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The aim of t h i s  paper  i s  t o  g i v e  a  d e s c r i p t i o n  of a  sys tem of 

c \ -calculus  c a l l e d  1~ . The system I\u i s  an  e x t e n s i o n  of o r d i n a r y  

t y p e  f r e e  \ - c a l c u l u s  , t h e  e x t e n s i o n  being t h a t  a  new c l a s s  of 

terms i s  i n c o r p o r a t e d  i n  t h e  sys tem c a l l e d  s_eame_nt_s. Segments a r e  o n l y  

p a r t s  of terms i n  t h e  t r a d i t i o n a l  s e n s e  and a c t  a s  a  s o r t  of genera l -  

i z e d  c o n t e x t s .  Segments were o r i g i n a l l y  in t roduced  by N.G. d e  B r u i j n  

( c f .  d e  B r u i j n [ 7 8 , b ] )  i n  o r d e r  t o  p rov ide  f o r  c e r t a i n  a b b r e v i a t i o n a l  

f a c i l i t i e s  i n  t h e  mathemat ical  language AUTOMATH. I n  t h i s  paper  we 

s h a l l  t r e a t  t h e  A ~ s ~ s t e m  a s  an  i n t e r e s t i n g  e x t e n s i o n  of t h e  r\ -calcu- 

l u s  i n  i t s  own r i g h t  and n o t  pay a t t e n t i o n  t o  connec t ions  w i t h  AUTO- 

MATH. For an  i n t r o d u c t i o n  t o  t h e  AUTOMATH p r o j e c t  we r e f e r  t o  de  

B r u i j n [ 8 0 ] .  I n  t h e  fo l lowing  s e c t i o n s  of t h i s  paper  we s h a l l  s tar t  

from a  s imple  sys tem c a l l e d  X V  and t h e n  g r a d u a l l y  move on t o  t h e  f u l l  

Xr -system. 



2.  The system A V  

The system )lv i s  t h e  well-known t y p e  f r e e  1 - c a l c u l u s  a s  d e s c r i b e d  

i n  Barendregt  [ 8 l ]  , a l t h o u g h  t h e r e  a r e  some s l i g h t  d e v i a t i o n s  i n  

n o t a t i o n .  Type f r e e / \ - c a l c u l u s  has  fo rmulas  l i k e  

The cor responding  fo rmulas  i n  \ V  a r e  w r i t t e n  a s  

I n  1~ f u n c t i o n a l  a b s t r a c t i o n  i s  denoted by Ax( ...) ( i . e .  t h e  

f u n c t i o n  t h a t  a s s i g n s  (. ..) t o  t h e  v a r i a b l e  x ,  where x  may occur  

i n  (...) ),  and f u n c t i o n a l  a p p l i c a t i o n  i s  denoted by ~ A B  ( i . e .  

t h e  f u n c t i o n  B a p p l i e d  t o  i t s  argument A, where A and B a r e  

\v-terms ). Note t h a t  i n  XV arguments a r e  w r i t t e n  i n  f r o n t  of 

f u n c t i o n s ,  t h i s  i n  c o n t r a s t  w i t h  o r d i n a r y  t y p e  f r e e  A - c a l c u l u s  

where a p p l i c a t i o n  of a  f u n c t i o n  B t o  i t s  argument A i s  u s u a l l y  

w r i t t e n  a s  (BA). The s y n t a x  o f ) i  V i s  v e r y  s imple  and i s  g i v e n  

below. 

D e f i n i t i o n  

( 1 )  LV-terms a r e  words over  t h e  f o l l o w i n g  a l p h a b e t  



v l , v 2 , v 3 , . . .  v a r i a b l e s  

A a b s t r a c t o r  

5 a p p l i c a t o r  

( 2 )  The s e t  of XV-terms i s  t h e  s m a l l e s t  s e t  X s a t i s f y i n g  

( i )  xCX , f o r  e v e r y  v a r i a b l e  x  

( i i )  A t X  ==> A X A ~ X  , f o r  e v e r y  v a r i a b l e  x  

( i i i )  A,BGX ==> ~ A B ~ X  

A s  w i l l  be c l e a r ,  XV-terms a r e  w r i t t e n  i n  p r e f i x  n o t a t i o n :  e a c h  

v a r i a b l e  has a r i t y  0 ,  e a c h  a b s t r a c t o r  Ax has a r i t y  1  and t h e  

a p p l i c a t o r  5 has  a r i t y  2. Each term can be r e p r e s e n t e d  a s  a  roo ted  

t r e e .  A s  an  example w e  c o n s i d e r  t h e  term 

which we w r i t e  i n  t ree-form a s  

The correspondence between terms l i k e  (4') and t r e e s  l i k e  (4") i s  

one-to-one. It c e r t a i n l y  h e l p s  t o  t h i n k  of XV-terms a s  such  t r e e s ,  

and i n  p a r t i c u l a r  t o  s e e  o p e r a t i o n s  on terms a s  o p e r a t i o n s  on t h e i r  

cor responding  t r e e s ;  e s p e c i a l l y  when l o n g  terms a r e  involved i t  i s  

o f t e n  u s e f u l  t o  c o n s i d e r  t r e e - r e p r e s e n t a t i o n s  of terms. 



3 .  S u b s t i t u t i o n  

I n  A-calculus  we have t h e  fundamental  n o t i o n  of a p p l i c a t i o n .  The 

a p p l i c a t i o n  of a  f u n c t i o n  B t o  a n  argument A i s  w r i t t e n  a s  JAB. 

