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Numerical integration

1. Partition complex region into

fundamental ones

2. Use numerical integration on
fundamental region

—

3. Adaptive: let partition depend on
function
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Riemann integration

= Approximation:
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Monte Carlo

F()

f(x1)

1 N
N0

3
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Errors

1. In basic region, due to
approximation error

2. Error due to non-exact covering
of the region with basic regions
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Num. Integration of Basic Regions

s Standard
[ =2 wf(x)

- Advanc':ed

[REDDR TR EACH

Degrees of freedom: w, and X,
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Error

= Arule is called for f(x) If the
error, given byjf - > w, f(x)
IS zero.

= Aruleis ifitis

exact for polynomials of degree up
to n and not for N+ 1
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The best integration rule

= Minimal amount of points, such
that the rule Is exact for specific
degree p
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Rules for integration

1. Choose x, determine w,: Newton-
Cotes (demand degree p exact)

2. Interpolate the function
f(x) =Y a,(f)g,(x) then:

[109=[>a(Ne0=Ya(fgM

3. Determine x, and w,: Gauss-
Legendre (demand degree p exact)
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Rules for integration

= Newton-Cotes via interpolation
o Error also via interpolation error

= Gauss-Legendre via orthogonal
polynomials

¢ Error also via orthogonal
polynomials

Seminar SCG
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Examples

= Newton-Cotes
= Gauss-Legendre

F(x,)
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Orthogonal polynomials

Integration over interval [a,b]

= The optimal points are the zeros of
the orthogonal polynomial P (x) on
[a,b].

jl P, (X)Q,4(x)ax =0

for all polynomials Q,,_,(x) of
degree =<n-1.

Proof in [1]
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Proof

[1] A.H. Stroud “ Numerical Quadrature and
Solution of Ordinary Differential Equations”

[ P.09Qu (X = 0= D" WP, (%)Q,4(%)

=P (x)=0

and

[Qua(dx =" AQ,, (%) exact
S, () A+ [ B OOR, (X)dx

exact 0

(-
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Orthogonal polynomials

= It can be proven that:
¢ Pn(X) IS unique (normalized)

¢ That zeros are real and distinct
and lie in the open interval (a,b)

¢

= P,(x) can be found efficiently via
recursion relation.

P,(X) = (X= B,)P2(X) = VoPra(X)
RO =x=-F R(x)=1
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Error Newton-Cotes

= Error made with Newton-Cotes can
be determined with the
Interpolation error:

£ = Py (%) = (X=%) oo (X = X,)

f (&)
n!

SO.

[ 100 =] Py (%)= [ (x=%)...(x=x,) )

Nl
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Error Gauss-Legendre

= Also: weights are positive

= The error made for arbitrary f(x) for
a simple region:

RN =1(1) =2 Wi (%)=

(2 ) f 2 (g) j (P,(x))%dx = cf ™ (8)
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Integration in 2D

= For basic regions some formulae
exist or can be determined from 1D
method

= For non-trivial regions:
¢ Use Monte Carlo
o Partition into basic regions
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Lagrange for basic region in xD

= Let two Lagrangian polynomials be
given:

L(F.0= 24001009, L(F) =D (0 F(xy,)

= Then the 2-dimensional
Interpolating function:

Lo (F.%y) = Lo (Lo(F.30.9) = Y S A0 (0 (%, Y;)

i=1 j=1
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Lagrange for basic region in xD
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Newton-Cotes for basic region in xD

= For simple domains only
= Domain specific, example simplex

i

0

1
= Newton-Cotes cubatures can be
found via cardinal functions [3]
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Newton-Cotes for basic region in xD

s Cardinal functions:
A Y) ==(x+y=1, AL(XY)=X As(XYy)=Y,

= Interpolating

L(f,x,y)=(Q-x-y) f(00)+xf(10)+yf(0l)

= Which leads to a first-degree rule

C,f = ﬁxLl(f X, y)dydx = %[ f(0,0) + f(L0) + f(0.1)]
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Given rules for 2D

= Stroud [2] gives some rules for a
set of basic regions

¢ Degree
o Number of points

= With * are “particularly useful”
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Given rules for 2D

= *-Example:
C,.5-1 degree 5, with 7 points:

[i Jg @ with Weightg%v
[O,i\/EJ with Weight%V

(00)  with weight%v

Seminar SCG
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The optimal choice?

= Problem remains: is the choice of
your points optimal?
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Gauss for xD

= Zeros of xD-orthogonal polynomials
= Example 2D:

= Square |X,|Y|<1 . Find cubature rule
with degree 2.

= Orthogonal polynomials can be found:

1 1
PPy =Xt =2 Py =y POk y) =y -

= But, how many points to choose”?
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Open problem

Given a fundamental geometry

Then find the least amount of points
(and weights) such that

[ =2 wfx)

IS exact for degree d.

Next session more about this problem
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Monte Carlo approach
= First order method: If :%i f(x)

with N randomly chosen numbers

Seminar SCG
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Literature

Library (CUL):

[1] A.H. Stroud “ Numerical
Quadrature and Solution of
Ordinary Differential
Equations”,1974

2] A.H. Stroud, “Appr. Calculation of
Multiple Integrals”, 1971

[3] H. Engels, “Numerical Quadrate
and Cubature”, 1980
Articles:
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Avallable software

= NAG-Lib

= QUADPACK
= Net-lib

= Mathematica

+ Packages:

» Nuneri cal Mat h™ Gaussi anQuadr a-
ture

» Numer i cal Mat h- Newt onCot es”
* More...

¢ Normally Gauss-Konrod based
= Matlab
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The answer Is....

Integrating in 2D or 3D is really
different from integrating in 1D!

Seminar SCG
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Map to fundamental geometry

= The domain Q iIs divided into elements:

X X
— |, _\,M M _ 0 (1
Fl( j = [vl V; Vv, V; ] + vV
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Domain Decomposition
= Integration per element:

J T (9abx=[ £ (F () det(OF; () &

= Assume a given guadrature rule:

| ok =3 wo(x)
. Then jf(x)dx det@F () wa(F(x))

‘det(aF (X))\ IS a number dependent on the
element.
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