u a n t i f i e r  we can smoothly o b t a i n  f u l l  c l a s s i c a l  f i r s t  o rde r  

p r e d i c a t e  c a l c u l u s .  

3.5. Assumptions, axioms, theorems 

I n  AUTOMATH-books t h e  E-formula r E C f o r  p r o p o s i t i o n  C can occur  i n  t h e  - - 
usua l  t h r e e  k inds  of l i n e s  again:  

i )  =-l ines:  U * x  := -- EB E C. 

These must be i n t e r p r e t e d  a s  a s s u r p t i o n s :  " l e t  C hold" o r  " l e t  x  be a 

proof of 1". Now i n  a  l i n e  where x i s  v a l i d  we may r e f e r  t o  x  whenever 

we want t o  use t h e  assumed t r u t h  of C .  

i i )  PN-lines: 0 * p  := PN E  C.  - -- 
These s e r v e  as  axioms, o r  r a t h e r  as  axiom schemes (by t h e  dependence 

on t h e  v a r i a b l e s  con ta ined  i n  t h e  context  0 ) .  



i i i )  a b b r e v i a t i o n  l i n e s :  a * d := r - E C must be considered as  de r ived  s t a t e -  

a n t s ,  i. e. theorems, lemmas e t c .  Here t h e  middle p a r t  I' "proves" t h e  

p r o p o s i t i o n  C from t h e  assumptions i n  t h e  con tex t  a. 

3.6. Book-equality 

The d e f i n i t i o n a l  e q u a l i t y  (cf .  s e c t i o n  2. 12) of AUTOMATH only covers a  smal l  

p a r t  of t h e  usua l  mathematical  e q u a l i t y .  F u r t h e r  a  s t a t ement  of  d e f i n i t i o n a l  

e q u a l i t y  cannot be handled as  an a c t u a l  p r o p o s i t i o n ;  e .  g. i t  cannot be negat-  

e d  o r  even assumed (as i n :  l e t  A = B) .  A s  t h e  AUTOMATH-counter p a r t  of t h e  

usua l  mathematical  . . . equa l s  . . . , t h e  book-equality IS (a ,A,B) - where A and 

B a r e  o b j e c t s  of type  a - can be in t roduced  by s u i t a b l e  p r i m i t i v e  n o t i o n s ,  

some of which a r e  shown i n  t h e  example below. 

* a  := - type 
a * x  :P - a 

and a l s o :  

a * B  .= - 
type 

B * f  := - Cx,alB 

By t h e  axiom of r e f l e x i v i t y  (REFL) above, d e f i n i t i o n a l  e q u a l i t y  impl ies  

book-equali ty:  i f  A - E a ,  B - E a ,  A B then REPL(a,A) - E IS(a,A,B). 



4. Extension of AUT-68 t o  AUT-QE 

4. 1 .  Funct ion- l ike  express ions  

Expressions C such t h a t  C - E Cx,alB o r  C = Cx,alB a r e  c a l l e d  func t ion- l ike  

express ions .  Whereas i n  AUT-68 func t ion- l ike  3-expressions may have any form, 

e .  g. they  can be v a r i a b l e s  o r  p r i m i t i v e  cons tan t  e x p r e s s i o n s ,  t h e  only func- 

t i o n - l i k e  2-expressions a r e  (poss ib ly  abbrev ia ted)  a b s t r a c t i o n  express ions .  

This is  because func t ion- l ike  I-expressions a r e  absent  i n  AUT-68. 

Thus we can d i s c u s s  e x p l i c i t l y  c o n s t r u c t e d  f a m i l i e s  of types  B where x  
X 

ranges over  some type  a  (namely by forming t h e  a b s t r a c t i o n  express ion  

Cx,alB[[xD) bu t  we cannot d i s c u s s  a r b i t r a r y  f a m i l i e s  of types  indexed by 

x  - E a. Indeed,  we cannot in t roduce  a  family  of types  as  a  p r i m i t i v e  n o t i o n  

o r  a s  a  v a r i a b l e .  

4.2. Supertypes o r  quas i -express ions  

I n  AUT-QE on t h e  o t h e r  hand such a r b i t r a r y  type-valued func t ions  a r e  admitt-  

ed however, by ex tend ing  t h e  c l a s s  of I-expressions.  The new 1-expressions,  

q u a s i - e q r e s s i o n s  (whence AUT-QE) o r  s u p e r t y p e s ,  have t h e  form 

C x l , a I 1  ... Cxk,&I type o r  C X  , a l l  ... [%,%I m, where a l  ,..., a  a r e  
1 k  

2-express ions ,  i. e. p r o p o s i t i o n s  o r  types .  

For example, an a r b i t r a r y  type-valued func t ion  on a  can be in t roduced  by 

an EB-line: - 
a * £ : = -  Cx ,a l type  . 

I f  f o r  a  we t a k e  t h e  type of  n a t u r a l  numbers, then f  i s  an a r b i t r a r y  sequence 

of types.  

