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. . .  
The two k i n d s  o f  s e m a n t i c s  g e t  c l o s e r  t o g e t h e r  i f  w e  

t a k e  a  more l i S e r a l  i n t e r p r e t a t i o n  o f  non- te rmina t ion .  I n  t h i s  

more l i b e r a l  v e r s i o n  a  s e m a n t i c a l  s t ~ z t e m e n t  t h a t  s a y s  ( w i t h  

U,t g i v e n ) ,  t h a t  t p  = 00 is ta p o s s i b l e  e f f e c t ,  h a s  t o  3e i n f e r -  

p r e t e d  as t h a t  t2ere i s  no upper  bound t o  t h e  v a l u e s  of  t ! ~ e  3' 

o f  t h e  p o s s i b l e  e x e c u t i o n s  ( w i t h  i n i t i a l  v a l u e s  W , t) .  Afzer 

a l l ,  i f  w e  a r e  i n t e r e s t e d  i n  hav ing  ou r  programs t e r m i n a t e d ,  

a s t a t e m e n t  t h a t  a  progrum might  r u n  f o r  a m i l l i o n  y e a r s  d o e s  

n o t  g i v e  u s  much more comfor t  t h a n  a  s t a t e m e n t  t h u t  it might  
. - 

go on f o r  e v e r ,  T h e r e f o r e  it is q u i t e  r e a s o n a b l e  t o  i d e n t i f y  

' u n p r e d i c t ~ b l y  l ong '  w i t h  ' i n f i n i t e l y  long' .  

T h i s  ' l i b e r a l  v e r s i o n '  is r e l a t e d  t o  the f o l l o w i n g  de9 i -  

n i t i o n .  If P <  ~ r e d ( A  1 t h e n  i n s t e a d  o f  t h e  P* o f  s e c t i o n  2 

+ 
I? t h e  se t  of a11 P wi th  P  t& P r e d ( A )  is deno ted  by  red+ ( A ) ,  

ue h a v e  

t 
and F' . To b e  more p r e c i s e ,  i f  L) ,t a r e  s u c h  t h a t  t h e r e  i s  a t  

most  one  p a i r  09,t9 w i t h  tv<e  and P ( O , t , u 9 , t P ) ,  t h e n  

In g e n e r a l ,  i f  P  d e s c r i b e s  t h e  s e m a n t i c s  o f  a  program 

in t h e  o r i g i n 0 1  v e r s i o n  ( . w h e r e  P [ W , % ,  w ~ , W )  means t h a t  t h e  

progrom c a n  a c t u a l l y  r u n  f o r  e v e r )  , t h e n  Pt i s  t h e  l i b e r a l  
t 

s e m a n t i c s  (where  P (&, t , t2p , ,w)  means that there i s  no 



upper  bound t o  t h e  r u n t i m e ) .  

If w e  t n k e  t h e  l i b e r a l  s e m a n t i c s ,  t h e n  our  p r o s p e c t s  f o r  

p rov ing  t h e  f i x e d  p o i n t  p r o p e r t y  f o r  r e c u r s i o n  become much more 

promis ing .  

* t 
T h e  difference between P and P , and i t s  be ing  r e l a t e d  

t o  hav ing  non-determinism and i n f i n i t e  s t a t e  space ,  c a n  be 

I* connec t ed  t o  Konig's  w e l l  known i n f i n i t y  lemma. I n  o r d e r  t o  

make t h e  n o t a t i o n  s u f f i c i e n t l y  c l e a r  f o r  f u r t h e r  d i s c u s s i o n ,  

w e  e x p l a i n  it i n  a  f e w  words, 

L e t  ( S , r , f )  b e - a  r o o t e d  t r e e .  Tha t  is, S  i s  a set 

( t h e  set  of ' p o i n t s ' ) ,  r i s  a s p e c i a l  e l emen t  o f  S 

( c a l l e d  t h e  ' r o o t 9 )  and f is a  mapping o f  S\Cr3 i n t o  S 

(* (XI  is  c a l l e d  t h e  ' f a t h e r m  of s). I t  is assumed t h a t  f o r  

e v e r y  x  ( x  =/= r )  t h e r e  i s  an i n t e g e r  n  s u c h  t h a t  t h e  n- th  
* 

i t e r a t e  f maps x i n t o  r ,  T h i s  n  i s  u n i q u e l y  de t e rmined ,  

and i s  c a l l e d  t h e  ' l e v e l '  o f  x. The l e v e l  o f  r i s  z e r o .  If 

x  E S,  t h e  se t  of a 1 1  y e  S\Cr3 w i t h  f ( y ) = x  i s  c a l l e d  t h e  

' o f f s p r i n g '  o f  x, and deno ted  O(x).  

