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I. The geometry on the microscale

Fe=QnNeFy,
85 = ngcS#,
I_g — Qﬂé‘l—#

Fu=F+ 1"
Sy =8+ 12",
My =T 47",



The microscopic model.

A chemical substance

is transported by and diffuses in a fluid,
is adsorbed at the pore surface,
reacts at the pore surface.

The unknowns.

° ve - Fe — R" velocity field of the fluid,

° pe . F: — R pressure in the fluid,

° us : (0,T) x F. — R concentration of the chemical substance in the
fluid,

o U:.:(0,T)xI'- - R concentration of the chemical substance on the
surface.

The sets of equations.

Steady Stokes equation for the fluid [v-, p-],

Diffusion, convection of the substance in the fluid [u.,v:],
Adsorption at the surface [u., U.],

Reaction on the surface [Ug, uc].



Steady Stokes equation (S:).

€2A'Ug — Vpg in Fg,
V.ve =0 in 7.,
Ve * Vg — 0 on |_87

where

ve denotes the outer normal of F: on [,

and where we add

a boundary condition on 0f2.



Diffusion, Convection in the fluid (DC:).

at'U/{:‘ = V. (a,gvu&‘ — ’Ug’U,{g) in fg,

where the diffusion coefficient

ac . Fe — R,

IS given by

a(z) = af%).

with an Y-periodic function a : R™ — R,
and where we add a boundary condition on 02 and an initial condi-
tion at ¢t = 0.



Adsorption at the surface (A.).

—as(x)Vue(t,x) - ve(x) = ebe(x,Ue(t, x),ue(t, x)),

where a adsorption rate

be . e xR xR — R,

IS given by

T

be(x,.,.) = b(—, . .),

g
with b: R" xR x R — R being Y-periodic in the first argument.



Reaction on the surface (R.).

OU:=(t,x) = be(x,Us(t,x), ucs(t,z)) + re(x, Us(t, x)),

where a reaction rate

rg:r€XR—>R,

IS given by

re(z,.) = r(%, .),

with » : R x R — R being Y-periodic in the first argument,
and where we add an initial condition at ¢t = O.



Summary: The microscopic model.

(S:) 2D
V * Ve

Ve * Ve
(DC@) 8tu5
(Ae) 0

(1)
3,5U5(t, x)

V - (aeVue — veue),

ac(x)Vue(t,z) - ve(x) + ebe(x, U (t, ), us(t, ) ),

be(x, Us(t, ), us(t, ) + re(x, Us(t, x))




II. The macroscopic model.

The unknowns.

° v — R velocity field of the fluid,

° p:Q2—R pressure in the fluid,

° u: (0, T) xQ2—R concentration of the fluid chemical substance,

o U:(0,T)xQ2xI —R concentration of the adsorbed chemical substance

Note: U =U(t,z,vy)

The sets of equations.

o Darcy law for the fluid [v, p],
° Diffusion, convection equation with a sink [u,v, U],
° Reaction equation [U, u].



Darcy-like law (S)
for the velocity v and the pressure p in the fluid.

—KVp,

S
|

in €2, where

K :Q — R™"™ the permeability matrix,

IS determined by the data & and can be calculated from a local
problem.



Diffusion-Convection equation with a sink (DC).
For the concentration v of the chemical substance in the fluid we

obtain

| F|loju = V- (AVu — vu) —Q,

in €2, where

A:Q — R"™ " the effective diffusivity,

iIs determined by S, a and can be obtained from a local problem:;
the sink term @ : (0,7) x 2 — R is given by

Qt,z) = /r b(y, u(t,2), U(t, 2,)) dH" 1 (y).




Reaction equation (R).
For the concentration U of the adsorbed chemical substance we

obtain

oU(ta,y) = b(y,u(t,2),Ut,2,)) +r(y, Ut,z,y)),

for t € (0,7),x € Q,y € I'. Recalling
| Fluy = V-(AVu —ou) — Q,
Qt2) = [ by u(t,2),Utz,y)) dH" " (y),

we find a kind of mass balance equation,

8t<|]—"|u—|—/rUdH”_1> = V- (AVu - vu) —I—/r'r(u, U)dH" 1.




The local problems.

The permeability matrix K is given by

K, = /wi(y)-ejdy,
f'

where w; : F - R", and =; . F —- R, 1 =1, ...,n solve
)

Vmi — Aw; = e, in F,
V-w, = 0 in F,
w; = 0 on I.

The effective diffusivity matrix A is given by

A, = / a(y) (8 -+ By () dy,
f

where n; : F - R, =1,...,n solves the local problem

O in F,
0 on I.

VAR (a(Vm -+ ei))
v-(Vni+ei)




Summary: The macroscopic model.

0,

v
V v

| F|loyu = V- (AVu — vu) — Q, (DC)
Qt.2) = [ by u(t,2),U(t,z,y)) dH" 1 (y).

U (t,z,y) = b(y,u(t,2),Ut,z,1)) +7(y, Ut z,9)), (R)




III1 Justification of the Macro model.

The goal:

For e > O let ve, pe, us, Us be a solution of the micro model. Then we
have

Ve — U, P — P, Us — U, Us— U

in a suitable sense and v,p,u,U is a solution of the macro model.

Parts of the program:
° Weak formulation of the problems,
° Compactness of the solutions of the micro model,

° Convergence in the weak formulation.



Weak formulation of (DC:).

For all ( € C°((0,T) x 2) holds

T T T
Xoue = / / V- X-(ae Ve — _ / PR
/O /Q CtXeue 0 Jo n s(as Ue usvs) o Jr. nv - asVue

T T
/O /Q Vn . Xg(CLgVUs — ’LLgUg) —I_ /O /rs ngbg(., Ue, Ug),

with X:(x) = X(z/e) and

1 if ye F,

) = {o ifyecY\F.



Compactness of the solutions.

We obtain for a subsequence € — 0

X-ve — v weakly in L?(Q),
us — u  strongly in L?((0,T) x ),
Vue — Vau  weakly in L2((0,T) x ),

Moreover we assume

’Uzg(t,.r) ~ ’U,(t,m) on I_g,
Us(t, ) U(t,x,xz/e) on .

Q



Why do we get |F|0:;u in (DC)7?

[ arxue — 171 [ [

since for all ¢ € L1(Q)

/QX€C — /Q|F|C

To understand this observe for continuous ¢ that

N(e)

JoXee = X anro) [ & = Ydipf " | ¥

1

= 2(pfOlIF — 17 [



Why do we obtain this sink term?

T T
be( . ue, U // (/b ,Ud)ddt.
/O |_€775 8( Ue 8) — 0 Q77 - ( u ) Y| ax

Assume b: to be linear in us, Us, consider the U-term

[ [t Oua) — [0 a [eue i)

or even

/I_6 sC(:B,f) dH”—l(g;) N /Q (/I_C(aj,y) dHn_l(y)> do



/ 8C( )dHn L) = Z/rmy dHn 1(33)

> 2 myeL,!Q; (@.5)] a2 )
= /,- ;bg{,ié(w y)]dH”—l(y)
= il jog o] ar )
- /,_/QC(w,y)dde"—l(y)

— /Q/FC(x,y)d’l—(”l(y)dx.