Apart  from a p p l i c a t i o n  we have t h e  n o t i o n  of f u n c t i o n a l  a b s t r a c t i o n .  

A s  s a i d  b e f o r e ,  t h e  i n t u i t i v e  meaning of Ax(. . .) i s  -.the f u n c t i o n  

t h a t  a s s i g n s  ( . . .) t o  x u .  A term of t h e  form ~ A ~ X B  i s  c a l l e d  a  

r_eie-x. S u b s t i t u t i o n  of A f o r  t h e  f r e e  occur rences  of x i n  B i s  denoted 

by 2, (A,B) . The t r a n s i t i o n  from ~ A I X B  t o  zI ( A , B )  i s  c a l l e d  -redue- (!---- 
t i o n .  4 (A,B) i s  d e f i n e d  a s  u s u a l  by i n d u c t i o n  on t h e  l e n g t h  of B. - - -  h 

One remark must s t i l l  be made, though. U n r e s t r i c t e d  n a i v e  s u b s t i t u t i o n  

l e a d s  t o  i n c o n s i s t e n c i e s  s i n c e  f r e e  v a r i a b l e s  may g e t  cap tured  i n  

t h e  p rocess .  T h i s  problem i s  u s u a l l y  avoided by performing s u i t a b l e  

renaming of bound v a r i a b l e s  (d_r_edzcgigq). We would l i k e  t o  do wi thou t  

d - r e d u c t i o n  a l t o g e t h e r ,  namely by employing namefree n o t a t i o n .  There 

a r e  two reasons  f o r  employing t h i s  n o t a t i o n :  

(1) avoidance of d - r e d u c t i o n ,  

( 2 )  p r e c i s e  n o t a t i o n  f o r  b ind ings  of v a r i a b l e s .  

Apart  from t h e  f a c t  t h a t  p r o o f s  i n v o l v i n g  d - r e d u c t i o n  a r e  n o t o r i o u s l y  

t e d i o u s ,  we have o u r  own i n t r i n s i c  reasons  t o  avo id  <-reduction.  L a t e r  

on we s h a l l  i n t r o d u c e  t h e  f u l l  ACT-system, an  e x t e n s i o n  of Av. The main 

f e a t u r e  of v i s  t h e  i n c o r p o r a t i o n  of a  new c l a s s  of terms c a l l e d  seg- 
* -- 

m_et.s, d e s r i b e d  i n  s e c t i o n  5. S u b s t i t u t i o n  of segments i n  name 

c a r r y i n g  form f o r  t h e i r  cor responding  v a r i a b l e s  can g i v e  rise t o  a  

l a r g e  number of complicated r(- r e d u c t i o n s  and even though name c a r r y -  

i n g  n o t a t i o n  could  p o s s i b l y  be main ta ined ,  t h e  namefree n o t a t i o n  

o f f e r s  a much more c o n c i s e  d e s c r i p t i o n  of s u b s t i t u t i o n  of segments and 



i t  i s  f o r  t h i s  r eason  mainly  t h a t  we have chosen f o r  namefree repre-  

s e n t a t i o n  of terms.  We now proceed by e x p l a i n i n g  how namefree n o t a t i o n  

works . 

4. Namefree n o t a t i o n  

Namefree n o t a t i o n  was f i r s t  i n t r o d u c e d  by N.G. d e  B r u i j n  i n  h i s  paper 

d e  B r u i j n [ 7 2 ] .  The i d e a  i s  t h a t  w e  j u s t  w r i t e  i n s t e a d  of lx ,Ay,Xz, .  . . 
and e v e r y  v a r i a b l e  i s  rep laced  by a term of t h e  form $ ( n ) ,  where n  i s  

some p o s i t i v e  i n t e g e r .  Each)  ( n )  i s  c a l l e d  a  %amsf-re_e v_ar_ipb_l$ and n  

i s  c a l l e d  i t s  r_eef_er_ence n_um_be_r. The r e f e r e n c e  number n  o f f  ( n )  d e t e r -  

mines t h e  1 t h a t  b i n d s  a  s p e c i f i c  occur rence  of &(*) i n  some term . 
The procedure  i s  a s  fo l lows .  I f  t h e  namefree v a r i a b l e  ( n )  o c c u r s  i n  

some term t ,  we f i r s t  form t h e  t r e e - r e p r e s e n t a t i o n  of t .  We t h e n  de- 

scend from ) ( n )  towards t h e  r o o t  of t h e  t r e e  and t h e  n-th A encounter-  

ed i s  t h e  A which b i n d s  ) ( n ) .  A s  an  example c o n s i d e r  t h e  f o l l o w i n g  

name c a r r y i n g  term i n  t r e e  r e p r e s e n t a t i o n  

The namefree e q u i v a l e n t  of t h i s  term i s  

Remark I f  a r e f e r e n c e  number n  i s  l a r g e r  than  t h e  number of J 0 s  l y i n g  



on t h e  p a t h  f  r o n  an  occur rence  of $ ( n )  t o  t h e  r o o t  of t h e  t r e e  i n  

which i t  o c c u r s  t h e n  we can i n t e r p r e t  t h a t  occur rence  a s  being f r e e .  

