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Some extensions of AUTOMATH: The AUT-4 family.  

1.  I n  AUTOMATH (see  [ I  1 , [2 ] )  we have expressions of degree 1 , 2 , 3  and a  

typing opera t ion  t h a t  a t t a c h e s  t o  each express ion  of degree 2  an expression 

of degree I ,  and t o  each express ion  of degree 3 an expression of degree 2. 

I f  t h e  typing opera t ion  takes  P i n t o  Q  we s h a l l  w r i t e  t h i s  he re  a s  P E Q. 

The l i n e s  i n  AUTOMATH a r e  a l l  of the form 

<context  i n d i c a t o r >  , < i d e n t i £  i e r >  , < d e f i n i t i o n a l  p a r t >  , <category p a r t > ,  

where the  category p a r t  has degree I o r  2  and where the  d e f i n i t i o n a l  p a r t  C 

( i f  i t  i s  no t  t h e  empty block opener symbol or t he  symbol PN) s a t i e f i e s  C E D. 

The s u b s t i t u t i o n a l  mechanism and t h e  abbrevia t ion  system a r e  independent 

of the degrees of t he  express ions  involved. The degrees d o  make a  d i f f e r e n c e ,  

however, i n  t h e  r u l e s  t h a t  express  t h e  r i g h t  t o  ca r ry  out  a b s t r a c t i o n  and 

app l i ca t ion .  We s h a l l  n o t  r e c a p i t u l a t e  t hese  r u l e s  of AUTOMATH here.  

2. The ex tens ions  t o  be considered i n  t h i s  no te  a l l  have t h e  f i r s t  of t he  

fol lowing two f e a t u r e s ,  and may o r  may not  have the  second one. 

( i >  

( i i )  

Alongside wi th  express ions  of degrees 1 , 2 , 3  we admit expressions of 

degrce 4 ,  and we consider  formulas P E Q where P has  degree  4 and Q  

has degree  3 .  Accordingly, we admit empty blockopener l i n e s  and PN- 

l i n e s  wi th  ca tegory  p a r t  of degree 3. 

D e f i n i t i o n a l  equivalence E i s  extended a s  fol lows:  For expressions of 

degree 4 we take  t h e  r u l e s  t h a t  d i r e c t l y  correspond wi th  t h e  r u l e s  we 

have i n  AUTOMATH f o r  expressions of degrees 1 , 2 , 3 ,  b u t  we t ake  t h e  

fol lowing r u l e  i n  dddi t ion :  i f  P ,P a r e  express ions  oZ degree  4 ,  i f  1 2  

P I  E Q1, P2  E Q2,  where Q and Q2 a r e  express ions  of degree  3 s a t i s -  
1 

D 
fy ing  Q~ Q ~ ,  then we have P I  = P2.  

We s h a l l  r e f e r  t o  t h i s  f e a t u r e  a s  fou r th  degree  i d e n t i f i c a t i o n .  



The AUTOMATH-like languages f o r  which ( i )  i s  r equ i r ed ,  w i l l  be  c a l l e d  

AUT. 4-languages. 

3 .  I n  order  t o  show the  ideas  behind AUT 4 ,  we f i r s t  denote some a t t e n t i o n  

t o  t h e  i n t e r p r e t a t i o n  of t e x t s  i n  languages of t he  AUTOMATH family.  We necess- 

a r i l y  have t o  be vague about t h i s ,  s i n c e  " i n t e r p r e t a t i o n "  w i l l  mean t h e  system 

of r e l a t i o n s  between an AUTOMATH book and t h e  "mathematical world". This  math- 

ma t i ca l  world i s  not  a  r e a l  world,  b u t  the imaginary world of mathematics t h a t  

has  developed i n  t h e  mind of mathematicians.  These mathematicians have been 

ab le  t o  d i s c u s s  t h a t  world i n  n a t u r a l  language, hard ly  ever g e t t i n g  i n t o  se r ious  

permanent disagreement ,  and t h e r e f o r e  they  f e e l  very  conf ident  about it. Never- 

t h e l e s s ,  i t  i s  a s t r ange  patchwork of words, formulas and conventions, c e r t a i n l y  

not  easy t o  desc r ibe .  

