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� <� �' @ � � �' 	 ) 6 �� ' � ) �

� �' ( � � �' � � �@ � ) 6 �@ 9' ( �' � � 8 )@ 8� �� ) � = � � �' � ) � )5 ��� �� ��� �� � � 6

	� 
�� 
� �� ; 	 )� � 9 9� 9 � 	 � � ) � � ) � � � 9� � � �� � � � 6 � � <� � � � 	 � � < �� �' (� 9

; 	 � 9� �' �' � ) � 


• � � 9� � � 4 � � ;@ � 9 )5 ' : ;� � �@ ; 	 ) =@ � � 9
• � � � ( ) ) 9� � � ) 6 �@ ; 	 ) = @ � �

• � � 6 � � ) � 9' 	 �' � 9 ) � � � � � � 	 � � �@ 6�� � �@ ' � � 9 � �� ) � �' � 	 � 6 � �

9 )@ 8� � <' ( � ; 	 ) =@ � �

�



• �� � � 9� ) �* � ; ( : 9� � �@ ; 	 )� � 9 9' ( �' )� � � 	 9� � �� )� )5 � � � 6 � �

� (� � ( 9 ) � � ; 	 ) ; � 	' : � 9' 	 � � 9 ; ) 	' � 6 = :' ( � 	 � � 6 ) � � )' � ) � )5

' ( � � )@ �� �@ � 9 )5 ' ( � � � � 6 �
• � ) � 8�� ' � ) �* � ; ( : 9� � �@ ; 	 )� � 9 9' ( �' )� � � 	 9� � �� )� )5 � � � 6 � �

� (� � ( 9 ) � � ; 	 ) ; � 	' : � 9' 	 � � 9 ; ) 	' � 6 = :' ( � ) 	 6 � 	 � 6 � )' � ) � )5

' ( � � ) � �
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� � ) 6� � � � 9� ) �@ � 9 9 ; �	 � � �' � 	 9 �	 � � 9� 65 	 � � � � �' @ :*

• � � �� � � 	 
� � �� �� � � � 9� 	 � 9' ( � 	 �' � ) )5 ' ( � � � � 	' � �@ � � 6' ( �

8� 9� ) � 9' � 	 � �
Re =

|v| · L

ν
,

� ( � 	 � v � m/s 	� 9' ( � 8�@ )� � ' : 8�� ' ) 	 
 L � m 	� 9' ( � @ � � <' ( 9� �@ �

)5 ' ( � ; 	 ) =@ � � � 	 � � � � 6 ν� 9' ( � 
� � � � �' � � 8� 9� ) 9� ' : � m2/s 	 �

• � � � �� � � � �� �� � � � 9� 	 � 9' ( � 	 �@ �' � 8� � � ; ) 	' � �� � )5 � ) � 8�� ' � ) �

� ) � ; �	 � 6' ) 6� � � 9� ) � �

Pe =
|v| · L

D
,

� ( � 	 � v � m/s 	� 9' ( � 8�@ )� � ' : 8�� ' ) 	 
 L � m 	� 9' ( � @ � � <' ( 9� �@ �

)5 ' ( � ; 	 ) =@ � � � 	 � � � � 6 D � m2/s 	� 9' ( � 6� � � 9� ) �� )�� � � � �' �






�� �� ��� �� , 	 /� � 
 1 �2 1� � 
 � �0 
 �� �2 � 0 � � �0 � 
 1 
 �0 �

c=0

=0

source of pollutant

�� < � 	 � �* 	 � 8� 	 � 9' � �	 :
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� �� �� ' � ) � )5 ' ( � 8 �	 � �=@ � 9*

� 	 c = c(x, y, t) 
� ) �� � �' 	 �' � ) � )5 � ; )@ @ �' � �' � 6 � ;' ( � � 8� 	 � <� 6 	 


= 	 v = v(x, y, t) 
 ( ) 	 � � ) �' �@ 8�@ )� � ' :� �@ 6 


6 	 S = S(x, y, t)� 9' ( � 9 ) � 	� � )5 ; )@ @ �' � �' 


� 	 D� 9' ( � 6� � � 9� ) �� )�� � � � �' �

� )� ' ( � ' : ;� � �@ � � � �' � ) � < ) 8� 	 �� � <' ( � ; )@ @ �' � �' 9 6� 9 ; � 	 9 �@ � 9*

∂c

∂t
+ v · ∇c = ∇ · (D∇c) + S.