4.3. The use of AUT-QE 

S i m i l a r l y  we have a r b i t r a r y  prop-valued func t ions  i n  AUT-QE. These a r e  es-  

p e c i a l l y  u s e f u l  i n  our  i n t e r p r e t a t i o n  of  l o g i c ,  f o r  a prop-valued func t ion  

w i t h  domain a  i s  no th ing  but  a  p r e d i c a t e  o v e r  a. For example, by an - EB-line 

an a r b i t r a r y  b i n a r y  p r e d i c a t e  ( r a t h e r :  r e l a t i o n )  on t h e  n a t u r a l  numbers i s  

in t roduced.  The presence of p r e d i c a t e  and r e l a t i o n  v a r i a b l e s  i n  AUT-QE a l -  

lows us t o  w r i t e  &om schemes w i t h  euch v a r i a b l e s ,  e.g. t o  i n t r o d u c e  a  fur-  

t h e r  e q u a l i t y  axiom (cf.  s e c t i o n  3.6) we can w r i t e :  



We emphasize however t h a t  a b s t r a c t i o n  over  such 2-var iables  (e.g. type- 

v a r i a b l e s ,  prop-var iables  , p r e d i c a t e - v a r i a b l e s )  i n  AUT-QE i s  s t i  11 for-  

b idden,  s o  both  AUT-68 and AUT-QE may s t i l l  be c a l l e d  f i r s t - o r d e r  systems. 

4 . 4 .  Type-inclusion and prop- inclus ion 

J u s t  as  i n  AUT-68 t h e  func t ion- l ike  2-expression f  (cf .  s e c t i o n  4 . 2 )  a l s o  

codes i t s  corresponding func t ion  space ,  i . e .  t h e  type o f  those  g w i t h  domain 

a such t h a t  f o r  A E a we have V\>g E <A>£. A s  prop behaves j u s t  l i k e  type ,  - - 
t h e  p r e d i c a t e  P (cf .  s e c t i o n  4 . 3 )  a l s o  denotes  t h e  p r o p o s i t i o n  VxE,.P(x). 

- 

As a consequence, we al low t h e  t r a n s i t i o n  from C E Cx,altype t o  C E type.  - 
This t r a n s i t i o n  o r ,  i n  genera l ,  from 

i s  c a l l e d  type- inclus ion.  The s i m i l a r  t r a n s i t i o n  wi th  prop i n s t e a d  of  type  

is  c a l l e d  prop- inclus ion.  By t h i s  type-incZusion and prop- inclus ion AUT-QE 

con ta ins  AUT-68 a s  a p roper  subsdstem. Notice t h a t  f o r  2-expressions uni- 

queness of  types  - i f  A E a ,  A E B then a B - i s  l o s t .  - - 



4.5. Let us f i n i s h  w i t h  a  t a b l e  i n  which some AUTOMATH n o t i o n s  a r e  l i s t e d  w i t h  

t h e i r  p o s s i b l e  meanings i n  t h e  proposi t ions-as- types  i n t e r p r e t a t i o n .  

AUTOMATH-no t i ons ob j  ect-and-type proof-and-proposi- 

i n t e r p r e t a t i o n  t i o n  i n t e r p r e t a t i o n  

... E ... - 
func t ion- l ike  

2-expressions 

a b b r e v i a t i o n  l i n e s  

types  p r o p o s i t  ions  

o b j e c t s  p roofs  

.. . has  type .. . .. . proves . . . 
(type-valued func t ions  p r e d i c a t e s  

( func t ion  types  i m p l i c a t i o n s  

u n i v e r s a l  s t a t ements  

v a r i a b l e  i n t r o d u c t i o n s  assumptions 

p r i m i t i v e  o b j e c t  axioms 

i n t r o d u c t i o n s  

d e f i n i t i o n s  o r  

a b b r e v i a t i o n s  

theorems 



5. A formal d e f i n i t i o n  of AUT-QE 

5.1. The language, t o  be de f ined  formal ly  now, i s  t h e  one accepted by t h e  cur ren t  

checker (cf .  [ 1 1  1) except f o r  two p o i n t s :  

i )  Paragraph f a c i l i t i e s  a r e  no t  p r e s e n t  h e r e  s o  a l l  cons tan t  names have 

t o  be d i s t i n c t  (cf .  s e c t i o n  2. 16). 

i i )  There i s  no shor thand f a c i l i t y  ( i .e .  a l l  express ions  a r e  w r i t t e n  out 

i n  f u l l  (cf .  s e c t i o n  2. 15). 

The a c t u a l  formalism has been chosen i n  t h i s  way i n  o r d e r  t o  keep as  c lose  

as p o s s i b l e  t o  the  preceding informal  book-and-line desc r ip t ion .  A def in i -  

t i o n  along more usua l  natural deduction l i n e s  may p o s s i b l y  be more e legan t .  

For t e c h n i c a l  reasons we p r e f e r r e d  t o  avoid redundancy almost completely 

i n  our  d e f i n i t i o n .  As a consequence of t h i s ,  some use fu l  e x t r a  r u l e s  follow 

as  derived rules i n  t h e  s e c t i o n  on language theory.  