If x €  S  w e  d e n o t e  by I P ( x )  t h e  p r o p o s i t i o n  t h a t  t h e r e  

i s  a n  i n f i n i t e  p a t h  s t a r t i n g  from x,  t h a t  is 0 sequence  

x ,x  , X  ,... wzth x  = x and f ( x  = x f o r  n  = 0,1,2,,.. . 
0 2 2 0  n+1 n 

And by UL(x) (UL a b b r e v i a t e s  munSounded l e v e l ' )  w e  d e n o t e  

t h e  p r o p o s i t i o n  t h a t  f o r  e v e r y  n a t u r a l  number m t h e r e  is  a p a t h  

x  ,,..,x , a g a i n  w i t h  x = x, f ( x  1 = x  for n  = O,..,,m-1. 
0 m 0 n + l  n 

W e  n o t e  t h a t  f o r  a 1 1  x  

I P ( x )  -+ UL(x). 

F i n a l l y  w e  f o r m u l a t e  t h e  ' f i n i t e  o f f s p r i n g  c o n d i t i o n m .  

I t  s a y s  t h ~ t  f o r  e v e r y  x 6 S  t h e  o f f s p r , i n q  O(x)  i s  a f i n i t e  



se t ,  
u 

Konig ' s  lemma e x p r e s s e s :  If t h e  f i n i t e  o f f s p r i n g  con-  

d i t i o n  h o l d s ,  a n d  U L ( r )  is t r u e ,  t h e n  w e  h a v e  I P ( r ) .  

Coming hack  t o  s e m a n t i c s ,  w e  s h a l l  t r y  t o  e x p l a i n  t h a t  

I P ( r )  c a n  b e  compared w i t h  i n f i n i t e  r u n t i ~ ~ e ,  and  U P ( r )  w i t h  

unpredictably l o n g  r u n t i m e ,  i n  b o t h  c a s e s  w i t h  i n i t i a l  v a l u e  r. 

And t h e  f i n i t e  o f f s p r i n g  c o n d i t i o n  c o r r e s p o n d s  t o  a c o n d i t i o n  

t h a t  s a y s  t h a t  i n  t h e  number of 

p o s s i b l e  o u t p u t s  i s  f i n i t e ,  f o r  e v e r y  g i v e n  i n p u t .  T h i s  

c o n d i t i o n  is  c e r t a i n l y  g u a r a n t e e d  if t h e  s t a t e  s p a c e  is f i n i t e ,  

h u t  a l s o  i f  t h e  p rogram is d e t e r m i n i s t i c .  

W e  d e s c r i S e  a t y p i c a l  case o f  a  t ree where U L ( r )  ho lds  

b u t  I P ( r )  does n o t .  L e t  u s  c a l l  i t  ( S  ,r  ,f 1. The p a i n t s  of S 

are t h e  p a i r s  ( i , j )  w i t h  i n t e g e r s  i , j  s a t i s f y ~ n g  e i t h e r  

0 < i ,<j o r  i = j = 0. The p o i n t  (0,O) is t a k e n  a s  t h e  r o o t .  

f o r  a l l  o t h e r  p o i n t s  w e  d e f i n e  t h e  . f a t h e r g  by 

The t ree is  d e p i c t e d  i n  f i g u r e  I. I n  t h a t  f i g u r e  t h e  a r r o w s  

TW fco- peirtl +D C b i r  f c+Ln . 

Coming b a c k  t o  the  g e n e r a l  tree ( S T  r ,  f ) ,  w e  d e s c r i b e  

p r o g r a m s  for  which  S is t h e  s t a t e  s p a c e ,  A s  a p r i m i t i v e  

p r o g r n m  w e  t a k e  t h e  progrnm * s t e p g .  I ts s e m a n t i c s  is 

d e s c r i b e d  b y  



T o t i n f ( s t e p )  = ( tV=t)  A ( W ' f  O(C3 1 ) .  

Note  t h ~ t  ' s t e p '  i s  a  n o n - d e t e r n ~ i n i s t i  program,  a t  l e a s t  

if t h e r e  e x i s t  p o i n t s  x  where  O ( x )  h o s  more t h a n  o n e  e l e m e n t .  