�



� 9 9� �� � < v� �� ) � ; 	 � 9 9� =@ � � �� �* ∇ · v = ∂v1

∂x + ∂v2

∂y = 0 
 � � <�'

v · ∇c = v1 ·
∂c

∂x1
+ v2 ·

∂c

∂x2

= v1 ·
∂c

∂x1
+ v2 ·

∂c

∂x2
+ c ·

(
∂v1

∂x1
+
∂v2

∂x2

)

︸ ︷︷ ︸

=0

= ∇ · (vc).

� )' ( � � � � �' � ) �5 ) 	 ' ( � ; 	 � 8� ) � 9 ; )@ @ �' � ) � 6� 9 ; � 	 9 �@ � 4 � � ;@ �

= �� ) � � 9

∂c

∂t
+ ∇ · (vc) = ∇ · (D∇c) + S.

�



� : ;� � �@ 9� �@ � 9� �' ( � � � 9� )5 	 � 8� 	 � 9' � �	 :*

• 8�@ )� � ' :* 0.5 − 3m/s

• 6� � � 9� 8� ' :* 0.05 − 5m2/s

•@ � � <' ( 9� �@ � * 100 − 1000m

� ) � � ( � 8� ' ( � ? �� @ �' � � � = � 	 Pe = |v|L/D = 10 − 6 × 103 �

�



�� �� ��� � �, �� � �2 � / � � 0 � 
 
 � �� � � � � � �0 � � 1 /� � 
 � 	 
 � 1 � /2 


∂v

∂t
+ v · ∇v + ∇p = ν∇2v � � 	

∇ · v = 0 � 
 	

B � 	 � ' ( � � 4 ; 	 � 9 9� ) � ∂
∂t + v · ∇ := D

Dt� 9' ( � � ) � 8�� ' � 8� � ) 	 ' ( �

� � < 	 � � <� � � 	 6 � 	 � 8 �' � 8� � � 6 � 9 <� 8� � = :
Dv

Dt
=
∂v

∂t
+ (∇× v) × v + ∇(

1

2
v2).

� ) 9 �' � 95 : � 
 	 � � � ) � 9� 6 � 	 ' ( � 8�� ' ) 	 ; )' � �' � �@ 5 ) 	 v 
 v = ∇× g ��5

� � ' � 
�

g =







0

0

−ψ(x, y, t)







:= −ψ(x, y, t)k,






' ( � �

v = ∇× (−ψk) = −ψ∇× k
︸ ︷︷ ︸

=0

+k× (∇ψ) ≡ k× (∇ψ)

=







−ψy

ψx

0







≡




−ψy

ψx



 .
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� �' v = (u, v)T �� �' � ) 6� � � � 9� ) � 9' ( � 8 ) 	' � � � ' : � 9' ( � 9� �@ �	 ζ*

ζ = vx − uy 
 � � 6' ( � � � � �' � ) � 9 � � 	 
 � 
 	 = �� ) � �

∂ζ

∂t
+ v · ∇ζ = ν∇2ζ, ��� 	

� ( � 	 � � � � � � ) =' �� � v= : 9 )@ 8� � <' ( � � ) � ; �' � = � @ � ' : 	 �@ �' � ) �

∇2ψ + ζ = 0.