5.2. Our aim i s  t o  de f ine  formal ly  what c o r r e c t  AUT-QE books a re .  

The d e s c r i p t i o n  c o n s i s t s  o f :  

i )  P r e l i m i n a r i e s ,  mainly devoted t o  t h e  context  f r e e  p a r t  of t h e  language 

( s e c t i o n  5.4). 

i i )  SimuZtaneous d e f i n i t i o n  of cor rec tness  of books, con tex t s ,  l i n e s ,  ex- 

p r e s s i o n s ,  E-formulas and = - formulas ( s e c t i o n  5.5). 

The = - formulas only se rve  as  a h e l p  i n  our  d e f i n i t i o n ;  they do n o t  appear 

i n  t h e  book. The k e r n e l  of i i )  i s  t h e  d e f i n i t i o n  of cor rec tness  of expres- 

s i o n s  and formulas r e l a t i v e  t o  a c e r t a i n  book and context .  Here t h e  book 

se rves  t o  determine t h e  s e t  of p r i m i t i v e  no t ions  and abbrev ia t ions ,  and the  

context  s e r v e s  t o  determine t h e  s e t  of v a l i d  f r e e  v a r i a b l e s .  

Most concepts a r e  in t roduced  by ordinary inductive def in i t ions .  These con- 

s is t  of a f i n i t e  s e t  of r u l e s  of t h e  form: " i f  ... then ...". Here only such 

conclus ions  may be drawn which fol low from a f i n i t e  number of a p p l i c a t i o n s  

of t h e  ru les .  

5.3. Nota t iona l  conventions 

5.3. 1. An e x t e n s i v e  use i s  made of syntact ic  variabZes throughout t h e  d e f i n i t i o n .  

Often o e r t a i n  assumptions on t h e s e  v a r i a b l e s  a r e  i m p l i c i t  by t h e i r  s p e c i f i c  

choice ,  e. g. a and 5 always run over  contexts .  S y n t a c t i c  v a r i a b l e s  may a l -  

ways be  indexed o r  primed. 



5.3.2. A s  f o r  subs t i t u t ion  and a-conversion (renaming of bound var iab les )  we adopt 

the following point  of view: expressions with bound var iab les  a re  considered 

as named versions - named t o  f a c i l i t a t e  reading - of some ac tua l ly  namefree 

skeleton (cf. C31). Thus we i d e n t i f y  a-equal expressions and assume t h a t  a- 

conversion i s  applied whenever necessary t o  avoid cZash of variabZes. We use 

... - = . . . t o  denote s y n t a c t i c  i d e n t i t y  (symbol-forsymbol equal i ty)  modulo 

a-equality. E.g. Cx,CI ... x...~... 5 Cy,EI ...y...y... . 
5.3.3. Correctness of expressions A and formulas q r e l a t i v e  t o  a book 8 and a con- 

t e x t  u a r e  abbreviated by 8; a k A and 8; u k cp respect ively.  Sometimes we 

wr i t e  t A o r  CJ /- A f o r  8; u 1 A and k cp o r  u 1 q f o r  8; u t q when there  i s  

no p a r t i c u l a r  need t o  emphasize the current  book o r  context. The notions 

F ( ~ ) A  and - E B a re  used t o  express t h a t  A i s  an i-expression and /- A 

(respect ively t A - E B). 

5.4. Prel iminaries  

5.4.1. Alphabet 

I )  As var iab les  and constants  we allow any aZpphcmwnerio. s t r i n g .  Such a s t r i n g  

i s  considered atomic and i s  thus counted ae one s ing le  symbol. Syntac t ic  

var iab les  f o r  var iab les  a re  x,y,z,. . . Among the  constants ( syn tac t i c  va- 

r iab  l e  c) we d is t inguish  pr imi t ive  ( syntac t ic  var iab les  p ,q) and defined 

o r  abbreviationaZ constants ( syntac t ic  var iab le  d). 

2) Improper symbols 

i )  Some brackets  and braces: C , 1, ( , ), < , >. 

i i )  Some separa t ion  marker !, *, t ,  E, :-, =, semiaoton and coma. 

i i i )  Some reserved syrnbobr - EB, E. 

5.4.2. Expressions ( syn tac t i c  var iab les  A , B , C , D , .  . . , C , A , r , .  . .) 
i )  V a r i a b Z e s : ~  

i i )  Abstractiiin expressions: Cx,ClA 

i i i )  AppZications expressions r <C>A 

iv )  Constant-expression ins tances  : c (3 , . . . , Zk) 

v) B a s i c  Con8tcmt8: type, prop. 

As spec i a l  s y n t a c t i c  var iab les  f o r  2-0qreeeitms we take a,B ,. . . . 



5.4.3. Formulas ( syn tac t i c  var iab le  q )  

i )  E-formula~: C - E A 

i i )  =-formuza~: C = A.  

5.4.4. Additional concepts 

1) Contexts ( syn tac t i c  var iab les  a ,  C) : Any f in i t e  (possib Zy empty) sequence 

of  - E-formulas xi - E X i ,  separated by commas, whem a l l  xi are di f ferent .  

2 )  Lines ( syn tac t i c  var iab le  A) 

i )  E-Lines : u * x : = E B E C  -- 
i i )  - PN-lines : a  * p  : = P N E  -- C 

i i i )  Abbreviation Lines: a * d := A - E C 

3) Books ( syn tac t i c  var iab le  8) : Any f in i t e  (possibly e q t y )  sequence of 

l ines ,  separated from one another by exclamation signs ( I ) .  

