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Summary. 

The c a l c u l u s  deve loped  i n  t h i s  p a p e r  i s  c l a i m e d  t~ b~ a b l e  t o  
embrace  a l l  t h e  e s s e n t i a l  a s p e c t s  of  h u t o n a t h ,  a p a r t  from t h e  
f e a t u r e  of t y p e  i n c l ~ ~ s l o n ,  whlc h w i l l  n o t  be considered 171 

t h l s  p a p e r .  The c a l c u l u s  d e a l s  w i t h  a  c o r r e c t n e s s  n o t i o n  
f o r  lambda- typed  lambda f o r m u l a s  (wh ich  a r e  p r e s e n t e d  
i n  t h e  form o i  what w i l l  be c a l l e d  lambda t r e e s ) .  To a n  
Autoillat h book t h e r e  c o r r e s p o n d s  a  s i n g l e  lambda t r e e ,  and t h e  
t h e  c o r r e c t n e s s  of t h e  book i s  e q u i v a l e n t  t o  t h e  c o r r e c t n e s s  of 
t h e  t r e e .  The a l g o r i t h m i c  d e f i n l t l o n  o t  c o r r e c t n e s s  of  1,imbda t r e e s  
c o r r e s p o n d s  t o  a n  e f f i c i e n t  c h e c k i n g  a l g o r i t h m  f u r  Au tona th  books.  

1.  I n t r o d u c t i o n  

I.1. Automath and lambda c a l c u l u s .  We a r e  n o t  g o i n g  t o  e x p l a i n  
k u t m i a t h  i n  t h i s  p a p e r ;  f o r  r e f e r e n c e s  and a  k e w  r emarks  
w e  r e f e r  t o  s e c t i o n  6.1. The b a s i c  common f e a t u r e  of t h e  
l a n g u a g e s  of t h e  Automath f a n l i l y  i s  lambda- typed  lambda c a l c u l u s .  
N e v e r t h e l e s s  Automath has  v a r i o u s  a s p e c t s  of  a  d i f f e r e n t  n a t u r e ,  
o f  w h i c h  we men t ion  t h e  c o n t e x t  a d m i l l i s t r a t i o n  and t h e  mechanism 
of l n s t a n t i a t l o n .  Moreover t h e r e  i s  t h e  notion of  d e g r e e ,  and t h e  

r u l e s  of  t h e  l a n g u a g e s ,  i n  p a r t i c u l a r  t h o s e  r e g a r d i n g  a b s t r a c t o r s ,  
a r e  d i f f e r e n t  f o r  d i f f e r e n t  d e g r e e s .  But a  l a r g e  p a r t  o f  what can  
be s a i d  a b o u t  Au tona th ,  i n  particular a s  f a r  a s  l a n g u a g e  t h e o r y  i s  
c o a c e r n e d ,  c a n  be s a i d  a b o u t  t h e  ba re  l s r t bda - typed  lambda c a l c u l u s  
a l r e a d y .  

I n  de  E r u i j n  (1571)  i t  was d e s c r i b e d  how a c o a p l e t e  Automath 
book can  be c o n s i d e r e d  as  a  s i n g l e  l s n b d a  c a l c u l u s  f o r m u l a ,  and 
t h a t  ~ d e a  gave  r i s e  t o  work on l anguage  t h e o r y  ( K e d e r p e l t ( i 9 7 3 ) ,  
van Daa len  ( 1 9 8 0 ) )  a b o u t  t h e  lambda-typed lambda c a l c u l u s  sys t em 
c a l l e d  JL . T h i s  sys t em of condensation of an Au tona th  book 
i n t o  a  s i n g l e  fo rmula  (ALIT-SL: s i n g l e  l i n e  Automath hook) had a  
d l s d d v a n t a g e ,  however. I n  o r d e r  t o  p u t  t t ie  book l n t o  t h e  
l'inibda c a l c u l u s  framework i t  was n e c e s s a r y  t o  i i r s t  e l i m i n a t e  
311 d e f i n i t i o n a l  l i n e s  of  t h e  book. C o n s i d e r i n g  t h e  f a c t  



t h a t  t h e  d e s c r i p t i o n  of a  m a t h e m a t i c a l  s u b j e c t  may i n v o l v e  a 
l a r g e  number of  d e f i n i t i o n s ,  t h e  e x p o n e n t i a l  g r o w t h  i n  l e n g t h  
we g e t  by e l i m i n a t i n g  them one  by o n e ,  i s  p r o h i b i t i v e  i n  
p r a c t i c e :  i t  can  s e r v e  a  t h e o r e t i c a l  p u r p o s e  o n l y .  

The k i n d  of  lambda-typed lambda c a l c u l u s  t o  be d e v e l o p e d  
i n  t h e  p r e s e n t  pape r  may be b e t t e r  i n  t h i s  r e s p e c t .  I t  
makes i t  p o s s i b l e  t o  keep  t h e  f u l l  a b b r e v i a t i o n a l  power 
of  Automath books w i t h i n  t h e  framework of  a  lambda  c a l c u l u s .  
I n  t h i s  framework a  number of  f e a t u r e s  of  A u t o n a t h  c a n  be 
e x p l a i n e d  i n  a  u n i t y i n g  way. L i n e s ,  c o n t e x t s  and  i n s t a n t i a t i o n s  
a l l  v a n i s h  f rom t h e  s c e n e .  They f i n d  t h e i r  n a t u r a l  e x p r e s s i o n  i n  
t h e  lambda c a l c u l u s ,  l i k e  i n  AUT-SL, b u t  now w i t h o u t  l o o s i n g  t h e  
r e l a t i o n  w i t h  t h e  o r i g i n a l  Automath book. I n  p a r t i c u l a r  t h e  way 
w e  a c t u a l l y  check  t h e  c o r r e c t n e s s  of  an  Automath book i s  d i r e c t l y  
r e l a t e d  t o  a n  e f f i c i e n t  way t o  check  t h e  c o r r e c t n e s s  o f  a  lambda 
fo rmula .  

T h e r e f o r e  t h e  c h e c k i n g  a l g o r i t h m  d e s c r i b e d  i n  t h i s  p a p e r  
can  be e x p e c t e d  t o  become a  b a s i s  of  a l l  c h e c k e r s  o f  
Au toma th - l i ke  l a n g u a g e s .  The l i t t l e  d i f f e r e n c e s  be tween t h e  
v a r i o u s  members o f  t h e  Automat h  f a m i l y  l e a d  t o  r a t h e r  s u p e r f i c i a l  
m o d i f i c a t i o n s  o f  t h a t  b a s i c  program. It c a n  be e x p e c t e d  c h a t  most  
of  t h e s e  m o d i f i c a t i o n s  w i l l  be f e l t  a t  t h e  i n p u t  s t a g e  o n l y .  

The p a p e r  i s  r e s t r i c t e d  t o  t h e  Automath l a n g u a g e s  
w i t h o u t  t y p e  i n c l u s i o n .  The f e a t u r e  of  t y p e  i n c l u s i o n  (wh ich  i s  
used  i n  AUT68 and AUT-QE) r e q u i r e s  m o d i f i c a t i o n s  i n  t h e  
c o r r e c t n e s s  d e f i n i t i o n  and t h e  c h e c k i n g  a l g o r i t h m .  We s h a l l  n o t  
d i s c u s s  s u c h  m o d i f i c a t i o n s  h e r e .  

1.2.  T r e e s .  The pape r  h a s  a n o t h e r  f e a t u r e ,  n o t  s t r o n g l y  r e l a t e d  t o  
t h e  main theme. Tha t  f e a t u r e  i s  t h e  p redominan t  p l a c e  g i v e n  t o  
t h e  d e s c r i p t i o n  i n  t e r m s  o f  t r e e s  r a t h e r  t h a n  t o  t h e  one  i n  terms 
o f  c h a r a c t e r  s t r i n g s .  Of c o u r s e ,  t h i s  may be c o n s i d e r e d  as j u s t  
a  m a t t e r  of  t a s t e .  K e v e r t h e l e s s  i t  may have a n  a d v a n t a g e  t o  
have a  c o h e r e n t  d e s c r i p t i o n  i n  t e rms  of  t rees,  i n  p a r t i c u l a r  
f o r  f u t u r e  r e f e r e n c e .  

The a u t h o r  b e l i e v e s  t h a t  i f  i t  e v e r  comes t o  t r e a t i n g  t h e  
t h e o r y  o f  Automath i n  an  Automath book, t h e  t r e e s  may s t a n d  a  
b e t t e r  c h a n c e  t h a n  t h e  c h a r a c t e r  s t r i n g s .  

2 .  Lambda t r e e s  

2 .1 .  What t o  t a k e  a s  f u n d a m e n t a l ,  c h a r a c t e r  s t r i n ~ s  o r  
.~ rees .  S y n t a x  i s  c l o s e l y  c o n n e c t e d  t o  t r e e s .  F o r m u l a s ,  and  
o t h e r  s y n t a c t i c  s t r u c t u r e s ,  a r e  g i v e n  a s  s t r i n g s  o f  c h a r a c t e r s ,  
but  c a n  be r e p r e s e n t e d  by means of  t r e e s .  On t h e  o t h e r  hand ,  
t r e e s h a p e d  s t r u c t u r e s  can  be coded i n  t h e  form o f  s t r i n g s  o f  
c h a r a c t e r s .  One migh t  s a y  t h a t  t h e  t r e e s  and t h e  c h a r a c t e r  
s t r i n g s  a r e  two f a c e s  of one  and t h e  same s u b j e c t .  The  t r e e s  
a r e  u s u a l l y  c l o s e r  t o  t h e  n a t u r e  of t h i n g s ,  t h e  c h a r a c t e r  s t r i n g s  
a r e  u s u a l l y  b e t t e r  f o r  comnun ica t ion .  O r ,  t o  p u t  i t  i n  t h e  
s u p e r f i c i a l  form of a  s l o g a n ,  t h e  t r e e s  a r e  what  w e  mean, t h e  
s t r i n g s  a r e  what we s a y .  

D i s c u s s i n g  s y n t a x  w e  have t o  choose  which  o n e  of  t h e  two 
p o i n t s  of  v i e w ,  t r e e s  o r  s t r i n g s ,  i s  t o  be t a k e n  a s  t h e  p o i n t  
of d e p a r t u r e .  U s u a l l y  one  seems t o  p r e f e r  t h e  c h a r a c t e r  s t r i n g s ,  
bu t  we s h a l l  t a k e  t h e  l e s s  t r a d i t i o n a l  v i ew  t o  s t a r t  f rom t h e  
t r e e s .  One can  have v a r i o u s  r e a s o n s  f o r  t h i s  p r e f e r e n c e ,  b u t  h e r e  
we m e n t i o n  t h e  f o l l o w i n g  two as r e l e v a n t  f o r  t h e  present paper :  

( i )  It seems t o  be e a s i e r  t o  t a l k  a b o u t  t h e  v a r i o u s  p o i n t s  
of a  t r e e  t h a n  a b o u t  t h e  v a r i o u s  " p l a c e s "  i n  a  c h a r a c t e r  s t r i n g .  



( i i )  The trees make i t  e a s i e r  t o  d i s c u s s  t h e  matter of bound 
v a r i a b l e s .  

We s h a l l  u s e  t h e  c h a r a c t e r  s t r i n g s  as a k i n d  of s h o r t h a n d  i n  
c a s e s  where  t h e  trees become i n c o n v e n i e n t .  T h i s  s h o r t h a n d  i s  q u i t e  
o f t e n  e a s i e r  t o  w r i t e ,  t o  p r i n t  and t o  r e a d ,  b u t  t h e  r e a d e r  s h o u l d  
know a l l  t h e  t i m e  t h a t  t h e  t r e e s  a r e  t h e  m a t h e m a t i c a l  s t r u c t u r e s  
w e  r e a l l y  i n t e n d  t o  d e s c r i b e .  I n  s e c t i o n  2.7 we s h a l l  d i s p l a y  t h e  
t h e  s h o r t h a n d  r u l e s .  

& 2 .  The i n f i n i t e  b i n a r y  t ree.  We s t a r t  f rom a s e t  w i t h  two 
e l e m e n t s ,  1 and r (mnemonic f o r  " l e f t "  and " r i g h t " ) .  W i s  t o  be 
t h e  s e t  o f  a l l  words o v e r  { l , r ) ,  i n c l u d i n g  t h e  empty word 
s t a n d a r d  n o t a t i o n  W = { l , r ) * .  T h i s  s e t  W w i l l  be c a l l e d  t h e  
i n f i n i t e  b i n a r y  t r e e .  

We c o n s i d e r  t h e  mappings 

f a t h e r  : ( W  \ { c } )  3 W ,  
l e f t s o n  : CJ  -$ W ,  

r i g h t s o n  : W -3 W. 