> � )� � � < v� �' � 	 � 9 )5 ζ 
 ��� 	 = �� ) � � 9 �@ � � � � 	 � ) � 8�� ' � ) � � 6� � � 9� ) �

� � � �' � ) �5 ) 	 ' ( � 9� �@ �	 8 ) 	' � � � ' : �
C C



� : ;� � �@ 9� �@ � 9� �' ( � 	 � 8� 	 � 9' � �	 : � < �� � 


• 8�@ )� � ' :* 0.5 − 3m/s

•@ � � <' ( 9� �@ � * 100m

• 
� � � � �' � � 8� 9� ) 9� ' :* 10−6m2/s

� )' ( � � � : � )@ 6 9 � � � = � 	 � � � ; 	 ) =@ � � @ � 
� ' (� 9� 9 �	 ) � � 6 104 �

C �



�� �� ��� � �, � 1� / 
 �� �0 � � � /� � 
 1 � /2

� 9� � ;@ � � � 65 ) 	 �5 ) 	 � 9�' )5 	 � 6� ) �� ' � 8� ' 	 �� � 	 9 )5 9 ; �� � � � �� ' � 8� ' :

Ai� � � = � � 	 � ' ' � � � 9
∂Ai

∂t
+ vH · ∇HA

i +
∂

∂σ
(vi

σA
i) =

∂

∂σ

(

Kz
∂

∂σ
Ai

)

+ Si.

• σ �' � 	 	 �� �5 )@ @ ) � � � < 8� 	' � � �@ � ) ) 	 6� � �' � 


• vH � 8� 	 � <� ( ) 	 � � ) �' �@ � � � 6 8�� ' ) 	 � �' ( � σ 9 : 9' � � 


• ∇H� ) 	 	 � 9 ; ) � 6� � < < 	 � 6� � �' ) ; � 	 �' ) 	
• Si� ) �' �� � 9 8 �	 � ) � 9 9 ) � 	� � 9 � � 6 9� � 
 9 � � ' ( � � �' 	 � 4 )5

� )�� � � � �' 9 6 � 9� 	 � = � � <' ( � 	 � 6� ) �� ' � 8� 6 �� � : � � 6' 	 � � 95 ) 	 � �' � ) �

)5 ' ( � � 9 )' ) ; � 9� �' ( � � ) 6 �@ 


• Kz� 9 � 8� 	' � � �@ 6� � � 9� ) �� ) �� � � � �' 


• vi
σ� 9� ) � ; ) 9� 65 	 ) � ' ( � 8� 	' � � �@ � )' � ) � � �' ( � σ 9 : 9' � � � � 6

' ( � < 	 � 8� ' �' � ) � �@ 9�' ' @ � � < 8�@ )� � ' : �
C �



� : ;� � �@ 6� � � � 9� ) � 9� � ( ) 	 � � ) �' �@ 6� 	 �� ' � ) �*

• 8�@ )� � ' :* 10m/s

•@ � � <' ( 9� �@ � 1000km

• 
� � � � �' � � 8� 9� ) 9� ' : 1.5 × 10−5m2/s

� )' ( � � � : � )@ 6 9 � � � = � 	 |v| · L/ν� 9 �	 ) � � 6 1011 − 1012 �

� �' ( � 8� 	' � � �@ 6� 	 �� ' � ) �' ( � @ � � <' ( 9� �@ � � � 6 8�@ )� � ' : � 	 � 9 � �@ @ � 	

� � 6' ( � ' � 	 = �@ � �' 6� � � 9� ) �� )�� � � � �' 10− 103m2/s 
 <� 8� � < � ? �� @ �'

� � � = � 	 10−2 − 10 �

C 
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3 � � )5 ' ( � � �� � � ) 6 �@ ; 	 ) = @ � � 9 � � @ @ = � ' ( � 9' � � 6 :@ � � � �	 ; 	 ) =@ � �

) � � = ) � � 6 � 6 6 ) � �� � Ω ⊂ R
2*

Lu := −ε∇ · (a∇u) + ∇ · (bu) + cu = S,

� � ' ( = ) � � 6 � 	 :� ) � 6� ' � ) � 9*

u = uB ) � ∂ΩD,
∂u

∂n
= 0 ) � ∂ΩN ,

� ( � 	 � ∂ΩD, ∂ΩN5 ) 	 � � ; �	' � ' � ) � )5 ' ( � = ) � � 6 �	 : ∂Ω � � 6 ∂ΩD� 9

� ) � �� � ;' : �

C �



Lu := −ε∇ · (a∇u) + ∇ · (bu) + cu = S,

7 9� �@ @ :' ( � 5 )@ @ ) � � � < � 9 9� � ;' � ) � 9 �	 � � 4 ; �� ' � 6' ) ( )@ 6*