I n  t h e  mathematical world we say th ings  l i k e  "7 i s  a  n a t u r a l  number", 

I I 2 + 2 = 3 i s  a  propos i t ion" ,  and i f  T  i s  some p i ece  of t e x t  we can say 

"T i s  a proof f o r  2 + 2 = 3". Let u s  i n d i c a t e  t he  p a r t i c u l a r  u s e  of t h e  word 

" i s 7 '  i n  t h e s e  sentences by means of the  symbol 

7 E c l a s s  of a l l  n a t u r a l  numbers, 

2 + 2 = 3 E c l a s s  of a l l  p ropos i t i ons ,  

T E c l a s s  of a l l  proofs  f o r  2 + 2 = 4 .  

Let u s  w r i t e  N and R f o r  t he  c l a s s e s  i n  (3.1) and (3 .2) ,  and l e t  us  simply 

omit t he  words "c l a s s  of a l l  proofs"  i n  (3.3).  So we g e t  



I n  previous r e p o r t s  on AUTOMATH we have recommended the  fol lowing 

sys tem of i n t e r p r e t a t i o n s :  the 3 ,  N ,  e t c .  of t he  mathematical world 

correspond t o  AUTOMATH expressions t h a t  we s h a l l  abb rev ia t e  here  by "3", 

"N1', e t c .  Now "N", "2+2 = 3 " ,  "2+2 = 4" have degree 2,  "7" and "TI1 have 

degree 3. There i s  an e x t r a  symbol type of degree 1 ,  and we w r i t e  

That i s ,  t he  symbol type can be i n t e r p r e t e d  a s  .ir i f  we f e e l  l i k e  it. 

This  system has  both advantages and disadvantages.  

An advantage i s  t h a t  we can reduce t h e  number of p r i m i t i v e  no t ions  

of a  book, s i n c e  t h e r e  a r e  p r imi t ive  not ions  t h a t  se rve  t1,e needs f o r  

c l a s s e s  a s  we l l  as  f o r  propos i t ions  ( f o r  example, t he  @ a r t e s i a n  product of 

two c l a s s e s  can be spec i a l i zed  t o  the  conjunct ion of two p ropos i t i ons ) .  

But t h i s  i s  a l s o  a  disadvantage:  t h e r e  can be axioms we want t o  hold f o r  

a l l  p ropos i t i ons  and n o t  f o r  a l l  c l a s se s .  I n  p a r t i c u l a r  we may wish t o  

phrase the  axiom of t h e  excluded t h i r d  without  being forced t o  accept  i t s  

equiva len t  'or c l a s s e s  ( i . e .  H i l b e r t ' s  u n i v e r s a l  opera tor  t h a t  s e l e c t s  an 

element from every non-empty s e t ) .  

This  disadvantage can be overcome i f  we in t roduce  i n  t h e  AUTOMATH 

t e x t  a  p r imi t ive  "bool" of degree 2,  and a func t ion  "TRUE" t h a t  a t t a c h e s  

t o  every b wi th  b E bool  a  va lue  TRUE(b) of degree  2 ( s e e  C l l  ,C21). I n  t h e  

i n t e r p r e t a t i o n  t h e ~ ~ ~ ~ ( b )  corresponds t o  a  p ropos i t i on ,  and t h e  th ings  

which a r e  E TRUE(b) corresponds t o  proofs  of t h a t  propos i t ion .  A minor 

disadvantage i s  t h a t  we have t o  pass  from b ' s  t o  T ~ u E ( b ) ' s  a l l  t he  time. 

There i s  a l s o  t h e  mat te r  of " type reduct ion" ,  which we s h a l l  b r i e f l y  

d i s c u s s  p re sen t ly .  Let  C be an express ion  of degree 2  and assume t h a t  f o r  



a l l  x  wi th  x  c C we have der ived  A(x) E type. Then we may i n f e r  i n  AUT-QE 

( see  [ I ] ,  s e c t i o n  12.7 ,  C21 p.54) t h a t  I x , ~ l A ( x )  E Cx,C1typer and i t  i s  

optional.  t o  r ep l ace  t h i s  [x,Cltype by type (whence Cx,CIA(x) E type) .  This 

i s  c a l l e d  type r educ t ion ,  i t  v i o l a t e s  the  AUTOMATH law t h a t  i n  A E B the  B 

the  B i s  unique1 y  determined by A,  up t o  d e f i n i t i o n a l  equivalence.  I n  % 
AUTOMATH type  reduct ion  i s  compulso-v. 