The f a t h e r  of  a  word i s  o b t a i n e d  by o m i t t i n g  i t s  r i g h t m o s t  
l e t t e r ,  t h e  l e f t s o n  i s  o b t a i n e d  by a d d i n g  a n  1 on t h e  r i g h t ,  
t h e  r i g h t s o n  i s  o b t a i n e d  by a d d i n g  a n  r on t h e  r i g h t .  
Examples : 

f a t h e r ( 1 )  = C , f a t h e r ( r )  = & , f a t h e r ( l r 1 )  = l r ,  
l e f t s o n ( € )  = 1, l e f t s o n ( l r r 1 )  = l r r l l ,  
r i g h t s o n ( &  ) = r ,  r i g h t s o n ( r l 1 )  = r l l r ,  

I n  t h e s e  examples  we have  f o l l o w e d  t h e  u s u a l  s l o p p y  m y  t o  
w r i t e  words a s  c o n c a t e n a t e d  s e q u e n c e s  of l e t t e r s ,  and t o  make n o  
d i s t i n c t i o n  between a  o n e - l e t t e r  word and t h e  l e t t e r  i t  c o n s i s t s  
o f .  

We d e f i n e  t h e  b i n a r y  i n f i x  r e l a t i o n  < by a g r e e i n g  t h a t  u  < v  
( w i t h  u 6  W ,  v 6  W )  means t h a t  t h e  word u  i s  o b t a i n e d  from t h e  word 
v  by o m i t t i n g  one  o r  more l e t t e r s  on t h e  r i g h t .  So l r r  < l r r r l ,  
a n d C <  u  f o r  a l l  uc-W \ { &  ). The r e l a t i o n  i s  o b v i o u s l y  t r a n s i t x v e .  
A s  u s u a l ,  u &  v  means t h a t  e i t h e r  u  < v  o r  u  = v. And v  > u  (vz u )  
w i l l  mean t h e  same t h i n g  a s  u  < v  ( u  5 v ) .  

2 .3 .  B i n a r y  t r e e s .  We s h a l l  c o n s i d e r  a l l  b i n a r y  t r e e s  t o  be 
f i n i t e  s u b t r e e s  o f  t h e  i n f i n i t e  b i n a r y  t r e e .  A b i n a r y  t r e e  i s  
a f i n i t e  s u b s e t  V of  W w i t h  t h e  f o l l o w i n g  p r o p e r t i e s :  ( i ) l ,  4- V ,  
( i i )  f o r  a l l  ~ 1 4 - V  w i t h  u  + (: we have f a t h e r ( u ) e V ,  ( i i i )  i f  u e V  
t h e n  l e f t s o n ( u )  V i f  and o n l y  i f  r i g h t s o n ( u )  V .  

E l emen t s  o f  V a r e  c a l l e d  p o i n t s  o f  t h e  b i n a r y  tree. 
I f  u tV and l e f t s o n ( u )  $ V ,  r i g h t s o n ( u )  4- V ,  t h e n  u  i s  c a l l e d  

an  e n d - p o i n t  of V .  The s e t  o f  a l l  e n d - p o i n t s  i s  d e n o t e d  V 
C 

The 
p o i n t  C i s  c a l l e d  t h e  root of V.  

T h e r e  a r e  two p o p u l a r  ways t o  draw two-d imens iona l  p i c t u r e s  
of a  b i n a r y  tree.  The way w e  f o l l o w  i n  t h i s  p a p e r  i s  t o  draw s o n s  
above t h e i r  f a t h e r s .  The o t h e r  one  has  t h e  f a t h e r s  above t h e i r  s o n s  
( s u c h  p i c t u r e s  c a n  be c a l l e d  weeping  w i l l o w s ) .  I n  bo th  c a s e s  
l e f t s o n ( u )  i s  drawn t o  t h e  l e f t  of r i g h t s o n ( u ) ,  f o r  a l l  u. R e a d e r s  
w h o  p r e f e r  t o  draw weeping  w i l l o w s  i n s t e a d  o f  u p r i g h t  t r e e s  w i l l  n o t  
liave a n y  t r o u b l e ,  s i n c e  f o r  t h e i r  b e n e f i t  we s h a l l  a v o i d  t h e  u s e  o f  
t e rms  l i k e  "up", "down", "above",  "below" f o r  d e s c r i b i n g  v e r t i c a l  
orientation. The inequality < is neutral i n  t h i s  r e spec t ,  

2 . 4 .  L a b e l s .  We c o n s i d e r  t h r e e  d i f f e r e n t  o b j e c t s  o u t s i d e  W. They 



w i l l  be c a l l e d  A ,  T  a n d  't. E l e m e n t s  o f  t h e  set  WV{A, T, 'T) w i l l  
be c a l l e d  l a b e l s .  P o i n t s  w i t h  l a b e l  A o r  T  w i l l  be c a l l e d  A-nodes 
and T - n o d e s ,  r e s p e c t i v e l y .  

I f  V i s  a b i n a r y  t r e e  t h e n  a n y  mapping  o f  V i n t o  t h e  set o f  
l a b e l s  i s  c a l l e d  a  l a b e l i n g  o f  V. I f  f  i s  a l a b e l i n g ,  a n d  u  & V ,  
t h e n  f ( u )  i s  c a l l e d  t h e  l a b e l  o f  u .  

2.5. D e f i n i t i o n  of lambda trees.  A l ambda  t ree  i s  a p a i r  (V,  l a b ) ,  
where  V i s  a  b i n a r y  t r ee ,  a n d  l a b  i s  a l a b e l i n g  ok V t h a t  s a t i s f i e s  
t h e  f o l l w i n g  c o n d i t i o n s  ( i ) ,  ( i i ) ,  ( i i i ) :  

( i )  I f  u  V \ VQ t h e n  l a b ( u )  L- {A, T ) .  
( i i )  I f  u  C V, t h e n  l a b ( u )  & V L' { 7 ) . 
( i i i )  I f  u  C Ve and  l a b ( u )  (; V t h e n  

l a b ( l a b ( u ) )  = T  and r i g h t s o n ( l a b ( u ) ) <  u .  

2.6.  An e x a m p l e .  We g i v e  a n  e x a m p l e  w i t h  17  p o i n t s .  T h e s e  
p o i n t s  a n d  t h e i r  l z i b e l s  a r e  s p e c i f i e d  a s  f o l l o w s :  

l a b ( L )  = T ,  l a b ( 1 )  = 2' , l a b ( r )  = T ,  l a b ( r 1 )  = T ,  
l a b ( r l 1 )  = T , l a b ( r 1 r )  = A ,  l a b ( r l r 1 )  = r l ,  
l a b ( r 1 r r )  = C ,  l a b ( r r )  = A ,  l a b ( r r 1 )  = T ,  
l a b ( r r l 1 )  = r ,  l a b ( r r 1 r )  = 7 , l a b ( r r r )  = T ,  
l a b ( r r r 1 )  = c, l a b ( r r r r )  = T ,  l a b ( r r r r 1 )  = r r r ,  

l a b ( r r r r r )  = r .  

F i g u r e  1 .  A l ambda  

d o e s  n o t  show t h e  names o f  t h e  p o i n t s ,  b u t  i t  d o e s  show 
t h e i r  l a b e l s  a s  f a r  a s  t h e y  are A ,  T  o r  . I n  t h e  c a s e s  
o f  p o i n t s  u w i t h  l a b e l s  i n  V we h a v e  i n d i c a t e d  l a b ( u )  by 
means o f  a  d o t t e d  a r r o w  f r o m  u  ( w h i c h  i s  a l w a y s  a n  e n d - p o i n t ,  
a c c o r d i n g  t o  2 . 5 ( i ) )  t o  l a b ( u )  ( w h i c h  i s  a p o i n t  o n  t h e  p a t h  f r o m  
u  t o  t h e  r o o t  o f  t h e  t r e e ) .  I n d e e d  t h e  a r r o w s  a l w a y s  g o  t o  p o i n t s  
w i t h  l e v e l  T ,  and  a t  s u c h  p o i n t s  t h e  a r r o w s  a l w a y s  come f r o m  t h e  
r i g h t ,  a c c o r d i n g  t o  2.5 ( i i i ) .  

2 .7 .  R e p r e s e n t a t i o n  o f  a  l ambda  t r e e  a s  a c h a r a c t e r  s t r i n g .  
We b e g i n  by t a k i n g  a  se t  of  i d e n t i f i e r s  t o  be c a l l e d  dummies.  
They a r e  n o  e l e m e n t s  o f  t h e  s e t  o f  l a b e l s .  Next  i n  some 
a r b i t r a r y  way we a t t a c h  a  dummy t o  e v e r y  p o i n t  of t h e  t r ee  t h a t  
h a s  l a b e l  T ,  and  d i f f e r e n t  p o i n t s  g e t  d i f f e r e n t  dummies.  I n  
t h e  e x a m p l e  o f  2.6 we a t t a c h  x l  t o  , x2 t o  r ,  x 3  t o  r l ,  x4 t o  
r r l ,  x 5  t o  r r r ,  x6 t o  r r r r .  

We c a n  now a l s o  a t t a c h  dummies t o  t h e  e n d - p o i n t s  a s  f a r  a s  
t h e i r  l a b e l  i s  n o t r  . To t h e  e n d - p o i n t  u  ( w i t h  l a b e l  l a b ( u ) e  V )  
we a t t a c h  t h e  s a n e  dummy a s  we a t t a c h e d  t o  l a b ( u ) .  The p o i n t  
l a b ( u )  w i t h  i t s  dummy i s  c a l l e d  t h e  b i n d i n g  i n s t a n c e  o f  t h e  
dummy, t h e  p o i n t  u  w i t h  i t s  dummy i s  c a l l e d  a  bound i n s t a n c e .  I n  
f i g u r e  2 t h e  dummies a r e  shown. The a r r o w s  c o u l d  b e  o m i t t e d  s i n c e  



F i g u r e  2 .  T r e e  w i t h  named dummies.  

t h e i r  information i s  p r o v i d e d  by t h e  dummies: t h e  a r r o w s  r u n  f r o m  
t h e  bound i n s t a n c e s  o f  a  dunmie  t o  i t s  b i n d i n g  i n s t a n c e .  

We now p r o d u c e  t h e  c h a r a c t e r  s t r i n g  r e p r e s e n t a t i o n  
by t h e  f o l l o w i n g  a l g o r i t h m  t h a t  a t t a c h e s  c h a r a c t e r  s t r i n g s  
t o  a l l  s u b t r e e s :  

( i )  A  s u b t r e e  c o n s i s t i n g  of a s i n g l e  p o i n t  i s  r e p r e s e n t e d  
by T i f  i t s  l a b e l  i s  C and  by i t s  dummy i f  i t  i s  a  bound 
i n s t a n c e  o f  t h a t  dummy. 

(ii) A S u b t r e e  whose r o o t  i s  l a b e l e d  by A, t o  w h i c h  t h e r e  
i s  a t t a c h e d  a l e f t - h a n d  s u b t r e e  ( w i t h  c h a r a c t e r  s t r i n g  P )  a n d  a  
r i g h t - h a n d  s u b t r e e  ( w i t h  c h a r a c t e r  s t r i n g  Q ) ,  g e t s  t h e  c h a r a c t e r  
s t r i n g  <P>Q. 

( i i i )  A s u b t r e e  whose r o o t  i s  l a b e l e d  by T ,  w i t h  dummy x i ,  
s a y ,  a n d  w i t h  P and  Q a s  u n d e r  ( i i ) ,  g e t s  t h e  c h a r a c t e r  s t r i n g  
[ x i  : P ]  Q. 

I f  we a p p l y  t h e  a l g o r i t h m  t o  t h e  tree of  f i g u r e  2 we g e t  

The way back  f r o m  c h a r a c t e r  s t r i n g  t o  l ambda  t r e e  i s  e a s y ,  
and  we o m i t  i t s  d e s c r i p t i o n .  

2.8. Remarks.  The f o l l o w i n g  r e m a r k s  m l g h t  g i v e  some b a c k g r o u n d  
t o  o u r  d e f i n i t i o n s  and  n o t a t i o n s .  

( i )  The  n o t a t i o n  [ x : P ] Q  i s  t h e  n o t a t i o n  i n  A u t o n a t h  f o r  t h e  
t y p e d  l a m b d a  a b s t r a c t i o n .  Here  t h e  b i n d i n g  dummy x  i s  d e c l a r e d  
a s  b e i n g  o f  t y p e  P. I n  u n t y p e d  lambda c a l c u l u s  o n e  m i g h t  w r i t e  
[x]~, b u t  i t  i s  u s u a l l y  w r i t t e n  w i t h  a  l ambda :  h.(2 o r  A x  Q. 

( i i )  I n  s t a n d a r d  l ambda  c a l c u l u s  t h e r e  i s  t h e  c o n s t r u c t  
c a l l e d  " a p p l i c a t i o n " ,  u s u a l l y  w r i t e n  a s  a  c o n c a t e n a t i o n  QP. The  
i n t e r p r e t a t i o n  i s  t h a t  Q i s  a f u n c t i o n ,  P a v a l u e  o f  t h e  a r g u m e n t ,  
a n d  t h a t  QP i s  t h e  v a l u e  o f  t h e  f u n c t i o n  Q a t  t h e  p o i n t  P. 

