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Fε = Ω ∩ εF# 0

Sε = Ω ∩ εS# 0

Γε = Ω ∩ εΓ# �

7 $/ % 3# + + Y

Γ F

S
F# = F + Z

n 0

S# = S + Zn 0

Γ# = Γ + Zn 0
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• vε : Fε → Rn ' � �� � �� �( � �� � " � � �  � �� !

• pε : Fε → R �� � � �� � � � � � � �  � �� !

• uε : (0, T)×Fε → R �� � � � � �� � � �� � � " � � � � � �� � �� � �� � �� � � � � � � � � �
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• Uε : (0, T)×Γε → R �� � � � � �� � � �� � � " � � � � � �� � �� � �� � �� � � � � � � � � �
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• * � �� � � * � � % � � � ) � � � �� � "� � � � �  � �� + vε, pε , !
• - � � � � �� � ! �� � ' � � � �� � .� � � � �� � � �� � / � " � � � �� � �� � � � � � � � � �  � �� + uε, vε , !

• 
 � �� � � � �� � � � � � � �� � "� � � + uε, Uε , !

• 0 �� � � �� � .� � � �� � "� � � � �� � � �� � / � � � � � �� � "� � � + Uε, uε ,#
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ε2∆vε = ∇pε / $ Fε,

∇ · vε = 0 / $ Fε,

vε · νε = 0 ( $ Γε,

� ? # & #

νε :# $ ( %# - %? # ( 7 %# & $ ( & 5 * + ( ' Fε ( $ Γε,

* $ : � ? # & # � # * : :
* � ( 7 $ : * & , 3 ( $ :/ %/ ( $ ( $ ∂Ω.
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∂tuε = ∇ · (aε∇uε − vεuε) / $ Fε,

� ? # & # %? # :/ � 7 -/ ( $ 3 (# � 3/ # $ %

aε : Fε → R,

/ - 9/ @ # $ � ,

aε(x) = a

(

x

ε

)

,

�/ %? * $ Y� 6# &/ ( :/ 3 '7 $ 3 %/ ( $ a : R
n → R 0

* $ : � ? # & # � # * : : * � ( 7 $ : * & , 3 ( $ :/ %/ ( $ ( $ ∂Ω * $ : * $/ $/ %/ * + 3 ( $ :/ �

%/ ( $ * % t = 0 �
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−aε(x)∇uε(t, x) · νε(x) = εbε(x, Uε(t, x), uε(t, x)),

� ? # & # * +/ $# * & * : - ( & 6 %/ ( $ & * %#
bε : Γε × R × R → R,

/ - 9/ @ # $ � ,

bε(x, ., .) = b

(

x

ε
, ., .

)

,
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� � � �� � � � � � � � � � � � � � �� � Rε � �

∂tUε(t, x) = bε(x, Uε(t, x), uε(t, x)) + rε(x, Uε(t, x)),

� ? # & # * +/ $# * & & # * 3 %/ ( $ & * %#
rε : Γε × R → R,

/ - 9/ @ # $ � ,

rε(x, .) = r

(

x

ε
, .

)

,

�/ %? r : Rn × R → R �# / $ 9 Y� 6# &/ ( :/ 3/ $ %? # 4 & - % * & 9 7 5 # $ % 0
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(Sε) ε2∆vε = ∇pε,

∇ · vε = 0,

vε · νε = 0,

(DCε) ∂tuε = ∇ · (aε∇uε − vεuε),

(Aε) 0 = aε(x)∇uε(t, x) · νε(x) + εbε(x, Uε(t, x), uε(t, x)),

(Rε)

∂tUε(t, x) = bε(x, Uε(t, x), uε(t, x)) + rε(x, Uε(t, x))
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• v : Ω → Rn ' � �� � �� �( � �� � " � � �  � �� !

• p : Ω → R �� � � �� � � � � � � �  � �� !

• u : (0, T) × Ω → R �� � � � � �� � � �� � � " � � � � �� � �� �	 � �
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• U : (0, T)×Ω× Γ → R �� � � � � �� � � �� � � " � � � 
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� � � �� U = U(t, x, y)
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• - � � � � �� & "� � � � �  � �� + v, p , !

• - � � � � �� � ! �� � ' � � � �� � � ) � � � �� � & �� � � � � �% + u, v, U , !

• 0 �� � � �� � � ) � � � �� � + U, u ,#
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v = −K∇p,

∇ · v = 0,

/ $ Ω 0 � ? # & #

K : Ω → R
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|F|∂tu = ∇ ·
(

A∇u − vu
)

− Q,

/ $ Ω 0 � ? # & #

A : Ω → R
n×n, %? # # �# 3 %/ @ # :/ � 7 -/ @ / % , ,

/ - :# %# & 5 / $# : � , S 0 a * $ : 3 * $ �# ( � % */ $# : '& ( 5 * � �� � � 6 & ( � + # 5 �

%? # -/ $ � %# & 5 Q : (0, T ) × Ω → R/ - 9/ @ # $ � ,
Q(t, x) =

∫

Γ
b
(

y, u(t, x), U(t, x, y)
)

dHn−1(y).
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( � % */ $

∂tU(t, x, y) = b
(

y, u(t, x), U(t, x, y)
)

+ r(y, U(t, x, y)),

' ( & t ∈ (0, T ), x ∈ Ω, y ∈ Γ � �# 3 *+ +/ $ 9

|F|ut = ∇ · (A∇u − vu) − Q,

Q(t, x) =

∫

Γ
b(y, u(t, x), U(t, x, y)) dHn−1(y),

� # 4 $ : * �/ $ : ( ' 5 *- - � *+ * $ 3# # � 7 * %/ ( $ 0

∂t

(

|F|u +

∫

Γ
U dHn−1

)

= ∇ ·
(

A∇u − vu
)

+

∫

Γ
r(u, U) dHn−1.



