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Definitions

|mproper integrals —=|ntegrals whose integrand is unbounded

1) . f(x) isdefinedon (a,b];
« f(X) isunbounded in the neighbourhood of X = a.

i T(x) dx = lim T f (x) dx

2 f (x) isdefinedon [a,b]\{c};

« f(X) isunbounded inthevicinity of X =C, with a<c<Db.
The Cauchy Principal Value of the integral is defined by the limit

C+r

Pl f(x) dx = lim f f () de+ | F(x) dx
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Change of variable

Sometimesit is possible to find a change of variable that eliminatesthe
singularity.

Example 1
g(x) 0 cloi] L
| =[x "g(x)dx n=2

The change of variable t" = x transforms the integral into

| = n{t""g(t")dt which is proper.

O =y

But (example 2)

I :jlog(x)@(x)dx with t = -log X

becomes - _t Infinite range of
= -[teTg(e )t
0
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Elimination of the singularity

General ideas: subtract from the singular integrand f (x) afunction g(x).
¢ g(x) integral isknown in closed form;

+ f(X)—9g(x) isnolonger singular.

Thismeansthat g (x) hasto mimic the behaviour of f(x) closely toits
singular point.

Example

1 COS X 1] 1 COS X —1 1 COS X —1
dx =| —dx + dx =2 + dx.

xR T | Ux

But >

X
COS X—1= -

near x = 0, so thelast integrand in now in C[0,1]
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|lgnoring the singularity

It Is also possible to avoid the integrand singularities and apply
the standard quadrature rules.

We want to compute

[ f(x) dx,

0

where f (x) Isunbounded in the neighbourhood of X

0.

*Thenweset f (0)= 0 (or any other value) and use any
seguence of rules.

* Another option: use a sequence of rulesthat do not involve
thevalueof f (x) a x = 0.
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|lgnoring the singularity

Example 1

32 xS 1.8427 G, 1.65068

64 xS 1.8887 Gs 1.75086

1 128 xS = 1.9213 G, 1.80634

J‘ d x - 9 256 xS | 1.9444 G1o 1.91706

/X 512 xS 1.9606 Gis 1.94722

0 1024 xS 1.9721 Gso 1.97321

S = Simpson G = Gauss

But the method of ‘ignoring the singularity’ may not work if the integrand is
oscillatory

Example 2
1
1 sin X
j—sm—dx——(ﬂ Zj dx) =.624713
9 X X
32 xS 2.3123
64 xS 1.6946
128 xS _0.6083 No patterns of
256 xS 1.2181 —_—— convergence is discernible
512 xS 0.7215 from this computations
1024 xS 0.3178

S = Simpson
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|lgnoring the singularity
However let R designate afixed m-point rule of approximate integration in[ 0,1]
R(F)=2w, f(x)

with 0 x <X, <..<x <1 w_>0, Zmlwkzl,

andlet R designate the compound rule that arises by applying R to each of
the subintervals

[04/n], A/n,2/n],..,[(n=-21)/n1], then

0 1/n 2/n (n—-1)/n 1

Theorem

If f (Xx) isamonotonic increasing integrable singular function with a singularity
a x =0, then

lim R (f)=] f(x) dx.
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Proceeding to the limit

Integral to be evaluated:

[ f(x) dx

0

* f(X) iscontinuousin 0<x<1(may be unboundedin x=0).
¢ 1>r >r,>... isasequence of pointsthat convergestoO(eg r =2 ).

jf(x) dx = j f(X) dx+j f(X) dx+j f(x) dx+...

0
The evaluation is terminated when \

proper mtegrals

T f(x) dx <
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Truncation of the interval

i f(x)dx::j f(x)dx-+j f (x)dx

0
Then, if

[ f(x) dx‘se

we can simply evaluate the proper integral

[ f(x) dx
Example r
I :i 9(X)1dx withgboundedin[O,l],e.g.‘g(x)‘s1
0 X2+ XS
But in [0,1]
000 |, 1 I Py I
X2+ X° 2 X? °X?*+ Xx° °2X?