The A u t o n a t h  n o t a t i o n  p u t s  t h e  a r g u m e n t  i n  f r o n t  o f  t h e  
t u n c t i o n :  i t  h a s  <P>Q i n s t e a d  of QP. The d e c i s i o n  t o  p u t  t h e  
" a p p l i c a t o r "  <P> i n  f r o n t  o f  t h e  f u n c t i o n  12, i s  i n  harmony w i t h  
t h e  c o n v e n t i o n  t o  p u t  a b s t r a c t o r s  ( l i k e  t h e  [ x : P ]  a b o v e )  i n  f r o n t  
o f  wha t  t h e y  o p e r a t e  on.  

O l d e r  Automath  p u b l i c a t i o n s  had {P}Q i n s t e a d  o f  <P>Q. 
( i v )  The r h a s  a b o u t  t h e  same r o l e  t h a t  i s  p l a y e d  i n  

Automath  by ' type '  and 'prop ' ,  t h e  b a s i c  e x p r e s s i o n s  o f  
d e g r e e  1. 

( v )  The l a b e l s  A  and T i n  t h e  l a ~ b d a  t ree  a r e  mnemonic 
f o r  " a p p l i c a t i o n "  and " t y p i n g " .  

( v i )  The t y p i n g  n o d e s  a r e  a t  t h e  same t i m e  l ambda  n o d e s .  
T h i s  i s  d i f f e r e n t  f r o m  what  we had i n  d e  ~ r u i j n  ( l 9 7 ~ ) ,  s e c t i o n  13 ;  
t h e r e  t h e  l ambda  was a  s e p a r a t e  node  i n  t h e  r i g h t - h a n d  s u b t r e e  
o f  t h e  n o d e  w i t h  l a b e l  T. T a k i n g  them t o g e t h e r  h a s  t h e  e f f e c t  
t h a t  t h e  a r r o w s  i n  t h e  l ambda  t r e e  l e a d  t o  n o d e s  l a b e l e d  T 
i n s t e a d  of  , a n d  t h a t  t h e  p r o v i s i o n  h a s  t o  be made t h a t  



a r r o w s  l e a d i n g  t o  a  T-node a lways  a r r i v e  f rom t h e  r i g h t  ( s e e  
2.5 ( i i i ) ) .  

I n  t h e  c h a r a c t e r  s t r i n g  r e p r e s e n t a t i o n  t h i s  p r o v i s i o n  means 
t h a t  i n  t h e  c a s e  o f  [x:P]Q t h e  dummy x  d o e s  n o t  o c c u r  i n  P. 

( v i i )  The tree o f  f i g u r e  2  c a n  be p r e s e n t e d  i n  namef ree  
form by means of  t h e  r e f e r e n c e  d e p t h  sys t em.  We e x p l a i n  
i t  h e r e :  I f  t h e r e  i s  a n  a r r o w  from a n  e n d - p o i n t  u  t o  l a b ( u )  
t h e n  t h e  r e f e r e n c e  d e p t h  of  u i s  t h e  number o f  v  w i t h  
l a b ( v )  = T and l a b ( u )  < v  < r i g h t s o n ( v )  5 u .  We can  r e p l a c e  t h e  
i n f o r m a t i o n  c o n t a i n e d  i n  l a b ( a )  by t h e  r e f e r e n c e  d e p t h  o f  u.  
I f  t h a t  d e p t h  i s  3 ,  s a y ,  t h e n  we f i n d  l a b ( u )  by p r o c e e d i n g  from 
u  t o  t h e  r o o t  of t h e  t r e e ;  t h e  p o i n t  w e  want  i s  t h e  t h i r d  
T-node w e  m e e t ,  p r o v i d e d  t h a t  we o n l y  c o u n t  T-nodes we a p p r o a c h  
from t h e  r i g h t .  

Fo r  t h e  t r e e  o f  f i g u r e  1 t h i s  i s  c a r r i e d  o u t  i n  f i g u r e  3. 
Conpa r ing  f i g u r e  3 t o  f i g u r e  2 w e  n o t e  t h a t  t h e  t h r e e  o n e s  i n  
f i g u r e  3  l e a d  t o  t h r e e  d i f f e r e n t  dummies ( x 3 ,  x 2 ,  x5) i n  
f i g u r e  2 ,  and t h a t  t h e  two bound i n s t a n c e s  o f  x2  have  t h e  
d i f f e r e n t  r e f e r e n c e  d e p t h s  1  and 3. ---------------------------------------------------------- 

3. T r e e  w i t h  r e f e r e n c e  
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -+--- - - - - -  

I f  we p a s s  from t h e  t ree t o  t h e  c h a r a c t e r  s t r i n g  
r e p r e s e n t a t i o n ,  we can  omi t  t h e  names of  t h e  dummies. hre can  
w r i t e  t h e  namef ree  form of t h e  example of f i g u r e  2  a s  

T h i s  s i m p l e  example d e m o n s t r a t e s  t h a t  t h e  d e p t h  r e f e r e n c e  
s y s t e m  was d e s i g n e d  f o r  o t h e r  p u r p o s e s  t h a n  f o r  e a s y  r e a d i n g .  

3 .  Degree  and t y p e  

3.1. I n t r o d u c t i o n .  To e v e r y  lambda t r e e  w e  s h a l l  a s s i g n  a 
n o n - n e g a t i v e  number, t o  be c a l l e d  i t s  d e g r e e .  And w e  s h a l l  
e v e n  a s s i g n  a  d e g r e e  t o  e v e r y  e n d - p o i n t  of  a  lambda t r e e .  

I f  a  lambda t r e e  h a s  d e g r e e  > 1  we s h a l l  d e f i n e  i t s  t y p e ,  which  
i s  a g a i n  a lambda t r e e .  The d e g r e e  of  t h e  new t r e e  i s  1 l e s s  
t h a n  t h e  one  of  t h e  o r i g i n a l  one .  

A s  a  p r e p a r a t i o n  we need  t h e  n o t i o n  of  t h e  l e x i c o g r a p h i c a l  
o r u e r  i n  a  b i n a r y  t r e e .  Pioreover ,  f o r  t h e  d e f i n i t i o n  of  t h e  
t y p e  of  a lambda t r e e  we need t h e  n o t i o n  of i m p l a n t a t i o n .  

3.2. L e x i c o g r a p h i c a l  o r d e r .  I n  a  lambda tree t h e  p o i n t s  a r e  
words  c o n s i s t i n g  of 1's and r's. hle c a n  o r d e r  them a s  i n  a  
d i c t i o n a r y ,  s t a r t i n g  w i t h  t h e  empty word. For  t h e  t r e e  of f i g u r e  
1 ( s e c t i o n  2.6) t h e  d i c t i o n a r y  i s :  
f ,l,r,rl,rll,rlr,rlrl,rlrr,rr,rrl,rrll,rrlr,rrr,rrrl,rrrr, 

r r r r l  , r r r r r .  
A word u  i s  s a i d  t o  b e  l e x i c o g r a p h i c a l l y  l o w e r  t h a n  t h e  word 

v  i f  u  comes b e f o r e  v  i n  t h e  d i c t i o n a r y .  
Note t h a t  i f  u < v  t h e n  u  i s  l e x i c o g r a p h i c a l l y  l ower  t h a n  



v ,  bu t  t h e  c o n v e r s e  need  n o t  be t r u e .  

3.3. Ascendan t s .  Le t  ( V , l a b )  be a lambda t r e e .  I f  u  i s  a n  e n d - p o i n t  
w i t h  l a b ( u )  + t h e n  w e  s h a l l  d e f i n e  t h e  a s c e n d a n t  o f  u ,  t o  be 
d e n o t e d  by a s c ( u ) ;  i t  w i l l  be a g a i n  a n  e n d - p o i n t .  We n o t e  
t h a t  l a b ( u )  i s  n o t  an  e n d - p o i n t  ( s e e  2 . 5 ( i i i ) ) ,  and  t h e r e f o r e  
t h e r e  e x i s t  p o i n t s  of V which  a r e  l e x i c o g r a p h i c a l l y  h i g h e r  
t h a n  l a b ( u )  and lower  t h a n  t h a n  r i g h t s o n ( l a b ( u ) ) .  The 
l e x i c o g r a p h i c a l l y  h i g h e s t  o f  t h e s e  i s  a n  e n d - p o i n t  of  V ,  and  i t  
i s  t h i s  end -po in t  t h a t  w e  t a k e  a s  t h e  d e f i n j t i o n  o f  a s c ( u ) .  

L e t  u s  t a k e  i i g u r e  1 a s  a n  example .  The e n d - p o i n t s  a r e ,  
i n  l e x i c o g r a p h i c  o r d e r :  1, r l l ,  r l r l ,  r l r r ,  r r l l ,  r r l r ,  r r r l ,  
r r r r l ,  r r r r r .  O f  t h e s e ,  1, r l l ,  r r l r  and r r r l  have  n o  a s c e n d a n t s ,  
bu t  a s c ( r l r 1 )  = r l l ,  a s c ( r 1 r r )  = 1, a s c ( r r l 1 )  = r l r r ,  a s c ( r r r r 1 )  
= r r r l ,  a s c ( r r r r r )  = r l r r .  

3.4. Degree  of  an  e n d - p o i n t .  I f  u  i s  an e n d - p o i n t  of ( V , l a b ) ,  
and l a b ( u ) - ; t T  , t h e n  a s c ( u )  i s  l e x i c o g r a p h i c a l l y  l o w e r  t h a n  u .  
T h i s  i s  o b v i o u s  s i n c e  ( i )  a s c ( u )  i s  l e x i c o g r a p h i c a l l y  l o w e r  
t h a n  r i g h t s o n ( l a b ( u ) ) ,  ( i i )  r i g h t s o n ( l a b ( u ) )  .Lt u  by 2.5, s o  
( i i i )  r i g h t s o n ( l a b ( u ) )  i s  e i t h e r  e q u a l  t o  o r  l e x i c o g r a p h i c a l l y  
lower  t h a n  u .  

We c a n  now d e f i n e  t h e  d e g r e e  d e g ( u )  o f  t h e  e n d - p o i n t s  
one by o n e ,  p r o c e e d i n g  t h r o u g h  t h e  l e x i c o g r a p h i c a l l y  o r d e r e d  
s e q u e n c e  of  e n d - p o i n t s .  We d e f i n e  

T h i s  d e f i n e s  deg  a s  a  f u n c t i o n :  

deg  : v' 3 { l ,  2 ,  3 ,  a * *  1 

I n  t h e  e x a r p l e  o f  f i g u r e  1 ,  we have 1, r l l ,  r r l r ,  r r r l  of  
d e g r e e  1 ,  r l r l ,  r l r r ,  r r r r l  o f  d e g r e e  2 ,  and r r l l ,  r r r r r  of  
d e g r e e  3.  

3.5. Degree of a  lambda t r e e .  As t h e  d e g r e e  of a  lambda  t ree 
( V , l a b )  w e  d e f i n e  deg(w) ,  where  w i s  t h e  l e x i c o g r a p h i c a l l y  
h i g h e s t  p o i n t  of V.  T h i s  w i s  a word w i t h o u t  1's. 

Note t h a t  a  lambda t r e e  c a n  have e n d - p o i n t s  whose 
d e g r e e  exceed  t h e  d e g r e e  o f  t h e  tree. We g e t  a n  example  i f  
i n  t h e  t r e e  of  f i g u r e  1 we r e p l a c e  t h e  l a b e l  of r r r r r  by-c  : 
t h e n  t h e  t r e e  has  d e g r e e  1 bu t  i t s  p o i n t  r r l l  h a s  d e g r e e  3 .  

3 . 6 . I m p l a n t a t i o n .  Le t  ( V , l a b )  be a  lambda t r e e ,  and  u be a 
p o i n t  of  V ,  n o t  n e c e s s a r i l y  a n  e n d - p o i n t .  And l e t  S be a set  
of e n d - p o i n t s  of V .  We assume t h a t  t h e  f o l l o w n g  i m p l a n t a t i o n  
c o n d i t i o n  h o l d s :  f o r  e v e r y  w S and f o r  e v e r y  v C- V w i t h  
v 2 u ,  l a b ( v )  t V , l a b ( v )  < u  we have  r i g h t s o n ( l a b ( v ) )  < w. 

I n  t h i s  s i t u a t i o n  we s h a l l  d e s c r i b e  a new lambda t r e e  
o b t a i n e d  by i n p l a n t i n g  a t  e v e r y  p o i n t  o f  S a  copy o f  t h e  s u b t r e e  
whose r o o t  i s  u .  T h i s  new t r e e  ( V T , l a b ' )  w i l l  be d e n o t e d  a s  

F i r s t  w e  form t h e  s u b t r e e  a t  u ,  t o  be d e n o t e d  a s  
s [ r u ( u ) .  I t  i s  t h e  s e t  of a l l  words p 6 {l,r)* s u c h  t h a t  
t h e  c o n c a t e n a t i o n  up b e l o n g s  t o  V .  Next we d e f i n e  V' as 



where wp i s  t h e  c o n c a t e n a t i o n  o f  w and  p. 
I n  o r d e r  t o  d e f i n e  t h e  l a b e l i n g  l a b '  o f  V' we d i v i d e  t h e  set 

s u h ( u )  i n t o  two c a t e g o r i e s :  s u b l ( u )  a n d  s u b 2 ( u ) .  The f i r s t  
one ,  s u b l ( u ) ,  i s  t h e  s e t  o f  a l l  p  s u b ( u )  f o r  wh ich  
l a b ( u p )  E- V and l a b ( u p )  'p u. Such  a  p  h a s  t h e  p r o p e r t y  t h a t  
l a ~ ( u p )  = uq w i t h  some q  6 s u b ( u ) .  We may c a l l  t h e s e  p's p o i n t s  
w i t h  i n t e r n a l  r e f e r e n c e ,  A l l  o t h e r  p o i n t s  o f  s u b ( u )  a r e  p u t  i n t o  
s u b 2 ( u ) .  T h i s  c o n s i s t s  of  t h e  p's s u c h  t h a t  l a b ( u p )  i s  A ,  T o r  t 
and of a l l  p's f o r  which l a b ( u p ) C -  V and  l a b ( u p )  < u.  The l a t t e r  
p's may be c a l l e d  p o i n t s  w i t h  e x t e r n a l  r e f e r e n c e s .  