5.4.5. Free var iab les  

We def ine  t he  free variable s e t  FV(C) of expressions C by induction on the  

s t r u c t u r e  of C (cf. s ec t i on  5.4.2): 

i i i )  FV(<r>A) = FV(r) u FV(A) 

i v )  FV(C(C ],..., c ~ ) )  = " i = l , .  . . ,k W z i )  

v) F V ( m )  = FV(type) = 0. 

5.4.6. Subs t i t u t i on  

1) The r e s u l t  of simultaneous substi tut ion of A l  ,. . . ,% f o r  the f r e e  varia- 

b l e s  x l  ,. . . ,% i n  an expression C i s  denoted by [ x l  ,. . . , \ / A l  ,. . . ,%IL 
and l o c a l l y  abbreviated by c*: 

* - i )  x. = Ai 
1 

- y i f  y no t  among X ,  ,. . . ,% i i )  y* = 
* * * 

i i i )  ([y,CI]C2) = [y,C ]C i f  y not  among x ],..., \ and 1 2  
(xi E FV(Z2)- y L FV(Ai)) f o r  i - I , . . .  ,k (otherwise rename y i n  

C Y , ~ I C ~ ) .  



* * 
v i )  prop "rap, E type . 

2) Substitution of A f o r  x i s  denoted by ([x/Aj and amounts t o  the case k = I 

above . 
5.5. Correctness 

5.5.1. Correct books 

i) the e v t y  book i s  correct 

i i )  i f  8 i s  correct and X i s  correct with respect t o  B then B I X  correct. 

5.5.2. Correct context with respect t o  9: 

i )  the e v t y  context i s  correct 

i i )  i f  o * x  := EB E A i s  a line i n  the book 8 then a ,  x E A is  a uomwct - - 
context with reapeot t o  8. 

5.5.3. Correct l i nes  with respect  t o  8: 

I) - EB-lines: I f  8; o t " ) ~  or 8;  t ( 2 ) ~ s  o : x1 f: E l  $ . .  . s \  E \, and y not 

among x ,. . . ,% then o * y := EB E A i s  a correct Zine with respect t o  8. I - 
2) - PN-lines: I f  B; a t ( ' ) A  or B; a tT2)A and p does not occur i n  B then 

a * p := PN E A i s  a correct Zine with respect t o  8. -- 
3) Abbreviation l i n e s :  I f  6; a t C - E A and d does not occur i n  B then 

a * d := C - E A i s  a correct Zine with respect t o  B. 

5.5.4. Correct E-formulas r e l a t i v e  t o  8 and a 

1) Repetit ion ryle:  I f  : x 1 
g C l , . . . s %  g \ cmd r .  i s  an i-expression 

(i+ 1 1 J 
then €3; a t Xi , E C i  ( f o r  j a I,.. . ,k). 

* 
2) Abstraction r ~ l e : ~ l f  BJ* I B!u * x := -- EB E u and 8 i s  correct a d  

B*; o ,x  - E a t ( i ) ~  - E A then B; a t ( i ) ~ x , a l C  - E Cx,ulA . 



4) S u b s t i t u t i o n  ru le :  If C is an i -expression and e i t h e r  

x E X I ,  ..., xkEXk * c := -- PN E C o r  x1 - E C ],..., % & C k * c  : = A E C  
1 - - 

is a t i n e  i n  t h e  book B and B ;  o t A. E Nx ],... , \ / A  I,..., %Drj f o r  
( i +  1 ) J - 

j = I,...,k then B; a t c(Al ,. .. ,Ak) 5 Ux, ,. . . ,%/Al  ,. . . ,%1C.  
5 )  Rule of type-conversion: If t A - E C and t Z = r then t A - E r. 
6 )  Rules of type- and prop-inclusion: 

i )  If 1 c - E C x I , a I 1  ... C\,%lCy,BItype (poss ibly  k = 0) then  

C - E C x l , a l l  ... C%.ql type .  

i i )  If 1 E - E Cxl , a l l  .. . C ~ , q l C y , B l ~ r o p  @oss ib ty  k = 0) then 

1 C g Cxl , a l l  . .. C%,qIprop .  

5.5.5. Correct  express ions  w i t h  respec t  t o  B and u 

1) Correct  I-expressions:  

i )  If B is  c o r r e c t  and o i s  c o r r e c t  u i t h  r e s p e c t  t o  B then B; o /-(')type - 
cmd B ;  o t ( l ) p r o p .  

* * 
i i )  If B : B!o * x := -- EB E a and B ; o , x  - E a F ( ' ) A  then B;o t ' l ) [ x , a l ~ .  

2) Correct  2- and 3-expressions: If t ( i ) C  E A then )- ( i ) ,  - 
Remark: It i s  in tended t h a t  B ;  a 1 A o r  B ;  a 1 cp only i f  B i s  c o r r e c t  and 

a i s  c o r r e c t  wi th  respec t  t o  B. This cond i t ion  i s  e x p l i c i t l y  imposed i n  

5.5.5.1i) and propagated a l l  through t h e  d e f i n i t i o n .  