The use  of namefree n o t a t i o n  has c e r t a i n  consequences f o r  s u b s t i t u t i o n  

of J i - t e r m s  (&-terms w r i t t e n  i n  namefree form ) which we now s h o r t l y  

d e s r i b e .  S u b s t i t u t i o n  i n  a r)f-term t r e s u l t s  i n  t h e  replacement  of 

f r e e  o c c u r r e n c e s  of a c e r t a i n  v a r i a b l e  i n  t by some term u. We could  

a l s o  d e s c r i b e  t h i s  s i t u a t i o n  i n  t e rms  of t r e e s  by s a y i n g  t h a t  c e r t a i n  

end-points  f ( n )  of t h e  t r e e - e q u i v a l e n t  t* of t have been rep laced  by 

some t r e e  un .  Consider  t h e  f o l l o w i n g  example of such  a s u b s t i t u t i o n  

i n  a A)-tree. 

L e t  t be t h e  Aj-term 

which has  t h e  f o l l o w i n g  t r e e - r e p r e s e n t a t i v e  tA 

This  t r e e  c o n t a i n s  a redex,  namely 

and we can t h e r e f o r e  perform a 3 - r e d u c t i o n  on t*. I By ()-reducing t n ,  



t h e  end-point  k ( 3 )  i s  a  c a n d i d a t e  f o r  s u b s t i t u t i o n  of t h e  sub- t ree  

Should we, however, simply r e p l a c e  j ( 3 )  by t h i s  sub- t ree ,  as would 

have been t h e  c a s e  i f  tA had been w r i t t e n  i n  name c a r r y i n g  form, t h e n  

t h i s  would r e s u l t  i n  t h e  fo l lowing  t r e e  t'^ 

It i s  immediately c l e a r  t h a t  t h e  v a r i a b l e s  J ( 1 )  and j ( 2 )  i n  ten r e f e r  

t o  comple te ly  d i f f e r e n t  j's t h a n  i n  tA.  This  i n c o n s i s t e n c y  i s  due t o  

t h e  f a c t  t h a t  

( i ) $ ( l )  and f ( 2 )  a r e  e x t e r n a l  r e f e r e n c e s  i n  tA  ( i . e .  r e f e r e n c e s  t o  

A's t o  t h e  l e f t  of t h e  subterm r f ( 2 ) ) ( 1 ) )  

( i i )  a f t e r  r ep lacement ,  t h e  v a r i a b l e s  j ( 1 )  a n d t ( 2 )  i n  tPA have two 

e x t r a  A's  on t h e i r  l e f t .  

There i s ,  however, a  s imple  way t o  r e s o l v e  t h i s  i n c o n s i s t e n c y :  by 

r a i s i n g  t h e  r e f e r e n c e  numbers 1 and 2 i n  f ( 1) and j ( 2 )  by 2  i n  t eA ,  

t h e s e  v a r i a b l e s  r e f e r  t o  t h e  same A ' s  t h a t  t h e y  o r i g i n a l l y  r e f e r r e d  

t o  i n  tA.  T h i s  example demons t ra tes  t h a t  c e r t a i n  measures have t o  be 

t a k e n  i n  o r d e r  t o  e n s u r e  t h a t  e x t e r n a l  r e f e r e n c e s  remain i n t a c t  when 

we s u b s t i t u t e  a  i f - t e r m .  One way of do ing  t h i s  i s  by employing so- ~ ~ f ( e d  

re feye=  mm_appi_ngs ( c f  . d e  B r u i j n [ 7 8 , a ]  ) .We s h a l l  r e f r a i n  from f u r t h e r  - - 
d i s c u s s i o n  of t h i s  t o p i c  h e r e ,  s i n c e  t h i s  i s  in tended  a s  an  in formal  

paper  and we wish  t o  avoid  t e c h n i c a l i t i e s .  



5. Segments and a b b r e v i a t i o n s  

I n  t h i s  s e c t i o n  we s h a l l  d e s c r i b e  a  new c l a s s  of terms c a l l e d  seg- - - 

ments. We s h a l l  f i r s t  s t i c k  t o  name c a r r y i n g  n o t a t i o n  i n  o r d e r  t o  
4 - -  

s i m p l i f y  t h e  d i s c u s s i o n  and t o  g e t  t h e  g e n e r a l  f l a v o r  of what seg- 

ments a r e  and what we i n t e n d  t o  do w i t h  them. L a t e r  on ,  i n  s e c t i o n  

5.3, we s h a l l  d e s c r i b e  how segments and segment v a r i a b l e s  can be 

w r i t t e n  i n  namefree form. 

5.1 V a r i a b l e s  a s  a b b r e v i a t i o n s  

We may c o n s i d e r  a  v a r i a b l e  a s  an  a b b r e v i a t i o n  of a  c e r t a i n  term i f  

t h i s  v a r i a b l e  can be rep laced  by t h a t  term by means of some s u i t a b l e  

p - reduc t ion .  For example, c o n s i d e r  t h e  fo l lowing  term w r i t t e n  i n  

t ree-form 

By r - reduc ing  (5)  we o b t a i n  t h e  term 

i . e . ,  a  term i n  which t h e  v a r i a b l e  z has  been rep laced  by t h e  term 

Axx and t h e  redex  has vanished.  I f  we have more o c c u r r r e n c e s  of t h e  

v a r i a b l e  z ,  e a c h  bound by t h e  lz of t h e  redex,  t h e n  e a c h  of t h e s e  

occcur rences  s e r v e s  a s  a k ind of a b b r e v i a t i o n  of t h e  term i x x .  