We a r e  now ready  t o  d e s c r i b e  t h e  l a b e l i n g  l a b '  o f  V'. For  
a l l  u  E V \ S we t a k e  l a b ' ( u )  = l a b ( u ) .  The o t h e r  p o i n t s  of  V' 
can  be u n i q u e l y  w r i t t e n  a s  wp w i t h  w  S ,  p  f- s u b ( u ) .  I f  
p e s u b 2 ( u )  we s imp ly  t a k e  l a b e ( w p )  = l a b ( u p ) .  I f  p  C- s u b l ( u ) ,  
t~oweve r ,  t h e  l a b e l  of t h e  c o p i e d  p o i n t  i s  no l o n g e r  t h e  
same a s  t h e  o r i g i n a l  l a b e l ,  b u t  t h e  copy  of  t h e  o r i g i n a l  
l a b e l .  To be p r e c i s e ,  i f  q i s  s u c h  t h a t  l a b ( u p )  = u q ,  t h e n  w e  t a k e  
lab ' (wp)  = wq. 

Note t h a t  i f  s t S t h e n  s b e l o n g s  t o  b o t h  V and V', and 
t h a t  l a b ' ( s )  can  be d i f f e r e n t  f rom l a b ( s ) .  

It i s  n o t  hard  t o  show t h a t  ( V O , l a b ' )  i s  a g a i n  a lambda t r e e .  
I n  f i g u r e  4 we show a  c a s e  of  i m p l a n t a t i o n .  The lambda t r e e  on  

. \ 
' , 

F i g u r e  4 .  I m p l a n t a t i o n .  

3 . i .  I m p l a n t a t i o n  and d e g r e e .  We k e e p  t h e  n o t a t i o n  o f  
s c c t i o n  3.6. Taking  some f i x e d  w f S w e  c a n  c o n s i d e r  t h e  wp 
( w i t h  p ( s u b ( u ) )  a s  c o p i e s  o f  t h e  c o r r e s p o n d i n g  up .  We now 
c l a i m  t h a t  t h e  d e g r e e  of  w p  i n  ( V O , l a b ' )  i s  a l w a y s  e q u a l  t o  t h e  
d e g r e e  of up  i n  ( V , l a b ) .  T h i s  c a n  be p roved  by i n d u c t i o n ,  
l e t t i n g  p  r u n  t h r o u g h  s u b ( u )  i n  l e x i c o g r a p h i c a l  o r d e r .  I f  p  i s  
an e x t e r n a l  r e f e r e n c e  t h e n  t h e  s t a t e m e n t  on  t h e  d e g r e e s  i s  a n  
e a s y  consequence  of t h e  f a c t  t h a t  t h e  p o i n t s  o f  v \ S  have  i n  ( V , l a b )  
t h e  same d e g r e e  a s  i n  ( V P , l a b ' ) .  I f  p  i s  a n  i n t e r n a l  r e f e r e n c e ,  
however,  we remark t h a t  t h e  a s c e n d a n t s  of  up  i n  ( V , l a b )  and of  wp 
i n  (V' , lab ' )  a r e  c o r r e s p o n d i n g  p o i n t s  a g a i n ,  s o  t h a t  t h e y  have  
e q u a l  d e g r e e  by t h e  i n d u c t i o n  h y p o t h e s i s .  S i n c e  d e g ( u p )  = 
= d e g ( a s c ( u p ) ) + l ,  deg (vp )  = d e g ( a s c ( w p ) ) + l ,  we a l s o  h a v e  
d e g ( u p )  = d e g ( u p ) .  

3.8. Type of  a  lambda t r e e .  I f  a lambda t ree ( V , l a b )  h a s  
d e g r e e  > 1  we s h a l l  d e f i n e  t h e  t y p e ,  wh ich  i s  a g a i n  a  lambda t r e e .  

L e t  w be t h e  l e x i c o g r a p h i c a l l y  h i g h e s t  p o i n t  o f  w ( s e e  3.5).  
If l ab (w)  = X  t h e n  ( V , l a b )  h a s  d e g r e e  1 and i t s  t y p e  w i l l  n o t  
be d e f i n e d .  The o n l y  o t h e r  p o s s i b i l i t y  i s  t h a t  l a b ( w ) c  V. Now 
l a b ( l a b ( w ) )  = T ,  whence l a b ( w )  h a s  a  l e f t s o n .  We now d e f l n e  t h e  



t y p e  of  ( V , l a b ) ,  t o  be d e n o t e d  t y p ( V , l a b ) ,  by i m p l a n t i n g  t h e  
s u b t r e e  of  l e f t s o n ( l a b ( w 1 ) )  ; h e r e  t h e  se t  S s o n s i s t s  o f  t h e  
s i n g l e  p o i n t  w :  

An example  of t y p i n g  i s  a l r e a d y  a v a i l a b l e  i n  f i g u r e  4 :  t h e  
t r e e  on  t h e  r i g h t  i s  t h e  t y p e  o f  t h e  one  on t h e  l e f t .  

2.9. Typ ing  l o w e r s  t h e  d e g r e e  by 1 .  We s h a l l  show t h a t  i f  t h e  d e g r e e  
of  ( V , l a h )  e x c e e d s  1 ,  t h e n  t h e  d e g r e e  o f  t y p ( V , l a b )  i s  one  less  
t h a n  t h e  d e g r e e  o f  ( V , l a b ) .  

L e t  a g a i n  w be a s  i n  s e c t i o n s  3.5 and 3.7. S i n c e  deg(w) > 1 ,  
w h a s  a n  a s c e n d a n t :  v  = a s c ( w ) .  Then deg(w)  = d e g ( v )  + 1 .  I n  t h e  
t e r m i n o l o g y  of s e c t i o n  3.8 w e  c a n  now s t a t e  t h a t  t h e  
l e x i c o g r a p h i c a l l y  h i g h e s t  p o i n t  i n  t y p ( V , l a b )  i s  t h e  copy of  v ,  
and s o ,  by t h e  r e s u l t  o f  t h a t  s e c t i o n ,  i t s  d e g r e e  i n  t y p ( V , l a b )  
e q u a l s  t h e  d e g r e e  of  v  i n  ( V , l a b ) .  So t h e  d e g r e e  o f  t y p ( V , l a b ) ,  
i . e . ,  t h e  d e g r e e  of  i t s  l e x i c o g r a p h i c a l l y  h i g h e s t  p o i n t ,  i s  one  
l e s s  t h a n  deg (w) ,  which  i s  t h e  d e g r e e  o f  ( V , l a b ) .  

4 .  R e d u c t i o n s  

4.1. B e t a - r e d u c t i o n .  he s h a l l  n o t  p r e s e n t  b e t a - r e d u c t i o n  
d i r e c t l y .  It w i l l  be i n t r o d u c e d  as t h e  r e s u l t  o f  a  s e t  o f  
more p r i m i t i v e  r e d u c t i o n s :  l o c a l  b e t a - r e d u c t i o n s  and  AT-removals.  
The r e a s o n  f o r  t h i s  i s  t h a t  t h e  d e l t a  r e d u c t i o n s  o f  Automath 
can be c o n s i d e r e d  a s  l o c a l  b e t a - r e d u c t i o n s ,  and n o t  a s  
o r d i n a r y  b e t a - r e d u c t i o n s .  

4 .2 .  AT-pai rs .  Le t  ( V , l a h )  be a  lambda t ree .  An AT-pair i s  a *- 
p a i r  ( u , v )  where  u  6 V ,  v  6 V ,  l a b ( ~ )  = A, l a b ( ~ )  = T ,  
v = r i g h t s o n ( u ) .  

Example: i n  f i g u r e  1  ( r r , r r r )  i s  a n  AT-pai r .  

4.3. AT-couples.  We m e n t i o n  t h a t  w h a t e v e r  w e  do  w i t h  AT-pairs  
t 

can  be g e n e r a l i z e d  t o  AT-couples .  We s h a l l  n o t  a c t u a l l y  u s e  
AT-couples,  b u t  w e  g i v e  t h e  d e f i n i t i o n  f o r  t h e  s a k e  o f  
c o m p l e t e n e s s .  L e t  n  he a  p o s i t i v e  i n t e g e r ,  l e t  u l ,  u 2 ,  ... , un 
be p o i n t s  of  V w i t h  u i  = r i g h t s o n ( u j )  f o r  1<  j+l = i C n .  
F u r t h e r m o r e ,  whenever  1 _< in < n ,  t h e  number of  i w i t h  
1 < ic: m and l a b ( u i )  = T  i s  less t h a n  t h e  number o f  
i w l t h  1 s  i (  m and l a b ( u i )  = A. And f i n a l l y  t h e  number 
of i w i t h  1 & i _C n  and l a b ( u i )  = T i s  e q u a l  t o  t h e  number 
of  i w i t h  1 5  i h  n  and l a b ( u i )  = A. Now ( u 1 , u n )  i s  c a l l e d  
an AT-couple. I t  i s  e a s y  t o  s e e  t h a t  l a b ( u 1 )  = A ,  l a b ( u n )  = T. 

The s i t u a t i o n  c a n  be i l l u s t r a t e d  by r e p l a c i n g  t h e  s e q u e n c e  
u l ,  ..., un by a  s e q u e n c e  o f  o p e n i n g  and c l o s i n g  b r a c k e t s :  u i  
i s  r e p l a c e d  by a n  o p e n i n g  o r  a  c l o s i n g  b r a c k e t  a c c o r d i n g  t o  
l a b ( u i )  = A o r  l a b ( u i )  = T.  The c o n d i t i o n s  m e n t i o n e d  above  
mean t h a t  t h e  f i r s t  and t h e  l a s t  b r a c k e t  f o r m  a m a t c h i n g  p a i r  
o f  b r a c k e t s ,  l i k e  i n  [ [ ] [ [ ] [ ] ] I .  

2 . 4 .  L o c a l  b e t a - r e d u c t i o n .  L e t  ( V , l a b )  be a  lambda  t r e e ,  and l e t  
w be a n  e n d - p o i n t  w i t h   lab(^)+^ . We assclne t h a t  t h e  p o i n t  l a b ( w )  
i s  t h e  r i g h t s o n  of  a  p o i n t  u  w i t h  l a b e l  A. So ( u , l a b ( w ) )  i s  a n  
AT-pair .  We c a n  now fo rm t h e  f o l l o w i n g  i m p l a n t a t i o n  



The passage  from ( V , l a b )  t o  (V ' , l abO)  i s  c a l l e d  l o c a l  
b e t a - r e d u c t i o n  a t  w. 

We g i v e  a n  example i n  t h e  language of c h a r a c t e r  s t r i n g s .  
L e i  ( V , l a b )  co r respond  t o  

We a p p l y  l o c a l  b e t a - r e d u c t i o n  t o  t h e  second one  of t h e  two 
bound o c c u r e n c e s  of y .  I t  comes down t o  r e p l a c i n g  t h a t  y by 
[z :w]z  ( b u t  we have t o  r e f r e s h  t h e  dummy z ) :  

[w:  r ]  [ x : < [ z : w ] z > [ ~ :  [ p :  t 1 t - ] < y > l q : w l q l r  . 
4.5. AT-removal. Le t  ( u , v )  be a n  AT-pair i n  t h e  lambda t r e e  
( V , l a b ) ,  and assume t h a t  t h e r e  i s  no w C V such  t h a t  l ab (w)  = v .  
Then we can d e f i n e  a  new lambda t r e e  (VO, lab ' )  t h a t  a r i s e s  by 
o m i t t i n g  t h i s  AT-pair and e v e r y t h i n g  t h a t  grows on u  and v  on 
t h e  l e f t .  A formal  d e f i n i t i o n  of V' i s  t h e  f o l l o w i n g  one. We omit  
u  and v  from V ,  a n d  f u r t h e r m o r e  a l l  p o i n t s  which a r e  > u l  and a l l  
p o i n t s  which a r e  ), v l .  Next e v e r y  p o i n t  of t h e  form urrw i s  
r e p l a c e d  by t h e  c o r r e s p o n d i n g  uw. I n  t h e  l a t t e r  c a s e s  t h e  l a b e l s  
a r e  r e d e f i n e d :  i f  i n  V we had l a b ( u r r w )  = u r r z  t h e n  we t a k e  
lab'(uw) = uz ;  i f ,  however, l a h ( u r r w )  i s  n o t  2 u r r  we j u s t  t a k e  
lab'(uw) = l a b ( u r r w ) .  