So t h e  f e a t u r e  of AUT-QE i s  t h a t  t y p e  reduct ion  can be l e f t  undone; 

a t  t h e  same time i t  opens the  p o s s i b i l i t y  t o  s t a r t  wi th  " l e t  u be a  th ing  

wi th  u E rx,Cltype",  which makes it poss ib l e  t o  express  something wi th  the  

i n t e r p r e t a t i o n  " l e t  u  be a  p r e d i c a t e  on C". 

Experiences w i th  w r i t i n g  AUT-QE seem t o  have pointed out  t h a t  type 

reduct ion  i s  n i c e  f o r  the  cases  of c l a s s  i n t e r p r e t a t i o n ,  and t h a t  t h e  

p o s s i b i l i t y  t o  leave  type r educ t ion  undone i s  a t t r a c t i v e  f o r  t h e  cases  

wi th  p ropos i t i ona l  i n t e r p r e t a t i o n .  We might say t h a t  we wish type reduct ion  

t o  be e f f e c t i v e  f o r  c l a s s e s  and not  f o r  propos i t ions .  

Ln AUT.4 w e  have a  p o s s i b i l i t y  of an i n t e r p r e t a t i o n a l  system t h a t  seems 

t o  he d e f i n i t e l y  b e t t e r  than t h e  system descr ibed  above. Refer r ing  t o  the  

examples ( 3 . 4 ) ,  (3 .5) ,  ( 3 . 6 ) ,  we l e t  "T" have degree 4 ,  "2+2 = 4" , " 2+2 = 3", 

"7" g e t  degree 3 ,  "N" and ".rr" g e t  degree "2", and we admit on ly  a  s i n g l e  

expression of degree 1 ,  v i z .  type. - 
So in s t ead  of (3.7) , (3.8) , (3.9) we g e t  

P ropos i t i ons  and c l a s s e s  now show a  d i f f e r e n c e  on the  s y n t a c t i c  l eve l :  

they g e t  d i f f e r e n t  degrees.  I f  we r e q u i r e  type  r educ t ion ,  i t  works f o r  c l a s s e s  

and not  f o r  p ropos i t i ons .  



There i s  a  second s y n t a c t i c  d i f f e r e n c e  wi th  the  old system: proofs  

now g e t  degree 4 ,  and a r e  thus s y n t a c t i c a l l y  d i s t i n c t  from th ings  l i k e  

numbers. The f o u r t h  degree i d e n t i f i c a t i o n  a s  descr ibed  i n  s ec t ion  2 (ii) 

seems t o  be q u i t e  a t t r a c t i v e  f o r  t he  case of proofs ;  i t  has no consequences 

f o r  o b j e c t s  l i k e  numbers, where the  corresponding i d e n t i f i c a t i o n  would be 

u t t e r l y  unacceptable.  

The i n t e r p r e t a t i o n  of f o u r t h  degree identification i s  what we c a l l  

i r r e l e v a n c e  - of proofs .  The idea  i s  connected wi th  t h e  genera l  i d e a  of 

proofs  i n  c l a s s i c a l  mathematics. In the  use  of AUTOMATH as descr ibed  i n  

previous r e p o r t s  ( C l l , r 2 1 ) ,  o b j e c t s  may depend on proofs .  For example, the  

logaritfilm of a  r e a l  number i s  def ined f o r  p o s i t i v e  numbers only. So a c t u a l l y  

the log i s  a  func t ion  of two v a r i a b l e s ;  and i f  we use  t h e  expression log ( p , q ) ,  - 
we have t o  check t h a t  p  i s  a  r e a l  number and q  i s  a  proof f o r  t h e  p ropos i t i on  

"p > 0". I f  q l  and q2 a r e  d i f f e r e n t  proofs  f o r  p  > 0 ,  t he  expressions log (p ,q , )  

and log (p ,qZ)  a r e  no t  d e f i n i t i o n a l l y  equiva len t  i n  AUTOMhTII. Yet t he  c l a s s i c a l  

mathematician wants them t o  be equal  (though not  neces sa re ly  d e f i n i t i o n a l l y  