I n  kf t h e r e  a r e  , however, s t i l l  q u i t e  d i f f e r e n t  t h i n g s  t h a t  we wish 

t o  a b b b r e v i a t e .  One t h i n g  i s  a  s o - c a l l e d  g - s t r i n g  l i k e  

I f  i t  o c c u r s  more t h a n  once i n  a  c e r t a i n  term,  we may wish t o  abbre- 

v i a t e  i t .  Yet ( 6 )  i s  n o t  a  term, i n  t h e  s e n s e  of a  XV-term, but  o n l y  

p a r t  of a  term; i t  becomes a  ,\v-term i f  we p l a c e  a n  a r b i t r a r y  h - t e r m  

behind i t .  Such p a r t s  of terms a r e  c a l l e d  segments. Another example of 

a  segment i s  a  so -ca l l ed  A-s t r ing  l i k e  

I n  B m u c h  more g e n e r a l  forms of segments a r e  cons idered  than  

C-s t r ings  o r  A - s t r i n g s  a lone .  I n  t h e  f o l l o w i n g  s e c t i o n  we s h a l l  

d e s c r i b e  a  g e n e r a l  framework i n  which segments can be c o n s t r u c t e d .  

5.2 Segment v a r i a b l e s  and s u b s t i t u t i o n  

Segments a r e  terms w i t h  a  k ind of open end on t h e  extreme r i g h t .  From 

now on we s h a l l  use  t h e  symbol MI t o  i n d i c a t e  t h e  open end on t h e  enirctYK 

r i g h t .  So 

i s  a  segment a s  wel l  as 

h- ,\J - Az - 'd 



A s  s a i d  b e f o r e ,  segments a r e  n o t J  V-terms; a segment becomes a l v - t e r m  

i f  we r e p l a c e  t h e  ld by an  a r b i t r a r y  IV-term. According t o  t h i s  scheme 

t h e  f o l l o w i n g  fo rmulas  can a l s o  be cons idered  a s  segments 

By r e p l a c i n g  t h e d  i n  b o t h  of t h e s e  fo rmulas  by some/\ V-term we o b t a i n  

a Av-term ( p r o v i d e d ,  of c o u r s e ,  t h a t  A and B a r e  Av-terms) . 1 n k  we 

w i l l  go even one s t e p  f u r t h e r  by l e t t i n g  t h e  4's occur  i n  o t h e r  

branches  a s  w e l l ,  l i k e  i n  

A l l  of t h e s e  o c c u r r e n c e s  of d i n  t h e  f o r e g o i n g  formulas  a c t  a s  a kind 

of "holes" ,  which -once rep laced  by a h - t e r m  - y i e l d  a g a i n  a Av-term. 

All fo rmulas  having a n  k )  on t h e  extreme r i g h t  a r e  c a l l e d  segments i n  

IQ. Along w i t h  segments we a l s o  add t o  o u r  system a new kind of v a r i a -  

b l e s  f o r  which segments can be s u b s t i t u t e d .  These v a r i a b l e s  a r e  re- 

p resen ted  by unary p r e f i x  symbols and a r e  denoted,  i n  name c a r r y i n g  

form, by b , c , d ,  . . . . An example of a k - t e r m  c o n t a i n i n g  a segment and 

a segment v a r i a b l e  i s  



T h i s  term i s  i n  redex  form, where t h e  segment v a r i a b l e  b  i s  bound by 

t h e  h b  of t h e  redex.  Performing a  P - r e d u c t i o n  on t h i s  segment r e s u l t s  

i n  

i . e . ,  t h e  p r e f i x  symbol b  i s  rep laced  by t h e  segment )lx,&kz (where 

t h e  W has been dropped) .  I n  /\(r, segment v a r i a b l e s  can s e r v e  a s  a  means 

t o  a b b r e v i a t e  segments ,  j u s t  l i k e  v a r i a b l e s  i n  X V  can s e r v e  a s  a  means 

t o  a b b r e v i a t e  A V-terms. When u s i n g  segment v a r i a b l e s  t o  a b b r e v i a t e  

segments we must be c a r e f u l ,  though. Consider  f o r  example t h e  k - t e r m  

( 8 ) .  The v a r i a b l e  x  i n  t h a t  term r e f e r s  t o  t h e  a b s t r a c t o r  A x  hidden 

i n s i d e  t h e  segment v a r i a b l e  b ,  a s  seen  i n  (8') where x  g e t s  bound by 

Ax a f t e r  ? - r e d u c t i o n  of ( 8 ) .  Th i s  i s  an  in tended  f e a t u r e  which we 

always have t o  t a k e  i n t o  account  i n  )p -ca lcu lus .  I f  a  segment v a r i a b l e  

b  o c c u r s  i n  some h - t e r m  t t h e n  a f t e r  replacement of b  by t h e  segment 

s which t h a t  b  a b b r e v i a t e s ,  i t  can happen, a s  most o f t e n  w i l l  be t h e  

I 
c a s e ,  t h a t  c e r t a i n  v a r i a b l e s  o c c u r r i n g  i n  t g e t  cap tured  by ab- 

s t r a c t o r s  l y i n g  on t h e  main branch of t h e  t r e e  r e p r e s e n t a t i o n  of s. 

T h i s  i s  t o  say  t h a t  e a c h  occur rence  of a  segment v a r i a b l e  b i n  a  

b - t e r m  t can c o n t a i n  a b s t r a c t o r s  -hidden i n s i d e  b- which w i l l  c a p t u r e  

c e r t a i n  v a r i a b l e s  i n  t a f t e r  performing a  - reduc t ion  r e s u l t i n g  i n  P 
t h e  replacement of b by t h e  segment t h a t  b  a b b r e v i a t e s  i n  t .  