We g i v e  an  example o f  AT-removal i n  t h e  l anguage  of c h a r a c t e r  
s t r i n g s .  I n  

t h e r e  a r e  no bound i n s t a n c e s  of  x ,  s o  t h e  p a i r  < T > [ x : r ]  
call be removed. The r e s u l t  i s  

4.6 N i n i - r e d u c t i o n s .  Ne s h a l l  use  t h e  word m i n i - r e d u c t i o n  f o r  
what i s  e i t h e r  a  l o c a l  b e t a - r e d u c t i o n  o r  a n  AT-removal. 

4 .7 .  Be ta - reduc t ion .  Let  ( u , v )  be a n  AT-pair i n  t h e  lambda 
t r e e  ( V , l a b ) .  Then b e t a - r e d u c t i o n  of ( V , l a b )  ( w i t h  r e s p e c t  t o  
( u , v ) )  i s  o b t a i n e d  i n  two  s t e p s :  

( i )  we p a s s  from ( V , l a b )  t o  

where S i s  t h e  s e t  of a l l  w V w i t h  l a b ( w )  = v.  
( i i )  T h i s  new lambda t r e e  s t i l l  has t h e  AT-pair ( u , v ) .  To 

t h i s  p a i r  we app ly  AT-removal. 
S t e p  ( i )  can a l s o  be d e s c r i b e d  a s  a  sequence  of l o c a l  

b e t a - r e d u c t i o n s ,  a p p l i e d  one by one t o  t h e  w w i t h  l ab (w)  = v.  
The o r d e r  i n  which t h e s e  w's  a r e  t a k e n  i s  i r r e l e v a n t .  

4 .8 .  The Church-Rosser p r o p e r t y .  I n  t h e  f o l l o w i n g ,  R i s  a .--- 
r e l a t i o n  on t h e  s e t  of a l l  lambda t r e e s .  Yor example ,  t h e  
r e l a t i o n  K can be t h e  one of m i n i - r e d u c t i o n :  i f  A and I3 a r e  
l a ~ l b d a  t r e e s  t h e n  (A,K)@K e x p r e s s e s  t h a t  B i s  o b t a i n e d  
from A by mini-  r e d u c t  i o n .  

I f  A and B a r e  lambda t r e e s ,  we say t h a t  B i s  an K-reduct 
of A i f  e i t h e r  H = A o r  t h e r e  i s  a  f i n i t e  sequence  
A = A , A , ..., A = B such  t h a t  f o r  e v e r y  i ( 0  5 i (  n )  

0 1 n  



w e h a v e ( A , A  ) € R .  
i i + l  

We s a y  t h a t  lambda t r e e s  C and D a r e  R-~quiva1en-t  i f  t h e r e  
i s  an E which i s  an R-reduct  of both C and D. Simple examples 
of t h i s  a r e  ( i )  t h e  c a s e  C = D ,  and ( i i )  t h e  c a s e s  where D i s  
an K-reduct of C. 

We n o t e  t h a t  t h i s  e q u i v a l e n c e  n o t i o n  i s  o b v i o u s l y  r e f l e x i v e  
and symmetric.  I f  i t  i s  a l s o  t r a n s i t i v e ,  we s a y  t h a t  R h a s  t h e  
Church-Rosser p r o p e r t y .  

4.9.  - Church-Rosser f o r  b e t a - r e d u c t i o n s .  The famous Church-Rosser 
theorem s t a t e s  t h a t  i n  untyped lambda c a l c u l u s  t h e  s e t  of a l l  
 eta-reductions has  t h e  Church-Rosser p r o p e r t y  ( s e e  Barendregt  1980) .  
The f a c t  t h a t  we have lambda t r e e s  w i t h  T-nodes does  no t  make i t  
much h a r d e r .  The l e f t - h a n d  S u b t r e e s  of t h e  T-nodes do no t  
p l a y  a n  i m p o r t a n t  r o l e  i n  t h e  b e t a - r e d u c t i o n s ,  but  
n e v e r t h e l e s s  r e d u c t i o n s  t a k e  p l a c e  i n  t h e s e  s u b t r e e s  t o o ,  s o  
they  canno t  be i g n o r e d .  For a  t r e a t m e n t  t h a t  i n l u d e s  t h e  c a s e  
of lambda t r e e s  we r e f e r  t o  de B r u i j n  (197.2). 

4.10. Church-Rosser f o r  m i n i - r e d u c t i o n s .  The Church-Rosser 
p r o p e r t y  f o r  m i n i - r e d u c t i o n s  i s  a  s imple  consequence of t h e  
one f o r  b e t a - r e d u c t i o n s .  A c t u a l l y  two lambda t r e e s  C and D 
a r e  b e t a - e q u i v a l e n t  i f  and o n l y  i f  they  a r e  m i n i - e q u i v a l e n t .  
T h i s  f o l l o w s  from t h e  t r a n s i t i v i t y  of b e t a - e q u i v a l e n c e ,  
ccnihined w i t h  

( i )  I t  A l e a d s  t o  B by a  b e t a - r e d u c t i o n  t h e n  B i s  a  
m i n i - r e d u c t  of A. ( T h i s  was a l r e a d y  n o t e d  a t  t h e  end of 
s e c t i o n  4 . 6 ) .  

( i i )  I f  A l e a d s  t o  B by a  m i n i - r e d u c t i o n  t h e n  A and B 
a r e  b e t a - e q u i v a l e n t  . 

I n  o r d e r  t o  show ( i i )  we n o t e  t h a t  i f  t h e  m i n i - r e d u c t i o n  
o p e r a t e s  w i t h  t h e  AT-pair ( u , v ) ,  then  b e t a - r e d u c t i o n  w i t h  
r e s p e c t  t o  ( u , v )  can  be a p p l i e d  both t o  A and B ,  and t h e  
r e s u l t s  a r e  i d e n t i c a l .  

4.11. Equ iva lence .  Now t h a t  we knob7 t h a t  be ta -equ iva lence  
and m i n i - e q u i v a l e n c e  a r e  t h e  same, we j u s t  u s e  t h e  word 
e q u i v a l e n c e  f o r  both .  

5. C o r r e c t n e s s  

5.1. I n t r o d u c t i o n .  The n o t i o n  of c o r r e c t n e s s  of a  lambda 
t r e e  i s  concerned w i t h  t h e  t y p e  of t h e  P's t h a t  o c c u r  
i n  s u b t r e e s  <P>Q. Roughly s p e a k i n g ,  we r e q u i r e  t h a t  e i t h e r  
0, o r  t h e  t y p e  of Q ,  o r  t h e  t y p e  of t h e  type of 0 ,  ..., i s  
e q u i v a l e n t  t o  something of t h e  from [x:R]S, where K i s  
equivalent t o  t h e  t y p e  of P. 

The sys tem of a l l  c o r r e c t  lambda t r e e s  w i l l  be c a l l e d  
de l t a - l ambda  ( o r d h  ). I t  i s  d i f f e r e n t  from t h e  o l d e r  sys tem 
&%(see Keder e l t  1973,  van Daalen 1980) i n  t h e  f o l l o w i n g  
r e s p e c t .  I n  .A_ we always  r e q u i r e  f o r  t h e  c o r r e c t n e s s  
f o r  t h e  c o r r e c t n e s s  of <P>Q t h a t  both P and Q a r e  
c o r r e c t  themse lves .  I n  Ai\L we do n o t :  P shou ld  be 
c o r r e c t ,  but  i n  f o r m u l a t i n g  t h e  requ i rements  f o r  Q 
we may make u s e  of P. For example,  i n  <P>[x:K]S 
t h e  [x:R]S need n o t  be c o r r e c t .  We may have t o  a p p l y  
l o c a l  b e t a - r e d u c t i o n  by means of t h e  p a i r  <P>[x:K], t h a t  
t r a n s f o r m s  S i n t o  some S' such  t h a t  [x:K]ST i s  c o r r e c t .  We 
a c t u a l l y  need t h i s  f e a t u r e  i f  we want t o  i n t e r p r e t  a n  Automath 



book a s  a  c o r r e c t  lambda t r e e .  

5.2. Subd iv ided  lambda t r e e s .  I n  o r d e r  t o  f a c i l i t a t e  t h e  
f o r n u l a t i o n  of  c o r r e c t n e s s ,  we i n t r o d u c e  a  p a r t i c u l a r  kind of 
lambda t r e e s ,  where t h e  p o i n t s  a r e  c o l o r e d  r e d ,  whi te  and 
blue .  We c o n s i d e r  a  q u a d r u p l e  ( V , l a b , p , q ) ,  where ( V , l a b )  i s  
a  lambda t r e e ,  and p ,  q a r e  non-negat ive  i n t e g e r s .  Every 
u  V i s  a  word of r's and l 's, and by n r ( u )  we deno te  t h e  
number of  r's i t  s t a r t s  w i t h .  So n r ( C )  = 0,  n r ( r r )  = 2 ,  
n r ( r r 1 r )  = 2 ,  e t c .  The p o i n t s  u  w i t h  n r ( u ) <  p  a r e  c a l l e d  
r e d ,  t h o s e  w i t h  p  < n r ( u )  5 q  w h i t e ,  t h o s e  w i t h  n r ( u )  > q b lue .  

The p o i n t s  , r ,  r r ,  r r r ,  ... a r e  c a l l e d  main l i n e  p o i n t s .  
We s h a l l  c a l l  ( V , l a b , p , q )  a  subd iv ided  lambda t r e e  i f  

( i )  and ( i i )  h o l d :  
( i )  The w h i t e  main l i n e  p o i n t s  a l l  have l a b e l  A. 
( i i )  Among t h e  red  main l i n e  p o i n t s  t h e r e  a r e  no two 

c o n s e c u t i v e  l a b e l s  A ,  and t h e  l a s t  one i n  t h e  red  sequence 
c, , r ,  r r ,  ... has  l a b e l  T. I n  o t h e r  words, t h e  sequence can be 

p a r t i t i o n e d  i n t o  g roups  of l e n g t h  1 and 2 ,  t h o s e  of l e n g t h  1 have 
l a b e l  T ,  and t h o s e  of  l e n g t h  2  c o n s i s t  of  two c o n s e c u t i v e  p o i n t s  
w i t h  l a b e l s  A and T,  r e s p e c t i v e l y .  

I t  i s  a n  e a s y  consequence of ( i )  and ( i i )  t h a t  t h e  s e t  
of b lue  p o i n t s  i s  non-empty. 

Note t h a t  t h e  c o n d i t i o n s  a r e  a u t o m a t i c a l l y  s a t i s f i e d  
i f  p = q  = 0. I n  o t h e r  words ,  any l anbda  t r e e  i s  a  
s u b d i v i d e d  lambda t r e e  i f  we c o l o r  i t  a l l  b lue .  

I n  t h e  l anguage  of c h a r a c t e r  s t r i n g s  a  s u b d i v i d e d  
lambda t r e e  l o o k s  l i k e  RWB, where W i s  a  ( p o s s i b l y  empty) 
s t r i n g  <Pl>...<Pk> (where k = q  - p ) ,  and R i s  a  s t r i n g  
w i t h  e n t r i e s  e i t h e r  of t h e  form [x:Q] o r  of t h e  form <P>[x:Q]. 

The r e d  p a r t  K might  be c a l l e d  a  knowledge f rame,  t h e  
whi te  p a r t  W a  w a i t i n g  l i s t .  

I n  o r d e r  t o  c l e a r l y  i n d i c a t e  t h e  s u b d i v i s i o n  we w r i t e  
t h e  c h a r a c t e r  s t r i n g  a s  ( R , W , B ) .  

5.3. The d e f i n i t i o n  of c o r r e c t n e s s .  Let  Slam3 be t h e  s e t  of 
a l l  s u b d i v i d e d  lambda t r e e s .  It can be p r e s e n t e d  a s  a  s e t  of 
t r i p l e s  (R,W,B). 

We s h a l l  d e f i n e  a  s u b s e t  Corr3  of Slam3. The e lements  o i  
Corr3  a r e  c a l l e d  t h e  c o r r e c t  e l e m e n t s  of Slam3. 

A lambda t r e e  ( V , l a b )  i s  c a l l e d  c o r r e c t  i f  
(V, lab ,U,O)  C Corr3.  We n o t e  t h a t  (V,lab,O,O) e q u a l s  (t , t ,B) 
i f  t h e  c h a r a c t e r  s t r i n g  B r e p r e s e n t s  ( V , l a b ) .  A s  a lways ,  & s t a n d s  
f o r  t h e  empty s t r i n g ,  and we s h a l l  u s e  t h e  obv ious  n o t a t i o n s  
t o r  c o n c a t e n a t i o n  of c h a r a c t e r  s t r i n g s .  

We s t a r t  by p u t t i n g  a  s e t  of t r i p l e s  (K, \ . I ,B)  i n t o  Corr3 ,  
i n  r u l e  ( i ) ;  t h e  o t h e r  r u l e s  produce new t r i p l e s  
o n  t h e  b a s i s  of o l d  ones .  