If ~ ( d d )  i s  empty ( s u c h  a n  x  i s  c a l l e d  a n  e n d - p o i n t ) ,  t h e n  

t h e r e  i s  n o  p o s s i b l e  o u t p u t  d F  t o  t h e  i n p u t  d. If t h i s  i s  

c o n s i d e r e d  u n a c c e p t a b l e ,  o n e  m i g h t  t a k e  a n y  a r b i t r a r y  v a l u e  

o f  O '  as  o u t p u t ,  l i k e  CJ '= LJ. T h ~ t  ntenns t h a t  i n  t h e  d e f i n i t i o n  

o f  T o t i n f  ( s t e p )  w e  r e p l a c e  O' E O (  U )  by 

But  a c t u a l l y  t h e  c a s e  of empty O ( U )  is u n i m p o r t a n t  s i n c e  t h e  

program ' s t e p '  w i l l  n o t  b e  u s e d  t h e r e .  

L e t  u s  now d i s c u s s  t h e  program (see t h e  b e g i n n i n g  o f  

s e c t i o n  7) 

w h i l e  E  d o  stem, - 
where  E  c o r r e s p o n d s  t o  t h e  p r e d i c a t e  E g i v e n  b y  

B(Lr ) = ( O ( W  )* 4) .  
I n  t h e  n o t a t i o n  of f o r m u l a  ( 2 )  o f  s e c t i o n  7 t h i s  program 

d e n o t e s  RECURS( y ) ,  where  <p i s  g i v e n  b y  

y )  ( T l  ) = i f  E t h e n  ( s t e p  ; 7C ) else s k i p .  - - - 
The ' i n t u i t i v e ' ,  or ,  i f  o n e  p r e f e r s ,  'operational' s e m a n t i c s  

of t h 6 $ p r o g r a m  is; t h e  f o l l o w i n g  one.  L e t  GJ ( t h e  i n p u t )  b e  a n y  p o i n t  

of t h e  tree. If up is on  e n d - p o i n t  s u c h  t h a t  f ( 0 , )  = L) f o r  

some k &  0 t h e n  G J 9  i s  o  p o s s i b l e  o u t p u t  ( o n d  t f = t + k ) .  If 

I P ( O )  h o l d s  t h e n  t h e r e  i s  a n o n - t e r m i n a t i n g  e x e c u t i o n .  If 

IF'(@ is  false  b u t  UL(W) still h o l d s  t h e n  t h e r e  e x i s t  u n p r e d i c t a b l y  

l o n g  e x e c u t i o n s .  If U L ( 4 )  d o e s  n o t  h o l d  t h e n  a 1 1  e x e c u t i o n s  

s t a r t i n g  w i t h  d t e r m i n a t e ,  and t h e r e  i s  a n  u p p e r  bound t o  t h e i r  

r u n t i m e .  

L e t  u s  now i n v e s t i g a t e  Totinf(RECURS(G) 1 )  as  d e f i n e d  

by ( 4 )  i n  s e c t i o n  6. A s  far  as t e r m i n a t i n g  e x e c u t i o n s  are 

c o n c e r n e d ,  it p r o d u c e s  t h e  same r e s u l t s  a s  t h e  i n t u i t i v e  



s e m a n t i c s ,  F o r  v a l u e s  o f  W where  I P ( O )  h o l d s ,  i t  p r o c l n i m s  

t h e  p o s s i b i l i t y  t h a t  t 9 = o 0 ,  a s  i t  s h o u l d .  Bu t  i n  p o i n t s  where  

UL( W h o l d s  b u t  IF'('t3 1  d o e s  n o t ,  t h e  s e m a n t i c s  o f  s e c t i o n  6 still  

s a y s  t h a t  t' = - i s  p o s s i b l e ,  and  t h e  i n t u i t i v e  s e m a n t i c s  s n y s  i t  

i s  n o t .  

The  d i f f e r e n c e  between t h e s e  two  k i n d s  o f  s e m a n t i c s  v a n i s h e s  

( a t  least  fo r  t h i s  p rogram)  i f  w e  i d e n t i f y  ' u n p r e d i c t a b l y  l o n g  

r u n t i m e m  a n d  'non- termznat ion ' .  