�� � � � � � � 	 � �� � � � � �
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Kij =

∫

F

wi(y) · ej dy,

& � �� � wi : F → Rn,� � � πi : F → R ! i = 1, ..., n �� � ' �

∇πi − ∆wi = ei, � � F ,

∇ · wi = 0 � � F ,

wi = 0 � � Γ.

$ � � � � � � � � ' � � � � � � � ' �� � � � � � � � A � � � � ' � � � �
Aij =

∫

F

a(y)
(

δij + ∂yjηi(y)
)

dy,

& � �� � ηi : F → R, i = 1, ..., n �� � ' � � � � � �� �� � �� � � � � �
∇ ·

(

a
(

∇ηi + ei

)

)

= 0 � � F ,

ν · (∇ηi + ei) = 0 � � Γ.
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v = −K∇p, (S)

∇ · v = 0,

|F|∂tu = ∇ ·
(

A∇u − vu
)

− Q, (DC)

Q(t, x) =

∫

Γ
b(y, u(t, x), U(t, x, y)) dHn−1(y),

∂tU(t, x, y) = b
(

y, u(t, x), U(t, x, y)
)

+ r(y, U(t, x, y)), (R)
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� ( & ε > 0+ # % vε, pε, uε, Uε �# * - ( + 7 %/ ( $ ( ' %? # 5 / 3 & ( 5 ( :# + � < ? # $ � #

? *@ #

vε → v, pε → p, uε → u, Uε → U

/ $ * - 7 / % * � + # - # $- # * $ : v, p, u, U/ - * - ( + 7 %/ ( $ ( ' %? # 5 * 3 & ( 5 ( :# + �
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� ( & *+ + ζ ∈ C∞
c ((0, T ) × Ω)? ( + : -

∫ T

0

∫

Ω
ζtXεuε =

∫ T

0

∫

Ω
∇η · Xε(aε∇uε − uεvε) −

∫ T

0

∫

Γε

ην · aε∇uε

=

∫ T

0

∫

Ω
∇η · Xε(aε∇uε − uεvε) +

∫ T

0

∫

Γε
η εbε(., uε, Uε),

�/ %? Xε(x) = X (x/ε) * $ :

X (y) =







1 / ' y ∈ F ,

0 / ' y ∈ Y \ F .
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� # ( � % */ $ ' ( & * - 7 �- # � 7 # $ 3# ε → 0

Xεvε → v � # * �+ ,/ $ L2(Ω),

uε → u - %& ( $ 9 + ,/ $ L2((0, T ) × Ω),

∇uε → ∇u � # * �+ ,/ $ L2((0, T ) × Ω),

...

� ( & # (@ # & � # *- - 7 5 #

uε(t, x) ≈ u(t, x) ( $ Γε,

Uε(t, x) ≈ U(t, x, x/ε) ( $ Γε.
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∫ T

0

∫

Ω
ζtXεuε → |F|

∫ T

0

∫

Ω
ζtu,

-/ $ 3# ' ( & * + + ζ ∈ L1(Ω)
∫

Ω
Xεζ →

∫

Ω
|F|ζ.

< ( 7 $ :# & - % * $ : %? / - ( �- # & @ # ' ( & 3 ( $ %/ $ 7 ( 7 - ζ %? * %

∫

Ω
Xεζ ≥

N(ε)
∑

i=1

(inf
Yi

ζ)
∫

Yi

Xε =
∑

i

(inf
Yi

ζ)εn
∫

Y
X

=
∑

i

(inf
Yi

ζ)|Yi||F| → |F|
∫

Ω
ζ.
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∫ T

0

∫

Γε
η εbε(., uε, Uε) →

∫ T

0

∫

Ω
η

(
∫

Γ
b(., u, U) dy

)

dx dt.

) - - 7 5 # bε % ( �# +/ $# * & / $ uε, Uε 0 3 ( $-/ :# & %? # U� %# & 5

∫ T

0

∫

Γε

η(t, x) εb1
(x

ε

)

U
(

t, x,
x

ε

)

→
∫ T

0

∫

Ω
η

(
∫

Γ
b1(y)U(., ., y) dHn−1(y)

)

,

( & # @ # $

∫

Γε

εζ
(

x,
x

ε

)

dHn−1(x) →
∫

Ω

(
∫

Γ
ζ(x, y) dHn−1(y)

)

dx.



∫

Γε

εζ
(

x,
x

ε

)

dHn−1(x) =
∑

i

∫

Γε∩Yi

εζ
(

x,
x

ε

)

dHn−1(x)

≥
∑

i

∫

Γε∩Yi

ε

[

inf
x∈Yi

ζ
(

x,
x

ε

)

]

dHn−1(x)

=
∫

Γ
εn

∑

i

[

inf
x∈Yi

ζ(x, y)

]

dHn−1(y)

=

∫

Γ

∑

i

|Yi|

[

inf
x∈Yi

ζ(x, y)

]

dHn−1(y)

→
∫

Γ

∫

Ω
ζ(x, y) dx dHn−1(y)

=

∫

Ω

∫

Γ
ζ(x, y) dHn−1(y) dx.