I n  k - c a l c u l u s  we a l s o  have t h e  p o s s i b i l i t y  of p - r e d u c t i o n  i n s i d e  

segments. When performing a  - r e d u c t i o n  i n s i d e  a  segment we a r e  some- P 
t imes  d e a l i n g  w i t h  r e d i c e s  which, i n  t h e  s u b s t i t u t i o n a l  p r o c e s s  in-  



volved ,  have an  e f f e c t  on t h e  d on t h e  extreme r i g h t  of t h a t  segment. 

Cons ider ,  f o r  example,  t h e  f o l l o w i n g  segment 

By !-reducing t h e  redex  C A ~ y ~ w ~ z d  o c c u r r i n g  i n  ( 9 )  we a r e  faced  w i t h  
J 

e v a l u a t i n g  Zy(~,rJwAz).  We know how t o  " s h i f t "  t h e  ' y -opera to r  p a s t  

t h e  two a b s t r a c t o r s  A w  and A z ,  but  t h e n  we a r r i v e  a t  t h e  d and have 

t o  d e c i d e  how t o  e v a l u a t e  LY(A,,,J). We could  simply d e f i n e  t y ( A , d )  a s  

W, but  t h e n  c e r t a i n  v i t a l  i n f o r m a t i o n  would g e t  l o s t ;  a  s i t u a t i o n  

which we now e x p l a i n .  Suppose t h a t  ( 9 )  o c c u r s  a s  a  segment i n  some 

term t and t h a t  ( 9 )  i s  r e f e r r e d  t o  by some segment v a r i a b l e  b  occur- 

r i n g  i n  t .  Suppose a l s o  t h a t  t h e r e  i s  a n  occur rence  of t h e  v a r i a b l e  y  

i n  t which r e f e r s  t o  t h e  a b s t r a c t o r  y  hidden i n s i d e  b. By 4-reducing 

( 9 )  and d e f i n i n g  t y(A,d) a s  u) , t h i s  occur rence  of y  i s  no l o n g e r  a  

c a n d i d a t e  f o r  s u b s t i t u t i o n  of t h e  term A (which would have been t h e  

c a s e  p r i o r  t o  t h i s ( ) - r e d u c t i o n  of ( 9 ) ) ,  s imply because t h e  a b s t r a c t o r  

,\y has  vanished.  I n  o r d e r  t o  avoid  i n c o n s i s t e n c i e s  and t o  keep t h i s  

c a n d i d a t e - r o l e  of s u b s t i t u t i o n  f o r  such  occur rences  of v a r i a b l e s  y  

i n t a c t ,  we d e f i n e  such  s u b s t i t u t i o n s  of a  term A a t  an  end p o i n t  

of a  segment by 

I n  t h i s  way i t  remains p o s s i b l e  t o  r e f e r  t o  t h e  ,\y of t h e  o r i g i n a l  

r edex  i n  ( 9 ) ,  and o c c u r r e n c e s  of v a r i a b l e s  which r e f e r r e d  i n d i r e c t l y  

t o  t h a t  lambda by means of a reference t o  a lambda hidden i n s i d e  



some segment v a r i a b l e  remain c a n d i d a t e s  f o r  s u b s t i t u t i o n  of t h e  

term A .  There i s  s t i l l  one t h i n g ,  however, which we have t o  t a k e  i n t o  

c o n s i d e r a t i o n .  The term A may c o n t a i n  f r e e  occur rences  of w and z ,  

and i n  o r d e r  t o  e n s u r e  t h a t  t h e s e  o c c u r r e n c e s  of w and z  don't g e t  

c a p t u r e d ,  we may have t o  s u i t a b l y  rename t h e  a b s t r a c t o r s  i w  and r(z t o ,  

s a y ,  \w' and hz'. T h i s  means t h a t  p - reduc t ion  of ( 9 )  r e s u l t s  i n  

T h i s  s t i l l  f a c e s  u s  w i t h  a  problem, though. Suppose once more, t h a t  

t h e  segment ( 9 )  o c c u r s  i n  some h - t e r m  t and t h a t  t h e r e  a l s o  occur  

segment v a r i a b l e s  b  i n  t which a b b r e v i a t e  ( 9 )  i n  t. Suppose f u r t h e r -  

more t h a t  t h e  v a r i a b l e  z  o c c u r s  i n  t t o  t h e  r i g h t  of an  occur rence  of 

b  and t h a t  t h i s  occur rence  of z  r e f e r s  t o  t h e  a b s t r a c t o r  j z  l y i n g  on 

t h e  main branch of ( 9 ) .  I f  we r e p l a c e  ( 9 )  i n  t by (9') t h e n  we would 

a l s o  have t o  rename t h e  f r e e  o c c u r r e n c e s  of z  t o  t h e  r i g h t  of b  by z' 

i n  o r d e r  t o  avo id  i n c o n s i s t e n c i e s .  One can imagine,  i n  g e n e r a l ,  t h a t  

such  s i t u a t i o n s  can g i v e  r i s e  t o  r a t h e r  complicatedO(-reductions; com- 

an accu~ulativc 
Y p l i c a t e d  i n  t h e  s e n s e  t h a t  t h i s  p r o c e s s  has \  / e f f e c t  and i s  

n o t  e a s y  t o  d e s c r i b e  fo rmal ly .  A p r e c i s e  formal  d e f i n i t i o n  can of 

c o u r s e  be g i v e n ,  b u t  such  a  d e f i n i t i o n  would be r a t h e r  invo lved .  There 

i s  a  ve ry  c o n c i s e  way of d e s c r i b i n g  s u b s t i t u t i o n a l  e f f e c t s  i n  ki-cal-  

c u l u s ,  namely by employing namefree n o t a t i o n  f o r  segments and segment 

v a r i a b l e s .  Th i s  n o t a t i o n  i s  d e s c r i b e d  i n  t h e  f o l l o w i n g  s e c t i o n .  