5.5.6. Correct  =-formulas wi th  respec t  t o  B and o 

1) 6-equal i ty :  If t e b [ x , a ] B  and ~ [ X / A D B  then t < ~ > [ x , a l B  = ([x/ADB. 

2) rl-equality: If ~[x ,B]<x>c ,  and x FV(C) and FC then  /-[X,B]<X>C = C. 

3) &-equal i ty :  If x l  - E C ],... ,% E Ck * d := A - E Z i s  a t i n e  i n  B, cmd 

8 ;  o 1 A. E I x l  ,..., X ~ / A  ],... , % l C j  f o r  j = 1 , .  k ,  m d  
J - 

B ;  u t Uxl ,. . . , % / A l  ,. . . then 8 ;  o 1 d(A1 ,. . . ,%I = ILx, ,. . . , % / A l  ,. . . ,%l lA 

4 )  Monotonicity r u l e s  : 
* 

i )  I ~ B *  z B!o * x :- -- EB E a m d  8  ; o , x E  a t B 1  = B2 then 

8 ;  o t Cx,alBl - Cx,ulB2. 

i i )  If t a l  = a 2 ,  ~ [ x , a I I B ,  cmd t [ x , a 2 1 ~  then  ~ [ x , a l l ~  = [x,a21B. 

i i i )  If t A l  = B 1 ,  1 A2 = B2,  ~ < A ~ > A ~ ,  and ~ < B ~ > B ~  then  ~ < A ~ > A ~  = <B 1 >B 2 '  

8 .  ( f o r  j a 1 , .  . k ,  m d  t A . and ~ C ( B  ,,.. . ,Bk)  i v )  I f t A j E  

then  t c(A, ,. . . ,Ak) = c(BI , .  . . ,Bk). 



5) R e f l e x i v i t y ,  symmetry and t r a n s i t i v i t y  r u l e s  

i )  If FA, IB and A - B then FA = B 

i i )  If FA = B then FB = A 

i i i )  If (-A = B ,  and IB = C then FA = C .  

Remark: It i s  in tended t h a t  8; a t A = B only i f  both  8; a t A and 8; a 1 B. 

I n  most cases  above, though sometimes unnecessary,  such cond i t ions  have been 

e x p l i c i t l y  s t a t e d .  Where they have been omit ted i t  w i l l  be immediate t h a t  

they ho ld  by some o t h e r  condi t ions .  



6 .  Some remarks on language t h e 0 2  

6.1. D e c i d a b i l i t y  

The language theory i s  mainly concerned wi th  t h e  i n v e s t i g a t i o n  of t h e  b a s i c  

system. A major aim i s  t o  prove t h e  d e c i d a b i t i t y  of t h e  AUTOMATH languages. 

That i s ,  t o  prove t h e  ex i s tence  of an e f f e c t i v e  procedure which f o r  any 

given t e x t  i n  a f i n i t e  amount of time decides  whether i t  i s  c o r r e c t  o r  n o t  

( i n  AUT-QE, say) .  The k e r n e l  of such a checker  dea l s  wi th  the  veer i f i ca t im~ 

of c o r r e c t n e s s  of express ions  and formulas (both - E- and =-formulas), r e la -  

r i v e  t o  a given book and context  (which a r e  assumed t o  be c o r r e c t  a l ready) ,  

I n  t h i s  s e c t i o n  we s h a l l  ske tch  a c e r t a i n  cl ieckingprocedure,  c l o s e l y  r e l a t e d  

t o  t h e  a c t u a l l y  running v e r i f y i n g  program of Zandleven (cf .  C 1 1 I ) .  We s h a l l  

a l s o  roughly i n d i c a t e  t h e  proof of correspondence between t h e  proposed check- 

i n g  procedure and t h e  language d e f i n i t i o n  of t h e  preceding s e c t i o n .  

6.2. Reduction 

6.2.1. I n  o r d e r  t o  s tudy  t h e  = - r e l a t i o n  i n  more d e t a i l  we in t roduce  the  reduc t ion  

r d a t i o n  2, a p a r t i a l  o r d e r  among the  express ions .  For an exp lana t ion  of 

t h e  sugges t ive  do t s  i n  our  d e f i n i t i o n  we r e f e r  t o  s e c t i o n  2.12.4. 

6.2.2. Def in i t ion :  

1 )  One-step reduc t ion  (with r e s p e c t  t o  a book 8) 

i )  one-step 6-reduction: . . .<A>[x,alC.. . > . . .[x/A]c.. . 6 
i i )  one-step rl-reduction: If x { FV(C) then ... Cx,aI<xX. .. > ... C... 

i i i )  one-step &-reduction: If d was in t roduced  by an abbrewiat ion Zine 

x E c .,,..., % ; z k  * d := D E C i n  B then  
1 - - . . . d(C I ,. . . ,Ck). . . > . . . [ x I  ,. . . , \ / C  I ,. . . , X  ID. .  . 6 k 

i v )  a l s o  > i s  allowed wi th  any c o d i n a t i o n  of t h e  i n d i c e s  such as ;  If 

A >  B o r A >  B t h e n A >  B 
6 r) Brl 

V) one-step reduc t ion  i n  generaZ: If A B then A > B. 