� � ∇ · b = 0 =⇒ ∇ · (bu) = b · ∇u 



 � a(x) ≥ 1 


� � c(x) ≥ 0 


� � ε > 0 �

C �



� ) � � )5 ' ( � 6�� � �@ ' � � 9 )5 � ) 6 �@ @ � � <� ) � 8�� ' � ) � � 6� � � 9� ) �� � � = �

9 ( )� � � � ) � � 6� � � � 9� ) � �@ 8� 	 9� ) � )5 ' (� 9 ; 	 ) = @ � �*

Lu := −ε(au′)′ + bu′ + cu = S ) � (0, 1) � � 	

u(0) = uL, u(1) = uR. �� 	

� � 6 � 8� � � � � 9� � ;@ � 	 8� 	 9� ) � )5 ' (� 9*
−εu′′ + bu′ = S ��� 	

u(0) = 0, u(1) = 1, ��� 	

� ( � 	 � b > 0

C �
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� � : � )@ 6 9 � � � = � 	 @ )� ��� � �� 	 →� � �' 	 �@ 6� � � 	 � �� � 9� ( � � �

9�� � � 9 95 �@
� � : � )@ 6 9 � � � = � 	 (� < ( →

•' ( � 	 �@ �4 �' � ) �' �� ( �� � � � 9 � � :5 �� @ ' )� ) � 8� 	 <� 


•�5 � 9 )@ � ' � ) � � 9 ) =' �� � � 65 ) 	 ' ( � 9' � � 6 : ; 	 ) =@ � � � ' � � : � 4 (� = � '

; ( : 9� � �@ @ : � � 	 � �@ � 9' � � ) 9� � @ @ �' � ) � 9 


•�5 � � � 4 ;@ � � � ' ' � � � � 9' � ; ;� � < ; 	 )� � 6 � 	 � � 9 � 9� 6 
� ' � � : = �� ) � �

� � 9' � =@ � 5 ) 	 � � � 4 ; �� ' � 6@ : 9 � �@ @ ' � � � 9' � ; 9 �

C �



� �2 10 �� � �� �0 �2 � � 
 �� �� �

� 9 9� � ;' � ) � 9 � � 6 � )' �' � ) �*

• � ��5 ) 	 � � � 9 ( 
 9 ; �� � � < h 


• � � 9 ( ; )� �' 9 xj = jh, j = 0, 1, · · · , J� � ' ( Jh = 1

• � ; ; 	 )4 � � �' � ) �5 ) 	 ' ( � � 4 �� ' 9 )@ �' � ) � u(xj)� 9 � )' �' � 6 � 9 Uj

C 




� )' ( � � � �' 	 �@ 6� � � 	 � �' � �@ � ; ; 	 )4 � � �' � ) �' )

−εu′′ + bu′ = S ��� 	

= �� ) � � 9

Lcd
h Uj := −ε

Uj+1 − 2Uj + Uj−1

h2
+ b

Uj+1 − Uj−1

2h
= Sj ��� 	

) 	 � � � � 8 �@ � �' @ :

−εD2
hUj + bD0Uj = Sj , j = 1, 2, . . . , J − 1,

� ( � 	 � D2
hUj := (Uj+1 − 2Uj + Uj−1)/h

2 
 � � 6
D0Uj := 1

2(Uj+1 − Uj−1)/h �
� �



Lcd
h Uj := −ε

Uj+1 − 2Uj + Uj−1

h2
+ b

Uj+1 − Uj−1

2h
= Sj � � � 	

� � 9�' ' ( � � � � 9 ( ; �� @ �' � � � = � 	 � � 9 β := bh
ε �� � 6� )@ @ �� ' ' ( � ' � 	 � 9

)5 � � � 	' ) <�' ( � 	*

(
1

2
β − 1)Uj+1 + 2Uj − (

1

2
β + 1) = (

h2

ε
)Sj .