And, if wetake r <10, we get an accuracy of 10
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Integration Formulas of Interpolatory Type

Consider the integral 1
[ w(x) f(x) dx
where w(x) isafunction with asingularity in the neighbourhood of x=0, but
such that
[ w(x)x* dx existfor k = 0,1,..., n.
The, for agiven sequence of abscissas 0 < X, < X, <..X < 1,wecan

determine weights W, such that
1

[ W) p(9dx = w,p(x)
whenever p O P,

This leads to the approximate integration formula

[ W(x) f (x) dx = > w,f(x)
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Integration Formulas of Interpolatory Type

Example
21 1 2
W(X) = X 2 X, = 3’ X, = 3’ X, =1
_1
w, +w, +Ww, —jx 2dx = 2,
1
i W2+w —‘[x2xdx:E
3 3 3
W, 4W2+W3:fx_;x2dx E
9 9 0 5

Thisleadsto therule

: 4 B L]e2
jx f ()= f(sj 5f(3j+5f(1).
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Integration Formulas of Gauss Type

Singularities may be accommodated by means of Gauss-type formulas. The
integral iswritten in the form

| =] w(x) f (x) dx,
where w ( x) isafixed posaitive weight function. The moments
[ w(x)x" dx existfor n=0,1,.

but w(X) may have one or more singularitiesin the interval [a , b]
The corresponding orthonormal polynomialsare p_(X) and their zeros are

a<Xx, <X, <..<Xx <b
Then W_, W _,..., W _(positive constants) can be found such that

[ w(x) p(x) dx = 3w, p(x,)

[ wi(x) f(x) dx = > w, f(x)
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Integration Formulas of Gauss Type

We want to compute the integral
1

| :j Log (x) f (x)dXx,
. f(X) isregularin[0,] °
We need

G, (X) polynomias orthonormal to Log(x) in [0,1].

To get them, we must solve
1

| :j —Log (x)(x")dx.

0

eX=e"’

e integration by parts

== ey =
m+1- (m +1)

By M™ Henri Berthod Zabrowski
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Integration Formulas of Gauss Type

1
j -Log(x)G,G;dx =9,
0

e Polynomials * Points
G, =1
Gl :E(X—lj; 0.25
J7U 4
- 5(252x* ~180x +17) et
2 = 1247 ’ 0.112009
7(258800x° —310500x” —92016X — 4679 > o
G, = (258800, ~310500x° ~92016x - ); 0.368997
9110849647 0.766880

6/11/2002

Seminar: Numerical Integration

» Weights

0.281461
0.718539

0.513405
0.391980

0.094615
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Integration Formulas of Gauss Type

« Example
1
=] - Log(X) 4y = L = 0.8224670.
g 1+ X 12
n=3
| commuied = 0.8224485
_ -7
| exact | computed 185110
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Numerical Evaluation of the Cauchy Principal
Vaue

Reduction of the CPV to one-sided improper integral is possible.
f (X) unboundedin X=C with a<c<b.

Suppose that PT f (xX) dx exists

Pif(x):lri[g j f(x)dx+f f (x)dx

a C+r

Consider ¢ = 0 and b =a.
Decompose f (X) initsoddand even parts
Odd Even

90 =2[f ()~ f (-] () =210+ £ (-X)]
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Numerical Evaluation of the Cauchy Principal
Vaue

j f (%) dx+j £ (%) dx =
I g(x) dx +j g(x) dx + j h(x) dx +j h(x) dx =
2]‘ h(x) dx.
Therefore

PJ f(x)dx = 2lim[h(x)dx
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Numerical Evaluation of the Cauchy Principal

Vaue
Examplel ]
pIEB_
10X
C1(1 1) _ | _ ¢ OX
h (x _—(;——j_o P:fl y 0
Example2
1ex
P [ —dx
10X
_1(e e ) 1
lﬂ@——(x+_xj—;sm(@