5.3 Namefree n o t a t i o n  f o r  segments and segment v a r i a b l e s  

I n  t h i s  s e c t i o n  we s h a l l  d e s c r i b e  t h e  f u l l  ) i~-system: t h e  namefree 



system A )  extended w i t h  segments and segment v a r i a b l e s .  What w e  s h a l l  

do i s  t h e  f o l l o w i n g .  Segment v a r i a b l e s  a r e  w r i t t e n  i n  namefree form 

a s  (r(n,m), where n  d e n o t e s  t h e  r e f e r e n c e  number of C (which,  l i k e  

i n  ) ( n ) ,  d e t e r m i n e s  t h e  t h a t  some s p e c i f i c  occur rence  of @ (n,m) 

r e f e r s  t o )  and m (m)O) d e n o t e s  t h e  number of A #s l y i n g  on t h e  main 

b ranch  of t h e  t r e e - r e p r e s e n t a t i o n  of t h e  segment t h a t  r ( n , m )  i n t e n d s  

t o  a b b r e v i a t e  ( t h e  number m i s  a l s o  c a l l e d  t h e  weight  of b ( n , m ) ) .  A s  

an  example of a  term i n  namefree n o t a t i o n  c o n t a i n i n g  a segment and a  

segment v a r i a b l e  c o n s i d e r  t h e  f o l l o w i n g  term w r i t t e n  i n  t r e e  form 

I n  t h i s  term we s e e  t h a t  U ( 1 , 3 )  a b b r e v i a t e s  a segment w i t h  t h r e e r \ - s  

l y i n g  on t h e  main b ranch  of i t s  t r e e ;  so  when de te rmin ing  t h e  A t h a t  

) ( 5 )  r e f e r s  t o ,  we descend f r o m j ( 5 )  towards t h e  r o o t  of t h e  t r e e ,  

s u b t r a c t  3 from 5 ,  subsequen t ly  s u b t r a c t  1 and s e e  t h a t i ( 5 )  r e f e r s  t o  

t h e  f i r s t  A ( f rom t h e  l e f t )  of t h e  t r e e .  The v a r i a b l e  ( 2 )  r e f e r s  t o  

t h e  second ( f rom t h e  r i g h t )  hidden i n s i d e  U( 1 ,3)  ; ) ( 2 )  i s  t h u s  bound 

by t h e  second 1 (from t h e  r i g h t )  of t h e  segment 

Namefree n o t a t i o n  f o r  segments and segment v a r i a b l e s  o f f e r s  a  v e r y  

p r e c i s e  d e s r i p t i o n  of b ind ings  ( e s p e c i a l l y  hidden b ind ings  v i a  segment 

v a r i a b l e s )  i n  h-terms. Namef r e e  n o t a t i o n  a l s o  o f f e r s  an  a l t e r n a t i v e  

f o r  performing complicated d - reduc t ions  due t o  t h e  e f f e c t  of c e r t a i n  

IS-reductions i n s i d e  segments a s  d e s c r i b e d  i n  s e c t i o n  5.2, which we now 



s h o r t l y  d e s c r i b e .  W e  r e c a l l  t h a t  t h e  performance of c e r t a i n  b-reduc- 

t i o n s  i n s i d e  segments p r i o r  t o  s u b s t i t u t i o n  of t h o s e  segments f o r  

t h e i r  r e s p e c t i v e  segment v a r i a b l e s  gave r i s e  t o  problems concerning 

r e f e r e n c e s  t o  t h e  1 's of t h e  r e d i c e s  c o n t r a c t e d .  I n  l r  we can r e s o l v e  

s u c h  i n c o n s i s t e n c i e s  by adding a n  e x t r a  parameter ,  c a l l e d  a sexgen t  

_mapp>_ng, t o  an  13 . I n  o r d e r  t o  i l l u s t r a t e  how t h i s  i s  done c o n s i d e r  

t h e  f o l l o w i n g  term i n  which t h e  segment ( 9 )  o c c u r s ,  w r i t t e n  i n  

namefree form 

where A- d e n o t e s  t h e  namefree e q u i v a l e n t  of A. This  term seems t o  

3 - r e d u c e  t o  

where A'" i s  o b t a i n e d  from A" by r a i s i n g  a l l  e x t e r n a l  r e f e r e n c e s  i n  A" 

( t h o s e  r e f e r e n c e  numbers i n  A- which r e f e r  t o  some A t o  t h e  l e f t  of A- 

i n  ( 1 0 ) )  by t h e  number 2, t h u s  e n s u r i n g  t h a t  occur rences  of v a r i a b l e s  

i n  A'- r e f e r  t o  t h e  same X's t h a t  t h e y  o r i g i n a l l y  r e f e r r e d  t o  i n  ( 1 0 ) .  

