Explicit and implicit
Runge-Kutta methods:

an overview
S.M.A. Bruin

30-01-2002



Introduction

Quadrature Problem:

y' f(z)
y(zo) Y0

Midpoint rule

y1 = yo-l-hf(xo-l-g)



Introduction

Initial VValue Problem:

y = f(z,y)
y(zo) Y0

Midpoint rule
h h
vi = wo+hf(zo+ 5y (v0+7))
2 2
h\=-
How do we compute y <a:0 -+ 2).

Use Euler for: y (a:o -+ %)

This results in:

ki = f(zo,v0)

k f( e+ )
x —, -

> ot 5:v0+ Sk

y1 = yo + hko



General definition

Let b1,...,bs, a;;(i,j = 1,...5) be real num-
bers. Let ¢; = > ;a;;. The method

S
ki = f (Svo +cih,yo+h ) az’jkj)

=1

S
Y1 yo+h D> bik;

=1
IS called an s-stage RK method.

Butcher tableau:

c1|a11 ... 0O1g

clA _ =
‘bT Cs CLS]_ Ass
bl bs



Types

0 0
co|a»; O
Explicit ;
Cs | Qg1 ... ags—1 O
by ... bg_1 bs
Examples:

Forward Euler: i

~|o

NI= O

Runge:

ONIF O
= O O



Types

c1 | ai11
Diagonal( DIRK :
J ( ) Cs | g1 Ass
b]_ bs
Examples:
111
Implicit midpoint rule: ;l_%_
1|1
- 211
Modified Extended BDF 1: 111
i
2

NHENIFR = O

= OO



Types

c1 | ai11 ais

Implicit (IRK) a'l a=
S S SS

b]_ bs

Example:

Hammer-Hollingsworth

3-/3 1 1_ 3
&) 4 4 5
3+v3 ;+£ 1
) 4 6 4
1 1
2 2




Order conditions

2 stage Explicit Runge-Kutta method

y1 = yo + hd1f(yo)

+hbs f (yo + haz1 f(yo))
Taylor
y1 = yo+ hb1f(yo) + hbaf(yo)
-I-hibzazlf/(yo)f(yo)
h
+b2031 2 (40) f (w0)? + O(h*)

Taylor of exact solution
1
y(z1) = yo+ hf(yo) + §h2f’(yo)f(yo)

+2h3 (£ (490) 1 (50) (o)
+ /(o) f'(v0) f (wo) ) + O(h*)

-



Order conditions

Error:

y1 —y(x1) = h(by + by — 1)1f(yo)
+h?(boany — E)f/(yo)f(yo)

h3 1
o (b2a51 — 5) P (yo) £ (y0)?

~ 231 (40) ' (50) f(wo) + O(h*)

_|_

Order conditions for order 2 approximation:

b1 + b =

branzy =

N|+— B~

Principal Error terms

1 1 1
“ (bral, — _> =
> ( 2621 7 3 6



Order conditions

order p

1 2 4 5 o6 [ 8
1 2 3

3
4 17 37 85 200

no. of conditions
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