.sinh(x)

0 X
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Numerical Evaluation of the Cauchy Principal
Vaue

The method of subtracting the singularity may also be used.

b
|(x):Pj :Li dt, a<x<b

Hilbert

I(x):i f(t%:)i(X) dt+f(X)Pi td—tx: tra]tcns(f(;;r)nof
jrO=T0) gre £ (x)10gD7X.

a

Consider the function
@(t, X) = ME=1ey t Z X,
ft—X
@(x,x) = f'(x) t =X

[ @(t, x)dt

[IInterpolatory-type and Gaﬁss—type formulas have been developed for Cauchy Principal Value

integrals.
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Numerical Evaluation of the Cauchy Principal

Vaue
It may be useful to consider
X+h h _
[ ot xdt = | f(”xi Pt
X—h -h

If f (X) canbeexpandedinaTaylor seriesat t = X, then we have

thgo(t,x)dt:f (f () + L (X) t* f"'(x)+...]dt

x—h -h 3|
3 "
h° £(x)
9

= 2hf '(x) +
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Indefinite Integration

We want to compute y
F)=[f(t)dt asxs<b
or the more complicated ;

FO)=[f(x)dt  asxsb

Two choices

*Regard the F ( X) asadefiniteintegral over avariable range;
*Regard F (x) asthe solution of the differential equation

%'):(:f(x), F(a) =0.

The simplest approach:
«divide the interval of integration a<X<D into a set of subintervals;

«apply arule of approximate integration to each subinterval.

Simpson’sruleiswidely used
6/11/2002 Seminar: Numerical Integration
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Indefinite Integration via Differential Equations

We can use familiar rules. Consider, for example, the classical Runge-Kutta
method for the solution of

dy _ _
v alx,y)  y(xX)=Y,.

Therelevant formulas are

ym+1 = ym +%(k1 t 2k2 + 2k3 T k4)1

hk,
2

h
klzg(xm’ym)’ kzzg(xm+5’ym+ )1

hk
2

Ky = G0 *+ 5 Y+ 152), Ky = 9%, N, Y, + ).

A general multistep method for indefinite integration would consist in
computing the value of the integral at the next step, y__ intermsof the values
of the integral previously computed, y ,y ,..., andintermsof the values of
theintegrand, f (x ), f(x ), (X _),...
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Indefinite Integration-Approximation Theory

F)=[f(t)dt asx<b -w<a<b<w
Suppose we can approximate f (x) with

f(X)=¢(X)+¢(X)+...+¢ (X)+&(X) as x<b,

ax|<e  asx<h
and that () = [ g(t)dt
Issimpleto calculate. a
Then

FO) =] F()dt=0,00 +4,(9 + ...+ 4,00 +7(X),

with <(b-a)e.

[e(t)at

n(x)| =
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Indefinite Integration-Approximation Theory

Chebyshev Polynomials

T.(X) = cos(nlar cosx) = X" +[2jx”‘2(x2 -1)+...
n=0,1..., -1<x<1
or
T,(x) =1, T,(X) =X,
T ,(X)=2XT (X) =T _,(X), n=23...

If the function f ( x) satisfiesa Lipschitz condition in [—1,1], it can be
expanded in an uniformely convergent series of Chebishev polynomials.

F( =8, +aT,00 +T,00 +..
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Indefinite Integration-Approximation Theory

Orthogonality

j T,.(X)T,(X)
J1-X°

The coefficients of the series are given by

(77, m=n =0,

dx:<7—2T, m=n#0,

0, m#n.

a = _[ FOIT () dx——jf(cosﬂ)cosrﬂdﬂ

V1-x2

For many functions the sequence a,, a,,... decreasesto zero rapidly. So

- % & 3 (T.a(®¥) _T.4(¥)
jf(t)dt_ 2T + 4T2(x)+§ 2( e — j+cons
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