2) Many-step reduc t ion  (with r e s p e c t  t o  8 )  

i )  If A z B then A 2  B 

i i )  If A 2 B and B > C (with r e s p e c t  t o  B) then  A 2 C. 

So 2 i s  t h e  r e f l e x i v e  and t r a n s i t i v e  c l o s u r e  of >. Likewise Z B 6  denotes 

the  r e f l e x i v e  and t r a n s i t i v e  c l o s u r e  of > e t c .  For A 2 B we a l s o  w r i t e  66 
B < A. 

3) i )  Reduction sequence: A sequence C I , C 2  ,.. . of express ions  i s  c a l l e d  a  

r e d u c t i o n  sequence of C 1  i f  f o r  a l l  i we have Ci  5 o r  C i  > C 
i+ 1 ' 

i i )  Proper  r educ t ion  sequence: A r educ t ion  sequence C , C 2  ,. . . i s  c a l l e d  

p r o p e r  i f  f o r  a l l  i we have C > C i + l .  i 

6.2.3. C l e a r l y  t h e  =- r e l a t i o n  i s  t h e  equivalence  r e l a t i o n  genera ted by t h e  res-  

t r i c t i o n  of > t o  c o r r e c t  express ions .  So we can conclude: t A = B iff 

A Z C  r D  
1 1 

5 c2 r D~ 5 ... r D ~ - ~  s ck - B (poss ibly  k  = I ) ,  where a l l  ex- 

p r e s s i o n s  i n  t h e  r e s p e c t i v e  r e d u c t i o n  sequenoes a m  correct. 

6.2.4. As an example of a  r educ t ion  sequence consider :  

3 a l t  > 6  <2>succfun >& < 2 > ~ x , n a t l s u c c e s s o r ( x )  > successor (2 )  > B 6 
s u c c e s s o r ( s u c c e s s o r ( 1 ) )  (see  s e c t i o n  2. 16). So each reduc t ion  s t e p  seems t o  

b r i n g  us c l o s e r  t o  some p o s s i b l e  "outcome". Here 13- and 6-reduction amount 

t o  e v a l u a t i o n  and r r r e d u c t i o n  t o  a  c e r t a i n  s i m p l i f i c a t i o n  of  express ions .  

6.3. The t h r e e  problems : normal iza t ion ,  Church-Rosser and c l o s u r e  

6.3. 1 .  I t  w i l l  appear  t h a t  t h e  dec i s ion  procedure f o r  equa t ions  (=- formulas)  p lays  

a  c e n t r a l  r o l e  i n  the  checker. A s  f i r s t  we s t a t e  - i n  terms of t h e  remark 

i n  s e c t i o n  6.2.4 - two important  q u e s t i o n s  around reduc t ion  and d e f i n i t i o n a l  

e q u a l i t y  : 

i )  (NormaZization) Do c o r r e c t  express ions  always have a  f i n a l  outcome, 

i . e .  do they always reduce t o  an express ion  which does n o t  reduce 

f u r t h e r ?  

i i )  (Church-Rosser p r o p e r t y )  Do d e f i n i t i o n a l l y  equa l  express ions  have a 

common outcome, i . e .  an express ion  t o  which they both  reduce? 

A t h i r d  c e n t r a l  q u e s t i o n  concerns the  so -ca l l ed  cZo8ure p r o p e r t y  ( t h i s  t e rm 

was in t roduced  by R.P. Nederpelt  i n  t h e  i n t r o d u c t i o n  t o  C 9 1 ) t  

i i i )  I s  t h e  system c losed  under r educ t ions ,  i , e .  do c o r r e c t  express ions  re- 

main c o r r e c t  under r educ t ion?  



6.3.2. Normalization and s t r o n g  normal iza t ion  

Let us de f ine :  

1 )  A i s  normal i f  no one-step reduc t ion  A > B can be app l i ed .  

2 )  A i s  s a i d  t o  normalize i f  A reduces t o  some normal B (which i s  then  c a l l -  

ed a  normal form of A). 

3 )  A i s  s a i d  t o  strongly normalize i f  a l l  p roper  r educ t ion  sequences of A 

t e rmina te .  

We s a y  t h a t  normalization ( resp .  strong normalization) holds  i f  a l l  c o r r e c t  

express ions  normalize ( resp .  s t r o n g l y  normal ize) .  Normalization (and a  for-  

t i o r i  s t r o n g n o r m a l i z a t i o n )  does no t  ho ld  i n  t h e  f u l l  A-calculus ( t ake  as  a  

coun te r  example t h e  express ion  <Xx.<x>x>Xx.<x>x). In  typed systems such as  

AUTOMATH however, s t r o n g  normal iza t ion  (and hence normal iza t ion)  does hold.  

Much work concerning ( s t rong)  normal iza t ion  has  been done by log icans  study- 

i n g  systems of natural  deduction and f u n c t i o n a l  i n t e r p r e t a t i o n s  (cf .  f o r  

i n s t a n c e  [5] ,  C81, C 101). The i r  methods o f t e n  apply t o  AUTOMATH a l so .  Some 

new proofs  o f  normal iza t ion  and s t r o n g  normal iza t ion  have been given by mem- 

b e r s  of  t h e  AUTOMATH-project (cf .  C91). 