I f  ( K ,  C , r ) Slam3 t h e n  ( R ,  E , t) f Corr3.  
I f  x  i s  a  dummy, i f  (R,W,x)& Slam3, and i f  
(K,W,typ x ) ~  Cor r3  t h e n  (K,W,x)< Corr3.  We have 
n o t  d e i i n e d  t y p  x  s e p a r a t e l y  i n  t h i s  paper  ( i t  
would n o t  be a  lambda t r e e  but p a r t  of a  lambda 
t r e e ) .  Hut we can d e f i n e  (R,W,typ x)  a s  t h e  
s u b d i v l d e d  lambda t r e e  t h a t  r e p r e s e n t s  (V' , l ab '  , p , q )  , 
where (V0 , l ab ' )  = t y p ( V , l a b ) ,  and ( V , l a b , p , q )  i s  
r e p r e s e n t e d  by (K,W , x ) .  
I f  ( R ,  E , K )  6 Corr3  a n d  (R,W<K>,B) 6 Corr3  then  
(K,W ,<K>B)& Corr3.  
I f  ( K , C . , U ) & C o r r 3 ,  (K[x :U] ,€  , B ) &  Cor r3 ,  t h e n  



(R,  L , [x:U]B) k Cor r3 .  
( v )  I f  ( R ,  € , U )  E C o r r 3 ,  (R<K>[x:U],W,b)C Cor r3 ,  

and  i f  TP(R,K,U) h o l d s ,  t h e n  
( K , w < K > ,  [ x : u ] B )  c Corr3 .  He re  TP s t a n d s  f o r  " type  
p r o p e r t y " ,  and TP(R,K,U) i s  t h e  s t a t e m e n t  t h a t  i f  
(K, & , U )  and ( K , t , P )  r e p r e s e n t  ( V , l a b , p , p )  and 
( V O , l a b ' , p , p ) ,  r e s p e c t i v e l y ,  t h e n  (V ' , l abO)  i s  
e q u i v a l e n t  t o  typ(V , l a b ) .  

We r e m a r k  t h a t  t h e  c o n d i t i o n s  a b o u t  Sldut3 i n  r u l e s  ( i )  
and ( i i )  g u a r a n t e e  t h a t  i n d e e d  C o r r 3  i s  a s u b s e t  of Slam3. 

I t  may seem s t r a n g e  t h a t  i n  r u l e  ( i )  t h e r e  i s  
no  c o r r e c t n e s s  r e q u i r e m e n t  on K. T h e r e f o r e  w e  canno t  c l a i m  
t h a t  t h e  c o r r e c t n e s s  of  (R,W,B) i m p l i e s  t h e  c o r r e c t n e s s  of  
KWB. N e v e r t h e l e s s  i t  c a n  be shown t h a t  i f  w e  
a l g o r i t h m i c a l l y  check  t h e  c o r r e c t n e s s  o f  a  c o r r e c t  lambda 
t r e e  ( s e e  s e c t i o n  5 . 4 ) ,  w e  w i l l  n e v e r  e n t e r  i n t o  c a s e s  (K,W,B) 
where  ( t , E , R W B )  i s  n o t  c o r r e c t ,  and t h e  c o n d i t i o n s  on Slam3 
i n  ( i )  and  ( i i )  w i l l  a lways  be s a t i s f i e d .  

5.4. A l g o r i t h m i c  c o r r e c t n e s s  check .  For  e v e r y  (K,W,B)k Slam3 -- 
a t  most  one  o f  t h e  r u l e s  ( i ) - ( v )  c a n  be a p p l i e d ,  
a n d ,  a p a r t  f rom r u l e  ( i ) ,  t h a t  r e p l a c e s  t h e  q u e s t i o n  of  t h e  
c o r r e c t n e s s  by one  o r  more u n i q u e l y  d e f i n e d  o t h e r  q u e s t i o n s .  I f  
none o f  t h e  r u l e s  c a n  be a p p l i e d  w e  c o n c l u d e  t o  i n c o r r e c t n e s s .  
Those  " o t h e r  q u e s t i o n s "  a r e  a l l  a b o u t  c o r r e c t n e s s  a g a i n ,  
a p a r t  f rom t h e  TP(R,K,U) a r i s i n g  i n  ( v ) .  

T h i s  p r o v i d e s  u s  w i t h  an  a l g o r i t h m  f o r  t h e  t a s k  of  t h e  
c o r r e c t n e s s  check  f o r  a  g i v e n  lambda t r e e .  We c a n  t h i n k  o f  
t h e  j o b  as  h a v i n g  been s p l i t  i n t o  two p a r t s :  

( i )  P r e p a r i n g  a t y p e  c h e c k  l i s t .  T h i s  means t h a t  we do  n o t  
answer  t h e  q u e s t i o n  a b o u t  t h e  TP(K,K,U)'s w i t h  t h e  v a r i o u s  K , K , U  
t u r n i n g  up ,  bu t  j u s t  pu t  them on  a  l i s t  o f  j o b s  t h a t  s t i l l  
have t o  be done .  The f a c t  t h a t  a l l  d e g r e e s  a r e  f i n i t e  ( s e e  
s e c t i o n  3 .4 )  g u a r a n t e e s  t h a t  t h i s  j o b  l i s t  i s  made i n  a f i n i t e  
number o f  s t e p s .  
( i i )  E s t a b l i s h i n g  t r u t h  o r  f a l s i t y  of  t h e  v a r i o u s  TP(R,K,U)'s. 

The work u n d e r  ( i )  c a n  a l r e a d y  l e a d  t o  t h e  c o n c l u s i o n  
t h a t  o u r  lambda t r e e  i s  i n c o r r e c t .  I f  w e  f o r g e t  abou t  s y n t a c t i c  
e r r o r s  t h a t  a r i s e  i f  we a r e  p r e s e n t e d  w i t h  a s t r u c t u r e  t h a t  
i s  n o t  a  lambda t r e e  a t  a l l ,  t h i s  o n l y  happens i n  c a s e s  where 
we g e t  t o  (K,W,-t) w i t h  W Z# L , where  none o f  o u r  r u l e s  a p p l i e s .  

5.5. Remarks a b o u t  t h e  t y p e  c h e c k  l i s t .  The t y p e  check  l i s t  
c a n  be p r e p a r e d  i f  w e  s y s t e m a t i c a l l y  a p p l y  t h e  r u l e s  ( i ) - ( v ) .  
I n  e a c h  o n e  o f  t h e  r u l e s  ( i i i ) ,  ( i v ) ,  ( v )  t h e r e  a r e  two 
s u b g o a l s  whe re  some th ing  h a s  t o  be shown t o  be long  t o  c o n - 3 .  
T h e r e  a r e  good r e a s o n s  t o  t a c k l e  t h e s e  s u b g o a l s  i n  t h e  
o r d e r  i n  wh ich  t h e y  a r e  men t ioned  i n  t h e  r u l e s .  T h i s  comes 
down t o  a  l e x i c o g r a p h i c a l  t r a v e r s a l  of  t h e  lambda t ree we 
h a v e  t o  i n v e s t i g a t e .  T h i s  t r a v e r s a l  can  o c c a s i o n a l l y  be 
i n t e r r u p t e d  by some a p p l i c a t i o n  of r u l e  ( i i ) ,  which l e a d s  
t o  a n  e x c u r s i o n  i n  an e x t e n d e d  tree.  

The t y p e  check  l i s t  p r e p a r e d  by t h e  a l g o r i t h m  h i n t e d  a t  i n  
5.4 c a n  l e a d  t o  some d u p l i c a t i o n  of  work ,  by two c a u s e s :  

( i )  The g i v e n  lambda t r e e  c a n  have one  and t h e  same 
s u D s t r u c t u r e  a t  v a r i o u s  p l a c e s .  T h l s  w i l l  a c t u a l l y  o c c u r  q u i t e  
o i t e n  I£ w e  r e p r e s e n t  a n  Autornath book a s  a lambda tree. 



( i i )  A p p l i c a t i o n  of r u l e  ( i v )  of s e c t i o n  5.3 l e a d s  u s  i n t o  
a s k i n g  q u e s t i o n s  about  t y p e  x t h a t  have a l r e a d y  been answered 
b e f o r e .  

The d u p l i c a t i o n s  ment ioned i n  ( i i )  can be avoided t o  a 
l a r g e  e x t e n t :  s e e  s e c t i o n  5.8. 

We ment ion a  s h o r t c u t  t h a t  r educes  t h e  work needed t o  
p r e p a r e  t h e  t y p e  check l i s t .  I t  i s  o b t a i n e d  by s p l i t t i n g  
r u l e  ( i i )  of s e c t i o n  5.3 i n t o  ( i i ' )  and ( i i " ) :  ( i i ' )  i s  a s  ( i i ) ,  
but  w i t h  t h e  r e s t r i c t i o n  W +  f. , and 

( i i i ' )  I f  ( R ,  E ,x) C: Slam3 (where x i s  a  dummy), 
t h e n  (R, E: , x )  C Corr3.  

5.6. Kenarks abou t  t h e  t y p e  checks .  The type  checks TP(R,K,U) 
were i n t r o d u c e d  i n  5 . 3 ( v i ) .  Given K , K , U ,  we can c o n s i d e r  t h e  
q u e s t i o n  t o  e s t a b l i s h  by means of an  a l g o r i t h m  whether TP(K,K,U) 
i s  t r u e  o r  f a l s e .  The q u e s t i o n  comes down t o  e s t a b l i s h i n g  
whether  t h e  ( V , l a b )  of  5 . 3 ( v i )  has  a type  ( b h i c h  i s  s imply a  
m a t t e r  of  t h e  d e g r e e )  and whether  (V' , labF)  and t y p ( V , l a b )  have 
a  common r e d u c t .  I t  i s  q u i t e  e a s y  t o  d e s i g n  an a l g o r i t h m  t h a t  
d o e s  a  t r e e  s e a r c h  of  a l l  r e d u c t s  of (VO,lab ' )  and t y p ( V , l a b ) .  
If t h e y  do  have a  common r e d u c t ,  t h a t  f a c t  w i l l  be e s t a b l i s h e d  
i n  a  f i n i t e  t i n e .  But w i l l  " f i n i t e "  be r e a s o n a b l y  s m a l l  h e r e ?  
And what i f  t h e y  do  no t  have a  common r e d u c t ?  Are we a b l e  t o  
e s t a b l i s h  t h a t  n e g a t i v e  f a c t  i n  a  f i n i t e  t i n e ,  o r  a t  l e a s t  i n  a  
r e a s o n a b l e  t ime?  And what i f  t h e  t r e e  s e a r c h  does not  t e r m i n a t e ?  

From a  t h e o r e t i c a l  p o i n t  of  view we can say  t h a t  o u r  
q u e s t i o n s  abou t  t h e  c o r r e c t n e s s  of a  g i v e n  lambda t r e e  a r e  
d e c i d a b l e .  For t h e  sys tem A t h i s  was a l r e a d y  shown by 
K .  N e d e r p e l t  ( N e d e r p e l t  1973,  van Daalen 1980) ,  f o r  
~ 4 ~ 1  by L.S. van Benthem J u t t i n g .  It i s  done i n  two 
s t e p s  : 

( i )  Between t h e  n o t i o n  of  "lambda t r e e "  and " c o r r e c t  
lambda t r e e "  t h e r e  i s  a  n o t i o n  "norm-correct  lambda t r ee" .  For 
any g i v e n  lambda t r e e  i t  c a n  be e s t a b l i s h e d  i n  a  f i n i t e  t ime 
whether  i t  i s  o r  i s  n o t  norm-cor rec t .  

For t h e  n o t i o n  of n o r m - c o r r e c t n e s s  we r e f e r  t o  s e c t i o n  5.9. 
I n  n ' ede rpe l t  (1973) t h e  t e rm "normable" was used i n s t e a d  of 
' 'rlorm-correct". 

( i i )  For e v e r y  norm-correct  lambda t r e e  we have t h e  s t r o n g  
n o r m a l i z a t i o n  p r o p e r t y :  t h e r e  e x i s t s  a  number N (depending on 
t h e  t r e e )  s u c h  t h a t  no sequence of r e d u c t i o n s  i s  longer  than  N .  

A s  t o  ( i i )  we n o t e  t h a t  i f  we have reduced both (VP, lab ' )  
and t y p ( V , l a b )  t o  a  p o i n t  where no f u r t h e r  r e d u c t i o n s  a r e  p o s s i b l e ,  
t h e n  t h e  q u e s t i o n  becomes t r i v i a l :  i n  t h a t  c a s e ,  having a  common 
r e d u c t  j u s t  means being e q u a l .  

The s t r o n g  n o r m a l i z a t i o n  p r o p e r t y  g u a r a n t e e s  t h a t  t h e  
q u e s t i o n  whether  a  g i v e n  lambda t r e e  i s  o r  i s  n o t  c o r r e c t  
1s a d e c i d a b l e  q u e s t i o n .  