But now we a r r i v e  a t  t h e  same unwanted s i t u a t i o n  a s  i n  (9 ' ) :  j u s t  l i k e  

a  f r e e  occur rence  of a  v a r i a b l e  z  no l o n g e r  r e f e r s  t o  i t s  o r i g i n a l  

a b s t r a c t o r  Az ( l z  has  been rep laced  by lz'), t h e  v a r i a b l e b ( 2 )  a l s o  no 

l o n g e r  r e f e r s  t o  i t s  o r i g i n a l  1 i n  (10'). We s h a l l  r e s o l v e  such  incon- 

s i s t e n c i e s  by add ing  so-ca l l ed  seg~e_n_t mm_aeping~ ( o r  s z g m z ~ s  f o r  s h o r t )  

t o  end-points  U )  and w r i t e & ( ? ) ,  where + i s  a  segmap. A segmap i s  a  



permutat ion of some i n t e r v a l  [ l . .n ]  ofld , and t e l l s  us how t o  r ea l l o -  

c a t e  r e f e r ences  t o  l\ 's hidden i n s i d e  segment v a r i a b l e s .  I n  t h e  case  of 

our  example we r ep l ace  t h e  *J i n  (LOH) b y 4  ($ ), thus ob t a in ing  

where f i s  a  permutat ion of t h e  i n t e r v a l  [1..4] def ined  by 

$ ( l ) = 2 ,  4 (2 )=3 ,  t#3)=1 and f (4)=4 .  

This  segmap i s  t o  be i n t e r p r e t e d  a s  fo l lows:  r e f e r ences  t o  t he  f i r s t  1 

(from the  r i g h t )  a r e  now r e a l l o c a t e d  t o  t he  second A (from the  r i g h t )  

l y i n g  on t h e  main branch of t he  segment 

fur thermore:  r e f e r ences  t o  t he  second r\ ( aga in ,  from t h e  r i g h t )  a r e  

r e a l l o c a t e d  t o  t h e  t h i r d ,  r e f e r ences  t o  t he  t h i r d  A a r e  r ea l l oca t ed  t o  

t h e  f i r s t  ( t h e  most v i t a l  r e a l l o c a t i o n )  and re fe rences  t o  t h e  f o u r t h  

remain una l t e r ed .  By adding t h i s  segmap .# we have an instrument  f o r  

r e a l l o c a t i n g  r e f e r ences  i n  such a  way t h a t  a l l  occurrences of var ia -  

i n  (10") r e f e r  t o  t he  sameh's  they o r i g i n a l l y  r e f e r r e d  t o  i n  (10) .  

A f u r t h e r  d i s cus s ion  of s u b s t i t u t i o n  of segments involv ing  segmaps 

i s  given i n  t h e  fo l lowing  sec t ion .  

5.4 Substitution of segments for segment variables in namefree form 



I n  t h i s  s e c t i o n  we s h a l l  s h o r t l y  d e s c r i b e  s u b s t i t u t i o n  f o r  segment 

v a r i a b l e s  w r i t t e n  i n  namefree form. We s h a l l  g i v e  t h i s  d e s c r i p t i o n  

i n  an  in formal  manner i n  terms of t r e e s .  The t r e e  r e p r e s e n t a t i o n  of 

a  segment has  a n u ) ( t )  -where i s  some segmap on t h e  extreme r i g h t  

of i t s  main branch.  When we s u b s t i t u t e  a segment we remove t h e  d ~ q )  

and pu t  t h e  remaining t ree-f ragment  i n  t h e  p l a c e  of some occur rence  

of a  segment v a r i a b l e  i n  a  AG-tree. Segment v a r i a b l e s  occur  i n  

h r - t r e e s  a s  unary nodes and s u b s t i t u t i o n  of segments f o r  segment v a r i -  

a b l e s  t h u s  g i v e s  r i s e  t o  replacements  a t  unary nodes i n s i d e  a  AtT-tree 

(which d i f f e r s  comple te ly  from h i - s u b s t i t u t i o n s ,  where we could  o n l y  

perform rep lacements  a t  end-nodes of t r e e s ) .  When s u c h  a s u b s t i t u t i o n  

i s  performed, we a g a i n  -as i n  t h e  c a s e  of Ah-subs t i tu t ions -  have 

t o  be c a r e f u l  and upda te  e x t e r n a l  r e f e r e n c e s  i n  segments i n  o r d e r  t o  

e n s u r e  t h a t  t h e s e  r e f e r e n c e s  remain i n t a c t  a f t e r  s u b s t i t u t i o n .  But 

n o t  o n l y  do we have t o  upda te  e x t e r n a l  r e f e r e n c e s  when we s u b s t i t u t e  

a  segment f o r  a  cor responding  segment v a r i a b l e ,  we a l s o  have t o  t a k e  

i n t o  account  t h e  e f f e c t  of t h e  segmap$ a t t a c h e d  t o  t h e  end-point of 

t h e  segment i n v o l v e d ,  s i n c e  such  a  segmap r e a l l o c a t e s  r e f e r e n c e s  t o  

X's l y i n g  on t h e  main branch of t h e  segment which we want t o  s u b s t i -  

t u t e .  We now g i v e  a n  example t o  demons t ra te  b o t h  of t h e s e  f e a t u r e s .  

Consider  t h e  f o l l o w i n g  example of a  h - t r e e  c o n t a i n i n g  a  segment and 

a  segment v a r i a b l e  

where f i s  t h e  pe rmuta t ion  of [1..2] d e f i n e d  by +(1)=2 and ~(2)=1. 