6.3.3. Church-Rosser theorem; uniqueness of normal forms 

Question 6.3. l i i )  above amounts t o  t h e  Church-Rosser theorem: I f  A = B then 

A r C I; B for some C .  An a l t e r n a t i v e  formulat ion of t h i s  i s  t h e  Diamond 

property f o r  2 :  I f  A 2 B and A C then B D 5 C for some D (c f .  f i g u r e ) .  

As a  c o r o l l a r y  of  the  Church-Rosser theorem we mention t h e  uniqueness of 

normal forms : I f  B and C are normal forms o f  A then B r C .  This p roper ty  to- 

g e t h e r  w i t h  t h e  normal iza t ion  theorem allows us t o  speak of  the  normal form 

NF(A) - computable by an e f f e c t i v e  procedure NF - of c o r r e c t  express ions  A. 

The Church-Rosser theorem ho lds  i n  t h e  f u l l  A-calculus as  w e l l  as  i n  typed 

systems. I n  AUTOMATH languages wi thou t  Q-reduction t h e  s t a n d a r d  A-calculus 

p roofs  simply c a r r y  over  (cf .  C91). I n  f a c t ,  i n  view of  s t r o n g  normaliza- 

t i o n ,  a  s l i g h t l y  e a s i e r  proof can b e  given here .  For,  e.g.,AUT-QE, where we 



have n-reduction t h e  proof i s  somewhat more complicated and depends heav i ly  

on t h e  c losure  theorem. The au thor  in tends  t o  pub l i sh  t h i s  proof and t h e  

o t h e r  p roofs  omit ted i n  t h i s  s e c t i o n  i n  h i s  d o c t o r a l  d i s s e r t a t i o n .  

6.3.4. Closure p roper ty  

Let us f i r s t  formulate t h e  cZosure theorem: If 8; a t  A ( r e s p e c t i v e l y  

8; a 1 A - E B) and A 2 C (with r e s p e c t  t o  8) then 8; o C ( m s p e c t i v e z y  

B; a 1 C E B). I n  connection wi th  t h e  c losure  theorem, which holds  f o r  - 
AUT-QE, we have two important de r ived  r u l e s :  

I) CeneraZ s u b s t i t u t i o n  p r i n c i p l e  (as mentioned i n  2.5): If 
* 

IC E L ],..., \ P E k t  B ( resp.  1 B E  C) a n d o  t Ai E H i  ( f o r  i = I ,..., k)  
1 - - - 

then o 1 B* (resp.  /- B* - E c*) , where L* s tands  f o r  [ x l  ,. . . , \ / A I  ,. . . , 4 1 8 .  

2) The "left-hand e q u a l i t y  mZet t  (compare wi th  t h e  r u l e  o f  type-conversion, 

which i s  t h e  "right-hand e q u a l i t y  rule")  : 

I ~ F ( ~ ) A  - E B cmd t A = C then 1 C - E B. 

For 2-expression A we on ly  have a weaker ve rs ion  i n  view of type-inclu- 

s ion :  If I - ( ~ ) A  - E B ond 1 A - C and F ( ~ ) c  - E LI then 1 C E B o r  t A E II. - - 

6.4. A dec i s ion  procedure 

6.4. 1. Deciding =- formulas 

Suppose A and B a r e  c o r r e c t  express ions .  The normal form procedure NF (sec- 

t i o n  6.3.2) e a s i l y  y i e l d s  a dec i s ion  method f o r  t h e  equat ion A = B ,  namely 

A = B i f f  NF(A) 5 NF(B). Often,  however, i t  i s  n o t  necessa ry  t o  compute nor- 

mal forms f o r  dec id ing  A = B. For example, when A and B have d i f f e r e n t  de- 

grees  one can e a s i l y  draw a nega t ive  conclusion.  O r  more important ,  i t  ge- 

n e r a l l y  happens t h a t  a few well-chosen reduc t ion  s t e p s  i n  A o r  B w i l l  r e s u l t  

i n  a non-normal common reduct .  The choice of e f f i c i e n t  r educ t ion  s t e p s  he re  

i s  a m a t t e r  o f  s t r a t e g y ;  t h e  t e rmina t ion  of a procedure which success ive ly  

a p p l i e s  reduc t ion  r u l e s  t o  A o r  B i s  anyhow guaranteed by t h e  s t r o n g  normali- 

z a t i o n  p r o p e r t y ,  no m a t t e r  i n  what o r d e r  t h e  reduc t ion  s t e p s  a r e  appl ied.  

I n  o r d e r  t o  prove t h e  correspondence between dec i s ion  procedure and language 

d e f i n i t i o n  we must know t h a t  a l l  t h e  express ions  i n  t h e  reduc t ion  sequences 

from A and B t o  some common reduct  a r e  c o r r e c t  again.  This i s  indeed the  

case by t h e  c l o s u r e  theorem. 