2, 
equal ) .  It causes q u i t e  some t roub le  t o  achive t h i s ,  and a t  every i n s t a n t  

where s; ;c : .  a th ing  appears we have t o  appeal t o  a  p l ace  i n  t he  book where t h i s  

kind of e q u a l i t y  i s  expressed. And the  t e x t  checking computer has t o  do q u i t e  

a  l o t  of work, too. Yet i t  seems so simple: i f  we a r e  no t  i n t e r e s t e d  i n  t he  

d i f f e r e n c e  between q  and q  , then we j u s t  d o n ' t  look a t  them, look only a t  
1 2 

what they prove. This i s  what f o u r t h  degree  i d e n t i f i c a t i o n  i n  AUT.4  can do 

f o r  us .  

4. Let us  i n spec t  the  va r ious  p o s s i b i l i t i e s  f o r  language d e f i n i t i o n s  i n  

t h e  AUT.4 family.  

( i )  There i s  t h e  p o s s i b i l i t y  t o  admit quasi-expressions ( th ings  l i k e  

Cx,Altype) a s  express ion  of degree 1 ,  and t o  admit o r  t o  fo rb id  type reduct ion .  



I n  connection wi th  what we sa id  i n  s e c t i o n  3 ,  i t  seems no t  necessary  t o  u s e  

quasi-expressions.  I n  order  t o  s impl i fy  the  subsequent d i scuss ion  we s h a l l  

r e s t r i c t  ourse lves  t o  the  case  without  quasi-expressions. That i s ,  type  i s  

only expression of degree 1 ,  and type  reduct ion  i s  compulsory. 

( i i )  Various th ings  a r e  poss ib l e  wi th  abs t r ac t ion .  Let A be an expression 

of degree i ( i  = 1,2 ,3)  and assume d , . ~  we have i n  our book wi th  the  context  

x  E A t h a t  S(x)  E C(x) , where B(x) and C(x) have degree j+l and j , r e s p e c t i v e l y  

( j  = 1 ,2 ,3 ) .  Then we wish t o  be allowed t o  w r i t e  ou t s ide  the  context  x  E A ,  

i f  j > 1, and 

Cx,AI B(x) E type 

i f  j = 1 (whence C(x) = type) .  Let  us  c a l l  t h i s  ( i , j ) - a b s t r a c t i o n  and r e f e r  t o  

i t  a s  "abs t r ac t ion  -- from A". 

We can choose f o r  which p a i r s  ( i , j )  we s h a l l  admit t h i s  i n  t he  language 

d e f i n i t i o n .  It seems t o  be r easona lb l e  t o  admit a l l  p a i r s  wi th  i # 1 .  (One 

might hesit- ,  e about i = 3 ,  bu t  i f  we do no t  admit i = 3 h e r e ,  t he  passage 

from the  i n t e r p r e t a t i o n a l  system (3.4)-(3.6) t o  t h e  system (3.10)-(3.12) 

would have a s e r i o u s  drawback. 

E n t i r e l y  independent of t h e  ques t ion  whether (4.1) and (4 .2 )  a r e  

I admitted , we agree  t h a t  t he  " a b s t r a c t i v e  express ion  Cx ,A]B(x) has  t h e  same 

degree  a s  B(x) (and Cx,Al C(x) has t h e  same degree a s  C(x)) .  

( i i i )  L e t ,  i n  a  c e r t a i n  con tex t ,  q and f  be expressions of degree i + l  and 

j + l ,  and assume t h a t  

where A has degree i and C(x) has  degree  j .  Then we can wish t o  be allowed 



t o  w r i t e  

(which i s  ca l l ed  ( i , j ) - a p p l i c a t i o n ,  i n  t h i s  p a r t i c u l a r  case  app l i ca t ion  - of 

f  - t o  q ) .  We can choose f o r  which p a i r s  ( i , j )  (1 r i r 3 ,  I r j  S 3) we s h a l l  

admit t h i s  i n  t he  language d e f i n i t i u , ,  T t  seems reasonable t o  admit i t  f o r  

a l l  p a i r s  w i th  2  < i 5 3 .  2 i j < 3 .  