T h i s  t r e e ,  which we r e f e r  t o  a s  t n ,  c o n t a i n s  a  redex,  namely 



and we can t h e r e f o r e  perform a () - reduct ion on t". By p-reducing t", 

t h e  unary node G(3,2)  i s  a  c a n d i d a t e  f o r  s u b s t i t u t i o n  of t h e  sub- 

t r e e  

Should we s imply r e p l a c e  ~ ( 3 , 2 )  by t h e  t ree-f ragment  

t h e n  t h i s  would r e s u l t  i n  t h e  f o l l o w i n g  t r e e  t'* 

It i s  immediately c l e a r  t h a t  t h e  v a r i a b l e s  j( 1) and f ( 3 )  r e f e r  t o  A'S 
d i f f e r e n t  from t h o s e  t h a t  t h e y  o r i g i n a l l y  r e f e r r e d  t o  i n  t". The v a r i -  

a b l e  k ( 3 )  i s  a n  e x t e r n a l  r e f e r e n c e  i n  t" and,  a s  i n  t h e  c a s e  of d )  - 
s u b s t i t u t i o n s ,  has  t o  be s u i t a b l y  updated whenever t h e  segment i n  

w h i c h i ( 3 )  o c c u r s  i s  s u b s t i t u t e d  f o r  some segment v a r i a b l e .  The v a r i a -  

b l e k ( 1 )  i n  t^  r e f e r s  t o  one of t h e  two 1 - s  hidden i n s i d e  W(3,2); i t  

seems t o  r e f e r  t o  t h e  f i r s t  1 ( f rom t h e  r i g h t )  l y i n g  on t h e  main 

branch of t h e  segment i n v o l v e d ,  bu t  t h e  segmap f r e a l l o c a t e s  t h i s  re- 



f e r e n c e  t o  t h e  second I\ (from t h e  r i g h t ) .  Th i s  means t h a t  c o r r e c t  0 -  

r e d u c t i o n  of tA would r e s u l t  i n  t h e  f o l l o w i n g  t r e e  t"^ 

The employment of namefree n o t a t i o n  and segmaps makes i t  p o s s i b l e  t o  

t o  g i v e  a  formal  d e f i n i t i o n  of s u b s t i t u t i o n  of segments f o r  segment 

v a r i a b l e s  i n  a  v e r y  c o n c i s e  way. We s h a l l  n o t  g i v e  s u c h  a  d e f i n i t i o n  

h e r e ,  we j u s t  s t a t e  t h i s  a s  a  f a c t .  Readers i n t e r e s t e d  i n  t e c h n i c a l  

m a t t e r s  concern ing  Av-calculus a r e  r e f e r r e d  t o  t h e  author ' s  f o r t h -  

coming t h e s i s  , which c o v e r s  l a n g u a g e - t h e o r e t i c a l  a s p e c t s  of t h e  

kr-system. We n o t e  t h a t  i n  p rev ious  examples d e s c r i b i n g  how s u b s t i t u -  

t i o n  of segments f o r  segment v a r i a b l e s  can t a k e  p l a c e ,  we have re- 

s t r i c t e d  o u r s e l v e s  t o  r a t h e r  s imple  s i t u a t i o n s .  Our fo rmal  t r e a t m e n t  

of such  s u b s t i t u t i o n s ,  however, w i l l  t a k e  much more invo lved  s i t u -  

a t i o n s  i n t o  account .  Our formal  d e f i n i t i o n  of s u b s t i t u t i o n  w i l l  t a k e  

i n t o  c o n s i d e r a t i o n  c e r t a i n  accumala t ive  e f f e c t s  which can occur  when 

segments c o n t a i n  r e f e r e n c e s  t o  o t h e r  segments,  o r  even h - s  which bind 

segment v a r i a b l e s .  

6. Conclusions  and r e s u l t s  

A s  s t a t e d  e a r l i e r ,  t h e  language t h e o r y  of Ar-calculus  i s  t h e  t o p i c  of 

t h e  author ' s  for thcoming t h e s i s .  Both a n  untyped and a  typed v e r s i o n  

of t h e  18-system a r e  t r e a t e d  i n  t h i s  t h e s i s .  The t y p e s  i n  t h e  typed 

v e r s i o n  of ( c a l l e d  V) a r e  a n  e x t e n s i o n  of t h e  t y p e s  i n  Church's 
T 

well-known Theory of s imple  t y p e s ,  t h e  e x t e n s i o n  being t h a t  s imple  

t y p e s  a r e  c o n s t r u c t e d  f o r  segments and segment v a r i a b l e s .  The fol low- 



i n g  impor tan t  language t h e o r e t i c a l  r e s u l t s  have been e s t a b l i s h e d :  

( 1 )  t h e  Church-Rosser p r o p e r t y  f o r  1~ (and hTw), 

( 2 )  t h e  n o r m a l i z a t i o n  p r o p e r t y  f o r  A B. 
T 

With t h e s e  two r e s u l t s ,  soundness and d e c i d a b i l i t y  of t h e  Ar-system 

a r e  guaran teed .  

The &system was o r i g i n a l l y  dev i sed  f o r  t h e o r e t i c a l  r e s e a r c h  concern- 

n ing  t h e  f o u n d a t i o n  of t h e  AUTOMATH v e r i f y i n g  programs which a r e  used 

f o r  t h e  checking of c o r r e c t n e s s  of mathemat ical  t e x t s  coded i n  AUTO- 

MATH. One a p p l i c a t i o n  of t h e  A@-system i s  t h a t  i t  p r o v i d e s  a b a s i s  f o r  

a g e n e r a l  purpose  language i n  which AUTOMATH-texts can be coded i n  

s u c h  a way t h a t  t h e  v e r i f i c a t i o n  of c o r r e c t n e s s  can be done more e a s i -  

l y  and s y s t e m a t i c a l l y  than  before .  But s i n c e  t h e  I\c-system prov ides  

f o r  a l a r g e  number of new a b b r e v i a t i o n a l  f a c i l i t i e s  in . \  - c a l c u l u s ,  

more a p p l i c a t i o n s  t h a n  t h o s e  s t r i c t l y  connected w i t h  AUTOMATH seem 

p o s s i b l e .  
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