6.4 .2 .  Deciding - E-formulas and express ions  

6.4.2. 1. Assum 8 i s  a c o r r e c t  book and u a a o r r e c t  context ;  we must d e f i n e  a deci-  

s i o n  procedure f o r  t h e  cor rec tness  of 5-formulas and express ions .  It w i l l  

appear t h a t  t h i s  problem can be reduced t o  t h e  dec i s ion  problem f o r  =- f o r  

mulas (but f o r  t h e  s t r a i g h t f o r w a r d ,  t a s k  of checking t h e  v a l i d i t y  of t h e  

i d e n t i f i e r s  used). 

6.4.2.2. Uniqueness o f  types  

We know (by t h e  r u l e  of type conversion) t h a t  f o r  a l l  B' with t B = B' we 

have 1 A E B o*t A E B ' .  - - 
For 3-expressions A t h e  converse (uniqueness of types*) holds  too:  

For 2-expressions A we must be somewhat more p r e c i s e  i n  view of type-in- 

c lus ion .  We def ine  among t h e  c o r r e c t  express ions  t h e  r e l a t i o n  5 by: 

i )  C x , , a l l  ... C \ , a k l C y , B l ~  c C x I , a I I  ... Cx,,%ltype 

i i )  Cxl , a l l  .. . C ~ , q c l C y , B l p r o p  c Cxl , a l l a  ... C x k s ~ l . p r o p  

i i i )  2 i s  t h e  t r a n s i t i v e  c l o s u r e  o f  = and c. 

Then i n s t e a d  of (*) f o r  2-expressions A we can prove 

6.4.2.3. Now assume t h a t  A i s  c o r r e c t .  Then we can def ine  a "mchanicaZ t t j p e "  fmc  

t ion CAT, such t h a t :  

i )  I ( ~ ) A  - E B r F ( ~ ) A ,  C B  and t CAT(A) = B 

i i )  t ( 2 ) ~  - E B r F ( ~ ) A ,  b~ snd 1 CAT(A) 5 B . 
So CAT computes some canonica l  r e p r e s e n t a t i v e  o f  t h e  c l a s s  of B' w i t h  

A - E B ' ;  fur thermore,  t h i s  B' i s  minimal w i t h  respec t  t o  5. For t h e  a c t u a l  

d e f i n i t i o n  of CAT we r e f e r  t o  C 1 1 ,  s e c t i o n  7 I. Since t h e  dec i s ion  proce- 

dure a f o r  equa t ions  i n  t h e  c u r r e n t  checker a l s o  con ta ins  t h e  p o s s i b i l i t y  
D of type- inclus ion - i .e .  A = B i f f  A 5 B - t h e  type  func t ion  CAT reduces 

t h e  v e r i f i c a t i o n  of - E-formulas t o  the  v e r i f i c a t i o n  of equat ions .  

*) Here we mean uniqueness wi th  r e s p e c t  t o  d e f i n i t i o n a l  e q u a l i t y  ( = ) , i n  con- 
t r a s t  wi th  s e c t i o n  6.3.3, where we mean uniqueness wi th  r e s p e c t  t o  syntac- 
t i c  e q u a l i t y  (E). I i I 



6.4.2.4. F i n a l l y  we p o i n t  out  a dec i s ion  procedure f o r  c o r r e c t n e s s  of express ions .  

Here we proceed by induc t ion  on t h e  l eng th  of express ions .  As an example 

we t r e a t  t h e  case o f  a p p l i c a t i o n  express ions  <A>B where A and B a r e  a l ready  

supposed t o  be c o r r e c t .  

6.2.4.5. Uniqueness of domains 

For func t ion- l ike  e x p r e s s i o i s  A we def ine  a t o  be t h e  domain of A i f  

t A g Cx,alZ or ~ ( I ' A  [x,alZ . 
For domains we have uniqueness a l s o  (by t h e  c losure  theorem and t h e  Church- 

Rosser theorem): If a and B am domdn8 of A a = 8 .  This f a c t  allows 

us t o  speak about the domain of func t ion- l ike  express ions .  Now we a r e  ab le  

t o  d e f i n e  a "mechanicaZ domdn" fmct ion DOM ( f o r  which we r e f e r  t o  C 1 1 ,  

s e c t i o n  7 I ) ,  which f o r  func t ion- l ike  A picks  out  a canonical  representa-  

t i v e  of t h e  domain o f  A. The t e rmina t ion  of DOM(A) fol lows by induc t ion  on 

t h e  degree of A, us ing s t r o n g  normal izat ion.  

6.2.4.6. By CAT and DOM t h e  v e r i f i c a t i o n  of cor rec tness  of <A>B reduces t o  t h e  ve r i -  

f i c a t i o n  of some s u i t  ab le  equat ion:  ~ < A > B  ** FA and IB and 1 A E DOM(B) o r ,  - 
e q u i v a l e n t l y ,  by 6.4.2.3i) ,  

~ < A > B  H FA and FB and t CAT(A) = DOM(B) . 
6.2.4.7. For t h e  o t h e r  cases  of c o r r e c t n e s s  of express ions  we r e f e r  t o  Zandleven 

again.  The correspondence of t h e  c u r r e n t  v e r i f i e r  wi th  t h e  a c t u a l  language 

d e f i n i t i o n  i s  e i t h e r  immediate o r  fo l lows from t h e  above f a c t s  about CAT 

and DOM. 
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