I n  t h e  t r e e  program d e s c r i b e d  h e r e ,  i t  is a l s o  e a s y  t o  

i l l u s t r a t e  t h a t  $ (RECURS( 7 1 )  a n d  RECURS( yh c o n  h a v e  d i f f e r e n t  

s e m n n t i c s  i n  t h e  s y s t e m  of s e c t i o n  b .  We t a k e  

t h e  s p e c i a l  t ree  (So, r .I f , I .  U e  h o v e  UL(ro)  , 
but  UL(x) i s  false f a r  a l l  x  w i t h  f ( x )  = ro. From t h i s  i t  c a n  b e  

d e r i v e d  t h a t  a t  ( r  t, c3 ', Oo ( w h e r e  G) , i r r e l e v n n t ) ,  
0' 

RECURStrp  i s  t r u e  b u t  ~ R E C U R S ( ( P  ) )  is n o t .  t 
T k 9 . A c r r  d L* * ,, P- -- 

t i c s -  W e  b r i e f l y  d ~ s c u s s  t h e  c h a n g e s  t h a t  hnve  t o  b e  made. 
F 
F i r s t ,  i n  s e c t i o n  2 w e  h a v e  t o  i n t r o d u c e   red' ( A) i n s t e a d  

)e of F r e d  < / \ I -  W e  h a v e  t o  g x v e  up t h e  i d e a  of a  J s u c h  t h a t  a l w n y s  

P (C J = P* , l i k e  i n  f o r m u l a  ( 2 )  of s e c t i o n  2, a n d  it is n o t  

t 
g e n e r a l l y  t r u e  t h a t  ( P  4 42)' = P X 42 ( A  c o u n t e r e x a m p l e :  

4- 
I n  s e c t i o n  3 w e  h a v e  t o  i n t r o d u c e  T o t i n f  a s  0 mapping 

t 
of f r o g (  fb i n t o  P r e d  ( /\I. The c h a n g e s  i n  s e c t i o n  4 are  

t r i v i a l .  

I n  s e c t i o n  5 t h e  s e m a n t i c s  of t h e  c o n c a t e n a t i o n  h a s  t o  b e  

d e s c r i b e d  b y  
+ 

Tot in f ( ' lL  ;c) = ( T o t i n f ( 7 7  1 * T o t i n f ( W 1  1. 



I n  s e c t i o n  6 t h e  s e m a n t i c s  o f  RECURS((P) c a n  h e  g r v e n  by 

T o t i n f  (RECURS ( (6 ) = R C  , 
a l t h o u g h  t h e  d e f i n i t i o n  of  R i n  ( 4 )  w i l l  g u a r a n t e e  t h a t  t h e r e  

t 
i s  no  d i f f e r e n c e  be tween  R and R a s  s u o n  as  w e  hove 

m o n o t o n i t i c y .  We n o t e  t h u t  i f  F' 2 F' 3 P > ... wzth 
0 1 2 

f 4- 
P = P  For  a11 n ,  a n d  i f  P = \j P ,  t h e n  P =  P  . 

n n  n  n  

I n  Theorems 1 ond 2 o f  s e c t i o n  7 t h e  new s e m a n t i c s  n ~ a k e s  

no d i f f e r e n c e ,  s i n c e  t h e y  d e a l  w i t h  c a s e s  w i t h  hounded r u n t i m e .  

I n  t h e  n o n - t e r m i n a t i o n  example  a t  t h e  e n d  o f  s e c t i o n  7 t h e r e  is  

n e i t h e r  any d i f f e r e n c e . ,  s i n c e  t h e  program is d e t e r m i n i s t i c .  

From t h e  t r e e - p r o g r a m  d i s c u s s e d  e a r l i e r  i n  t h i s  s e c t i o n  

i t  c a n  be s e e n  t h a t  (RECURS( ) ) and RECURS( ) need  n o t  
96 

h a v e  t h e  snme P r e d  - s e m a n t i c s  i n  n o n d e t e r m i n i s t i c  c a s e s  w i t h  
+ 

i n f i n i t e  s t a t e  s p a c e .  If w e  t u r n  t o  P r e d  , s e m a n t i c s ,  however,  

it seems t h a t  w e  o n l y  need  m o n o t o n i c i t y  p r o p e r t i e s  i n  o r d e r  t o  

show t h a t  
t + 

T o t i n f  ( $RECURS ( ) = T o t i n f  (RECURS((P ) , 
which  means t h a t  RECURS( c a n  h e  c o n s i d e r e d  a s  t h e  maximal Y 
f i x e d  p o i n t .  