5 .7 .  P r a c t i c a l  s t a n d p o i n t .  Apar t  from t h e  c a s e s  of ve ry  
s m a l l  t r e e s ,  t h e  m a t t e r  of  d e c i d a b i l i t y  of c o r r e c t n e s s  
w i l l  n o t  be of p r a c t i c a l  v a l u e :  t h e  number N mentioned 
i n  5 . 6 ( i i )  w i l l  u s u a l l y  be  p r o h i b i t i v e l y  l a r g e .  I f  a  t r e e  
i s  i n c o r r e c t ,  t h e  f i n i t e  t ime  i t  t a k e s  t o  e s t a b l i s h  t h a t  
f a c t  may be h o p e l e s s l y  l o n g .  I t  i s  b e t t e r  t o  be more 
modes t ,  and t o  t r y  t o  d e s i g n  a l g o r i t h m s  w i t h  e f f i c i e n t  
s t r a t e g i e s ,  by means of which we can show the  c o r r e c t n e s s  
o t  t h e  lambda t r e e s  we have t o  d e a l  w i t h  i n  p r a c t i c e .  I f  



such  a l g o r i t h m s  a r e  a p p l i e d  t o  a n  i n c o r r e c t  lambda t r e e ,  t h e  
f a c t  t h a t  t h e y  have used a n  u n r e a s o n a b l e  amount of t ime w i t h o u t  
having reached  a  d e c i s i o n ,  may be c o n s i d e r e d  a s  an  i n d i c a t i o n  
t h a t  t h e  t r e e  i s  p o s s i b l y  i n c o r r e c t .  

Sometimes we can a p p l y  q u i t e  e a s y  checks  by means of which 
an i n c o r r e c t  t r e e  can  be r e j e c t e d  f a s t :  i t  might f a i l  t o  be 
norm-cor rec t ,  o r  no t  be a  lambda t r e e  a t  a l l .  O r  we might 
run i n t o  c a s e s  where t h e  t y p e  of some ( V , l a b )  i s  r e q u i r e d  
but where deg(V, lab)  = 1. 

5.8. Avoiding double  work. W e  can  r e a r r a n g e  t h e  d e f i n i t i o n  
of c o r r e c t n e s s  i n  such  a  way t h a t  i t  l e a d s  t o  an  a l g o r i t h m  
t h a t  g i v e s  j u s t  a  s i n g l e  t y p e  check c o r r e s p o n d i n g  t o  each 
A-node i n  t h e  lambda t r e e  we have t o  check t h e  c o r r e c t n e s s  o f .  

I f  we j u s t  f o l l o w  t h e  a l g o r i t h m  s k e t c h e d  i n  s e c t i o n  5.4, 
t h e  c a s e s  where we have t o  t r e a t  (R,W,typ x )  w i l l  c ause  double  
work: what i s  i n v o l v e d  i n  t y p  x  has  been e a r l i e r  d e a l t  w i t h  
i n  t h e  e x e c u t i o n  of t h e  a l g o r i t h m .  The o n l y  t h i n g  t h a t  d e s e r v e s  
t o  be checked i s  whether  t h e  A-nodes i n  W match w i t h  t h e  
T-nodes t h a t  a r i s e  from t y p  x ( p o s s i b l y  a f t e r  one o r  more 
i u r t h e r  a p p l i c a t i o n s  of  r u l e  ( i i ) ) .  

Le t  u s  d i v i d e  t h e  w a i t i n g  l i s t  i n t o  two c o n s e c u t i v e  p a r t s .  
The f i r s t  p a r t  i s  s t i l l  c a l l e d  "whi te" ,  t h e  second p a r t  i s  
c a l l e d  "yellow". For t h e  y e l l o w  p a r t  t h e  work l o a d  w i l l  be 
l i g h t e r  t h a n  f o r  t h e  w h i t e  p a r t .  A fo rmal  d e f i n i t i o n  of t h e s e  
f o u r - c o l o r e d  lambda t r e e s  i s  e a s i l y  o b t a i n e d  by s l i g h t  
n o d l f i c a t i o n  of s e c t i o n  5.2. We have t o  c o n s i d e r  ( V , l a b , p , s , q ) ;  
t h e  p o i n t s  w i t h  p  < n r ( u ) (  s a r e  w h i t e ,  t h o s e  w i t h  s < n r ( u ) s  q  
yel low.  And t h e  ye l low main l i n e  p o i n t s  a r e  r e q u i r e d  t o  have 
l a b e l  A ,  j u s t  l i k e  t h e  w h i t e  ones .  

Le t  us  d e n o t e  t h e  s e t  of t h e s e  f o u r - c o l o r e d  lambda t r e e s  
by Slam4. I t s  e l e m e n t s  w i l l  be r e p r e s e n t e d  a s  (R,W,Y,B), j u s t  
l i k e  t h o s e  of Slam3 were r e p r e s e n t e d  by(R,W,B). 

We now f o r m u l a t e  a  new d e f i n i t i o n  of c o r r e c t n e s s  of  lambda 
t r e e s ,  e q u i v a l e n t  t o  t h e  o l d  one.  The d i f f e r e n c e  i s  t h a t  t h e  
new d e f i n i t i o n  l e a d s  t o  an  a l g o r i t h m  t h a t  a v o i d s  t h e  d u p l i c a t i o n  
we h i n t e d  a t .  I t  i n v o l v e s  bo th  a  s u b s e t  of Corr3  of Slam3 and a  
s u b s e t  Corr4 of Slamb. The f i n a l  g o a l  i s  a s  b e f o r e :  (V , l ab)  i s  
c a l l e d  c o r r e c t  i f  i t s  c h a r a c t e r  s t r i n g  P  i s  such  t h a t  
( t: , c , P )  Corr3.  

A s  r u l e s  we t a k e  ( i ) ,  ( i i i ) ,  ( i v ) ,  ( v )  a s  i n  
s e c t i o n  5 .3 ,  but  we add new r u l e s  ( v i ) - ( x i i ) ,  where ( v i i )  
r e p l a c e s  t h e  d i s c a r d e d  r u l e  ( i i ) :  

( v i )  I f  (R, (. , ,T ) G Slam4 t h e n  (R, L , E ,-t ) C- Corr4.  
( v i i )  I f  x  i s  a  dunmy, and (K,W,L , x )  Corr4 

t h e n  (R,IJ,x) t Corr3.  
( v l i i )  I f  x i s  a  dummy, i f  (R,W,Y,x)GSlam4, and i f  

(K,W,Y,typ x ) ~ ,  Corr4  t h e n  (K,W,Y,x) c Corr4.  The 
d e f i n i t i o n  of (K,W,Y,typ x )  i s  s i m i l a r  t o  t h e  
one of (R,W,typ x )  i n  5 . 3 ( i i ) .  

( i x )  1t (K,W,Y<K>,B) GCorr4  t h e n  (K,W,Y , < K > B )  6 Corr4.  
( x )  I f  ( K [ x : U ] , t  , € , B ) & C o r r 4  

t h e n  ( R , E  , L  , [x :U] l3 )&Corr4 .  
( x i )  I f  (K<K>[x:U],W,C , B ) t C o r r 4  and TP(K,K,U) 

h o l d s ,  t h e n  (K,W<K>, € ,[x:U]B) e C o r r 4 .  
( x i i )  I f  (R<K>[X:U],W,Y,H)C- Corr4 

t h e n  (K,W,Y<K>, [ x : U ] B ) e  Corr4.  



A t  t h e  end of s e c t i o n  5.5 we mentioned t h e  s h o r t c u t  r u l e  
( i i i ' ) .  There  i s  a  s i m i l a r  s h o r t c u t  h e r e :  i t  can r e p l a c e  
( v i )  and ( x ) :  

(x') I f  ( K ,  t, L ,B) &Slam4 then  (R, , ,B) 6 Corr4. 

However, t h e  s e t  of r u l e s  wi thou t  s h o r t c u t s  may 
be b e t t e r  f o r  t h e o r e t i c a l  purposes .  

5.9. Weaker n o t i o n s  of c o r r e s t ~ g s s .  We can  weaken t h e  --- 
not i o n  of c o r r e c t n e s s  by weakening t h e  requ i rement  
about  T P ( R , K , U )  i n  r u l e  5 .3 (v ) .  

I i  i n  r u l e  5 .3(v)  we omit  t h e  requ i rement  of 
TP(K,K,U) a l t o g e t h e r ,  we g e t  what we can c a l l  
s e n i c o r r e c t n e s s .  

For s e m i c o r r e c t  lambda t r e e s  we can d e f i n e  
? 

a  norm c o r r e s p o n d i n g  t o  Nederpel t ' s  norm f o r  t h e  s y s t e m f l  
( s e e  Nederpe l t  1973).  A norm i s  a p a r t i c u l a r  k ind  
of lambda t r e e :  i t  has  no l a b e l s  A and a l l  end-po in t  
l a b e l s  a r e  C . To e v e r y  s e m i c o r r e c t  lambda t r e e  we a t t a c h  
such a  norm. It can be d e f i n e d  a l g o r i t h m i c a l l y  i f  we j u s t  
i o l l o w  t h e  l i s t  of s e c t i o n  5.8. F i r s t  we d e f i n e  t h e  norms 
of t h e  (R,W,B)'s and (R,hl,k ,B)'s: 

(i ) and ( v i )  : a s  norms of ( K ,  C , 7: ) and (K, E , r_ , r ) 
we t a k e  t h e  lambda t r e e  c o n s i s t i n g  of j u s t  one  node ,  l a b e l e d  c. 

( i i i ) :  norm(K,W,<K>B) = norm(K,W<K>,B). 
( i v )  and ( x ) :  a s  norm of  ( R , & , [ x : U ] B )  ( o r  of  

(K, t, I. , [x :U]B))  we t a k e  t h e  lambda t r e e  w i t h  r o o t  
l a b e l e d  T,  whose l e f t - h a n d  s u b t r e e  i s  norm(R, L ,U) ( o r  
norm(K, C , f ,U), and whose r igh t -hand  s u b t r e e  i s  
nor~a(K[x:U] ,  & , b )  ( o r  norm(R[x:U] , & , t , B ) ) .  

( v ) :  norin(K,W<K>,[x:U]B) = norm(K<K>[x:U],W,B). 
( v i i ) :  norm(R,hl,x) = norm(R,W, & , x ) .  
( v i i i )  : norm(K,W,Y ,x) = norm(K,W,Y , t y p  x ) .  
( i x ) :  norm(K,W,Y,<K>B) = norm(R,W,Y<K>,B). 
( x i ) :  norm(R,W<K>, E,[x:U]E) = norm(R<K>[x :U] ,k l ,~  , B ) .  
( x i i ) :  norm(K,W,Y<K>,[x:U]B) = norm(R<K>[x:U],W,Y,B). 

The norms of (R,W,B) o r  (K,W,Y,b) a r e  a c t u a l l y  a  k ind of 
norm f o r  WB o r  WYB; t h e  r o l e  of R i s  o n l y  t o  p r o v i d e  t h e  t y p e s  
o i  t h e  dummies. 

F i n a l l y  t h e  norm of a  s e m i c o r r e c t  lambda t r e e  ( V , l a b )  i s  
d e f i n e d  a s  t h e  norm of t h e  a l l - b l u e  lambda t r e e  (V,lab,O,O) 
(which h a s  t h e  form ( f., E , B ) ) .  

We can  use  a  s i m i l a r  a l g o r i t h m  f o r  f i n d i n g  t h e  degree  of 
a  lambda t r e e :  we j u s t  say  i n  c a s e s  ( i )  and ( v i )  t h a t  t h e  
degree  i s  1 ,  and i n  c a s e s  ( i i )  and ( v i i i )  t h a t  t h e  degree  i s  
t o  be i n c r e a s e d  by 1. 

Next w e  can d e f i n e  t h e  n o t i o n  of norm-correct  
lambda t r e e s .  We g e t  t h a t  n o t i o n  by r e p l a c i n g  i n  
r u l e  5 . 3 ( v )  t h e  c o n d i t i o n  t h a t  t h e  type  of 
(VF, lab ' )  i s  e q u i v a l e n t  t o  t y p ( V , l a b )  by t h e  c o n d i t i o n  
t h a t  ( V ' , l a b O )  has  t h e  sane norm a s  ( V , l a b ) .  T h i s  
c o n d i t i o n  i s  weaker than  TP(R,K,U), and t h e r e f o r e  
e v e r y  c o r r e c t  lambda t r e e  i s  a l s o  norm-cor rec t .  

For norm-correct  lambda t r e e s  we have t h e  s t r o n g  
n o r m a l i z a t i o n  p r o p e r t y  ( s e e  s e c t i o n  5.6).  



5.10. Norms f o r  lambda t r e e s  which a r e  not  n e c e s s a r i l y  
s e m i c o r r e c t .  I f  ( V , l a b )  i s  a  lambda t r e e  which i s  n o t  
s e n i c o r r e c t ,  t h a t  f a c t  i s  e s t a b l i s h e d  by t h e  a l g o r i t h m  of 
s e c t i o n  5.8 a t  some moment where we g e t  t o  (R,W,K) o r  
(K,W,Y, C) w i t h  W o r  Y non-empty. 

For such  lambda t r e e s  we can n e v e r t h e l e s s  s t i l l  d e f i n e  
t h e  norm, by t h e  procedure  of s e c t i o n  5.9, i f  we j u s t  extend 
t h e  a c t i o n  i n  c a s e s  ( i )  and ( v i )  by s a y i n g  t h a t  ( R , W , i )  and 
( K , W , Y , r )  have t h e  s ingle-noded t r e e  ( l a b e l e d  by -C ) a s  t h e i r  
norm, a l s o  i n  c a s e s  where W o r  Y a r e  n o t  empty. 