E n t i r e l y  independent of t he  ques t ion  whether ( 4 . 4 )  i s  admit ted,  we agree  

the  "app l i ca t ive  expression" (q}f has the  same degree as f .  

( i v )  If j = 3 t h e r e  is a r u l e  s l i g h t l y  s t ronger  than (;;;I : i f  q a ~ d  f have 

degree i + l  and 4 ,  r e s p e c t i v e l y ,  and if 

then 

This r u l e  probably has not  much use.  It i s  c e r t a i n l y  superf luous i f  we 

have h o t ? -  ," and q-reduction, f o r  then w e  can write h  a s  Lx,AjIx)h. But even 

i f  i t  is not super f luous  i t  i s  ques t ionable  whether we s h a l l  ever need it 

badly. 

( v )  Let i n  a  c e r t a i n  context  q  have degree  i + l ,  and l e t  Cx,AIB(x)be an ex- 

p re s s ion  of degree j  I :where A has degree i. Then we wish t o  reduce L 2 

which i s  ca l l ed  0-reduction. We have t o  s t a t e  f o r  which p a i r s  ( i , j )  t h i s  

w i l l  be taken a s  d e f i n i t i o n a l  equivalence.  S t  seems reasonable  t o  admit all 

i and j wi th  2 5  i s  3 , 2 5  j  4 .  



Ins tead  of t h i s  o rd ina ry  8-reduct ion,  we can t ake  type - r e s t r i c t ed  

B-reduction. I n  t h a t  ca se ,  t h e  above r educ t ion  i s  allowed only i f  we can 

show t h a t  q E A. 

( v i )  I f  A and B have degrees  i and j ,  we wish t o  reduce 

(q - reduct ion) .  It i s  reasonable t o  admit i t  f o r  2 t i r 3, 2 i j 4 .  

( v i i )  In  t h e  i n t e r p r e t a t i o n s  we d iscussed  i n  s ec t ion  3 we had u s e  f o r  

express ions  p of degree 4 only i f  p  E A E prop. Let u s  r e f e r  t o  a l l  o ther  

express ions  of degree 4 a s  e x t r a s .  

One might th ink  i t  b e t t e r  t o  ban a l l  e x t r a s  a s  long a s  no in t e rp re -  

t a t i o n  has been agreed upon. On the  o ther  hand one may hope t o  be ab l e  t o  

show t h a t  t h a t  e x t r a s  do no harm, i n  t h e  fol lowing sense: 

Let  B be a  c o r r e c t  book, and l e t  R be a  l i n e  we wish t o  add t o  B. 

Let B* be a  book wi th  e x a c t l y  t he  same PNf s  a s  B has ,  and no o the r s .  

* 
A s s u ~ ~ ~ e  t h a t  B conta ins  t he  l i n e  R ,  and t h a t  n e i t h e r  B nor R con ta in  

** h 
e x t r a s .  Then the re  i s  a  c o r r e c t  extension B of B such t h a t  B \ B 

conta ins  L but  no PNfs and no e x t r a s .  I f  t h i s  i s  t r u e ,  we may say t h a t  

the  language t h a t  a l lows e x t r a s  i s  conse rva t ive  over t h e  one t h a t  does not .  

Nevertheless  t h e r e  can be some u s e  f o r  e x t r a s .  Assume we a r e  i n t e -  

r e s t e d  i n  c o n s t r u c t i b i l i t y  of r e a l  numbers. Let  C be a  cons t ruc t ion  f o r  

the r e a l  number r ,  and i f  "C" and "r" a r e  t he  express ions  corresponding t o  

C and r ,  we want t o  have "C" E "r". By means of $axioms we can desc r ibe  

p r imi t ive  cons t ruc t ions ,  and p r imi t ive  ways t o  o b t a i n  new cons t ruc t ions  

from cons t ruc t ions  a l r eady  known. I n  t h a t  way we can g e t  a  theory of 

cons t ruc t ions  i n  our book. I f  our language h a s  f o u r t h  degree i d e n t i f i c a t i o n  

thcn we have cons t ruc t ion  i r r e l evance :  i f  something depends on a  cons t ruc t ion  

i t  only depends on t h e  cons t ruc ted  ob jec t  and on the f a c t  t h a t  a  cons t ruc t ion  

e x i s t s .  
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