6 .  Autonath  books a s  lambda t r e e s  

6.1. Some c h a r a c t e r i s t i c s  of Automath. We s h a l l  n o t  e x p l a i n  
Automath i n  d e t a i l  he re :  we assume t h a t  t e  r e a d e r  knows i t  f r o n  
o t h e r  s o u r c e s  ( l i k e  de  B r u i j n  1970, 1971, 1973, 1980, 
van Benthem J u t t i n g  1979, van Daalen 1980).  I n  p a r t i c u l a r ,  we 
s h a l l  n o t  t r y  t o  be v e r y  p r e c i s e  i n  d e f i n i n e  p a r t i c u l a r  brands 
of Automath. N e v e r t h e l e s s  we i n d i c a t e  a  few c h a r a c t e r i s t i c s ,  i n  
o r d e r  t o  g e t  t o  t h e  k ind of Automath t h a t  c o r r e s p o n d s  t o b f ' ~  . 

For a  d i s c u s s i o n  t h a t  compares v a r i o u s  forms of Autopath 
i n  t h e  l i g h t  of such  c h a r a c t e r i s t i c s  we r e f e r  t o  de  B r u i j n  (1974) .  

( i )  Automath books a r e  w r i t t e n  a s  sequences  of l i n e s :  p r i m i t i v e  
l i n e s ,  o r d i n a r y  l i n e s  (= d e f i n i t i o n a l  l i n e s ) ,  and c o n t e x t  l i n e s  
t h a t  d e s c r i b e  t h e  c o n t e x t s  of t h e  o t h e r  l i n e s .  

( i i )  We have t h e  n o t i o n  of t y p i n g ,  and t h a t  l e a d s  t o  
t h e  d e g r e e s .  I n  s t a n d a r d  Automath t h e  on ly  d e g r e e s  a r e  
1 ,  2 and 3 ,  and i t  seems t h a t  f o r  t h e  d e s c r i p t i o n  of mathematics 
no s e r i o u s  need f o r  h i g h e r  degrees  e v e r  t u r n e d  up. 

( i i i )  There  a r e  r e s t r i c t i o n s  on a b s t r a c t i o n .  Contexts  may be 
d e s c r i b e d  a s  [ x l : A l ]  ... [xn:An] where t h e  A i  may have degree  
1  o r  2 ,  but  i n  e x p r e s s i o n s  ( a l s o  i n  t h e  Ai's o f  t h e  c o n t e x t s )  
we o n l y  admit  a b s t r a c t o r s  [x:A] where A has  d e g r e e  2 .  

( i v )  I n  Automath we have i n s t a n t i a t i o n :  i f  t h e  i d e n t i f i e r  p  i s  t h e  
i d e n t i f i e r  of a  l i n e  i n  a  c o n t e x t  of l e n g t h  n ,  t h e n  t h e  
" i n s t a n t i a t i o n s "  p(E1,.  . . , En) ,  where t h e  E i  a r e  e x p r e s s i o n s ,  
can  be a d m i t t e d  i n  o t h e r  c o n t e x t s .  

( i v )  I n  some of t h e  Automath languages  ( l i k e  AUT-QE) 
w e  admit  "quas i -express ions" :  e x p r e s s i o n s  of d e g r e e  1  
which a r e  n o t  j u s t  . 

( v )  I n  some of t h e  Automath languages  we have type  i n c l u s i o n :  
i f  E : [ x l : A l ] .  ..[xn:An] t t h e n  we admit t h a t  E i s  s u b s t i t u t e d  
a t  p l a c e s  where a  t y p i n g  [xl:Al].. .[xk:Ak]?Z ( w i t h  some k  < n )  
i s  r e q u i r e d .  

6.2. Autonath  w i t h o u t  type  i n c l u s i o n .  We can  t a k e  Autonath 
w i t h  q u a s i - e x p r e s s i o n s  but  wi thou t  type  i n c l u s i o n  (Am-QE-NTI). 
8 0 t h  AUT-QE-NTI and AUT68 a r e  sublanguages  of AUT-QE: we 
might say  t h a t  i n  AUT68 type  i n c l u s i o n  i s  p r e s c r i b e d ,  i n  
AUT-QE i t  i s  o p t i o n a l ,  i n  AUT-QE-NTI i t  i s  f o r b i d d e n .  I n  
d e  Bru i jn (1978)  i t  was p o i n t e d  o u t  t h a t  AUT-QE-NTI can be used as  
a language f o r  w r i t i n g  mathemat ics  i n ,  somewhat l e n g t h i e r  than 
i n  AUT-QE. One might say  t h a t  s a c r i f i c i n g  type  i n c l u s i o n  
has t o  be paid  by means of a number of e x t r a  axioms. But t h e r e  
i s  a  d i s a d v a n t a g e  t o  type  i n c l u s i o n :  t y p e  i n c l u s i o n  
makes language t h e o r y  c o n s i d e r a b l y  ha rder .  The r u l e s  i n  
AUT-QE-NTI a r e  s imple ;  w e  j u s t  mention t h a t  whenever A : B 
i n  t h e  c o n t e x t  [x:U], and U has degree  2 ,  t h e n  [x:U]A : [x:U]B 
i n  empty c o n t e x t .  



6.3. AUT-LANBDA. I n  AUT-QE-NTI we s t i l l  had r e s t r i c t i o n s :  
( i )  t h e  d e g r e e s  a r e  1 , 2  o r  3 ,  and ( i i )  i n  e x p r e s s i o n s  
a b s t r a c t o r s  [x:U] a r e  a l lowed  o n l y  i f  U h a s  degree  2.  
If we g i v e  up t h e s e  r e s t r i c t i o n s ,  we g e t  what we can 
c a l l  l i b e r a l  AUT-QE-NTI. I n  l i b e r a l  AUT-QE-NTI t h e  r o l e  
of i n s t a n t i a t i o n  can be t a k e n  o v e r  comple te ly  by a b s t r a c t o r s  
and a p p l i c a t o r s .  I n  o r d e r  t o  make t h i s  c l e a r  we t a k e  a  s imple  
example: f  := A : B i n  c o n t e x t  [x:U]. According t o  t h e  l i b e r a l  
a b s t r a c t i o n  r u l e s  of AUT-LAMBDA we can w r i t e  a  new l i n e  
F := Lx:U]A : [x:U]B i n  empty c o n t e x t .  Next,  t h e  
i n s t a n t i a t i o n  f ( E )  i s  e q u i v a l e n t  t o  <E>F, s o  we can j u s t  
r e p l a c e  t h e  l i n e  f := A : B by t h e  new one i n  empty c o n t e x t ,  
and a b o l i s h  t h e  i n s t a n t i a t i o n .  Car ry ing  on ,  we g e t  books 
w i t h o u t  i n s t a n t i a t i o n ,  a l l  w r i t t e n  i n  empty c o n t e x t .  Such 
books can be cons ide red  a s  having been w r i t t e n  i n  a  
sublanguage of l i b e r a l  AUT-QE-NTI; l e t  u s  c a l l  i t  AUT-LAPiHDA. 

I n  AUT-LAMDA t h e r e  a r e  j u s t  two k i n d s  of l i n e s :  
(i) p r i m i t i v e  l i n e s  

f  := 'prim' : P 

and ( i i )  d e f i n i t i o n a l  l i n e s  

(Note:  'prim' was w r i t t e n  a s  PN i n  o t h e r  Automath p u b l i c a t i o n s ) .  

6.4. Turn ing  AUT-LAPBDA i n t o  A:'\. We s h a l l  t u r n  a  book i n  
AUT-LAMBDA i n t o  a  lambda t r e e  by a sys tem t h a t  t u r n s  c o r r e c t  
AUT-LAFIBDA books i n t o  c o r r e c t  lambda t r e e s .  It a lmost  works 
i n  t h e  o p p o s i t e  d i r e c t i o n  t o o ,  but i t  t u r n s  o u t  t h a t u i  i s  a  
t r i f l e  s t r o n g e r  t h a n  AUT-LAPIBDA. The d i f f e r e n c e  l i e s  i n  some 
c a s e s  of  what was mentioned i n  s e c t i o n  5.1, but t h e  d i f f e r e n c e  
i s  s o  s m a l l  and unimportant  t h a t  i t  seems t o  be a t t r a c t i v e  
t o  modify t h e  d e f i n i t i o n  of AUT-LAPIBDA a  t i n y  l i t t l e  b i t ,  i n  
o r d e r  t o  make t h e  cor respondence  complete.  

The t r a n s i t i o n  i s  s imple .  We t u r n  t h e  i d e n t i f i e r s  of a  book 
i n  AUT-LAMBDA i n t o  dummies. To a  l i n e  f := 'prim' : P we 
a t t a c h  t h e  a b s t r a c t o r  [ f : P ] ,  t o  a  l i n e  g := Q : R we a t t a c h  t h e  
a p p l i c a t o r - a b s t r a c t o r  p a i r  <Q>[g:K]. We do t h i s  f o r  each  l i n e  
of t h e  book, and pu t  t h e  a b s t r a c t o r s  and a p p l i c a t o r - a b s t r a c t o r  
p a i r s  i n t o  a  s i n g l e  s t r i n g ,  and we c l o s e  i t  o f f  by r. So 
t o  a book 

f := 'prim' : P 
g  := : R 
k  := V W 
h  := 'prim' : Z 

t h e r e  cor responds  t h e  s t r i n g  

and t h i s  co r responds  t o  a  lambda t r e e .  

6.5.  Checking a l g o r i t h m s .  I f  we s t a r t  from a n  AUT-LMiBL)A book, 
t ransform i t  i n t o  a lambda  t r e e  a s  i n  s e c t i o n  6.4,  and  apply  
t h e  check ing  a l g o r i t h m  of s e c t i o n  5.4, t h e n  we have t h e  
advan tage  t h a t  t h e  AUT-LAMBDA book i s  checked l i n e  by l i n e .  



So even i f  t h e  book i s  i n c o r r e c t  a s  a  whole,  t h e  f i r s t  
k l i n e s  can s t i l  be c o r r e c t ,  and t h e  a l g o r i t h m  can  e s t a b l i s h  
t h a t  f a c t .  The same t h i n g  h o l d s  i f  we t a k e  t h e  weaker 
c o r r e c t n e s s  n o t i o n s  d i s c u s s e d  i n  s e c t i o n  5.10. 

6.6.  Type i n c l u s i o n .  I f  we want t o  add t h e  f e a t u r e  of type  
i n c l u s i o n  t o  AUT-LMIBDA, t h e  t r a n s i t i o n  of a book t o  a  lambda 
t r e e  can no l o n g e r  be made i n  t h e  same way. Moreover we 
need e s s e n t i a l  changes i n  t h e  n o t i o n  of t y p i n g  i n b y r .  

6.6. A v a r i a t i o n  of bfi . We mention a m o d i f i c a t i o n  of 
C 

t h e  d e f i n i t i o n  of c o r r e c t n e s s  of a  lambda t r e e ,  o b t a i n e d  by 
c o n s i d e r i n g  d i f f e r e n t  k i n d s  of A-nodes. 

Le t  us  d i v i d e  t h e  s e t  of  a l l  A-nodes of a  lambda t r e e  
i n t o  two c l a s s e s :  s t r o n g  ones  and weak ones .  We t a k e  i t  a s  a  
r u l e  t h a t  whenever a  p a r t  of  a t r e e  i s  copied ( l i k e  i n  
t h e  d e f i n i t i o n  of t y p i n g )  t h e  c o p i e s  of weak nodes a r e  
weak a g a i n ,  and t h e  c o p i e s  of s t r o n g  nodes a r e  s t r o n g .  

For t h e  weak A-nodes t h e  r u l e s  a r e  a s  i n  s e c t i o n  5.3, but 
f o r  t h e  s t r o n g  ones  we modify r u l e  5 . 3 ( i i i )  by n o t  j u s t  r e q u i r i n g  
t h a t  (R, c , K )  and (K,W<K>,B) a r e  i n  Corr3 ,  but  a l s o  (R, C , B ) .  
I n  c o n n e c t i o n  t o  what was s a i d  i n  s e c t i o n  5.1 we might say  
t h a t  co r responds  t o  t h e  c a s e  where a l l  A-nodes a r e  t aken  t o  be 
s t r o n g ,  a n d & L i s  t h e  c a s e  where a l l  A-nodes a r e  weak. The c a s e  
mentioned i n  s e c t i o n  6.4 l i e s  between t h e s e  two: i f  we want t o  c l o s e  
t h e  gap between AUT-LANBDA and &')- we have t o  make a l l  main l i n e  
A-nodes weak and a l l  o t h e r s  s t r o n g .  

I f  we r e p l a c e  weak A-nodes by s t r o n g  o n e s ,  a  c o r r e c t  lambda 
t r e e  may t u r n  i n t o  an  i n c o r r e c t  one ,  but by r e d u c t i o n s  i t  can 
be expec ted  t o  become c o r r e c t  a g a i n .  
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