� � � 	 9' 9 )@ 8� ( ) � ) <� � � ) � 9@ � � � � 	 6� � � 	 � �� � ; 	 ) =@ � �

(
1

2
β − 1)Uj+1 + 2Uj − (

1

2
β + 1) = 0, � � � 	

= : 9� � 
� � <5 ) 	 � 9 )@ �' � ) � 9 )5 ' ( � 5 ) 	 � u = λn 
 � � 6� �@ � �@ �' � � <' ( �

	 ) )' 9 )5 ' ( � � ( �	 �� ' � 	 � 9' � � � � � �' � ) �

(
1

2
β − 1)λ2 + 2λ− (

1

2
β + 1) = 0.

� C



� ( � 	 ) )' 9 �	 � λ0 = 1, λ+ =
1+ 1

2β

1− 1
2β

�

� ( � = ) � � 6 �	 :� ) � 6� ' � ) � 9 � � 	 � U0 = 0, UJ = 1 =⇒






0 = c1 + c2

1 = c1 + c2(
1+ 1

2β

1− 1
2β

)J

� ( � 9 
 � ( � � β 6= 2 
' ( � �' ( � 9 )@ �' � ) � )5 � � � 	� 9 Uj =
λj

+−1

λJ
+−1

�

� �



� ( � � 4 �� ' 9 )@ �' � ) �5 ) 	 ' ( � � � � �' � ) � −εu′′ + bu′ = 0� 9

u(xj) =
ebxj/ε − 1

eb/ε − 1
=
eβj − 1

eβJ − 1
.

� )� � � � � �� ) � ; � 	 � ' ( � � 4 �� ' 9 )@ � ' � ) � � � 6' ( � � � � � 	 � � �@ 9 )@ �' � ) �

) =' �� � � 6 = :' ( � � � �' 	 �@ 6� � � 	 � �� � 9� ( � � � 
 � � ' ( J = 20 
 b = 1 � � 6

ε = .25, .05, .01 � � � ( �' � 9 � � ' ( β = 0.2, 1.0, 5.0 � 	

� �
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central ds

�� < � 	 � 
* � )@ � ' � ) � 9 )5 ' ( � � ) 6 �@ ; 	 ) =@ � � � � ' ( S = 0 
 β =

0.2, 1.0, 5.0 �

� 




� )� ' ( � 9 � � � 9� ' � �' � ) � � ; ;@ � � 95 ) 	 � � : 9 ) � 	� � 5 � �� ' � ) � S(x) 6= 0 


= �� �� 9� ' ( � 9 )@ �' � ) �5 ) 	 ' ( � � � � �' � ) �

−εu′′ + bu′ = S, ) � (0, 1)

� � � = � � 	 � ' ' � � � 9

u(x) =

∫ 1

0

G(x, t)S(t)dt+
ebx/ε − 1

eb/ε − 1
,

� ( � 	 � G(x, t)� 9' ( � � 	 � � ��� 95 � �� ' � ) �5 ) 	 ' ( � ; 	 ) =@ � � 
' ( �' � 9 �

5 � �� ' � ) �' ( �' 9 )@ 8� 9' ( � ; 	 ) = @ � �

−εG(x, t)′′ + bG(x, t)′ = δ(x− t),

� � 6 � ' � � � = � � �@ � � @ �' � 6' ) = �

G(x, t) =







(ebx/ε
−1)(eb(1−t)/ε

−1)
b(eb/ε

−1)

5 ) 	 x ≤ t

(ebt/ε
−1)(eb(1−t)/ε

−eb(x−t)/ε)
b(eb/ε

−1)

5 ) 	 x ≥ t

� �
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(
1

2
β − 1)Uj+1 + 2Uj − (

1

2
β + 1) = (

h2

ε
)Sj ,

� � � = � � 	 � ' ' � � � �' ( � 9 � � � � � : 
 � ( � � β 6= 2 
 � 9

Uj =

J−1∑

k=1

hGj,kSk +
λj

+ − 1

λJ
+ − 1

,

� ( � 	 �

Gj,k =







(λj
+−1)(λJ−k

+ −1)

b(λJ
+−1)

5 ) 	 j ≤ k

(λj
+−1)(λJ−k

+ −λj−k
+ )

b(λJ
+−1)

5 ) 	 j ≥ k

� ) ( )� � �@ @ ' ( � ' � 	 � λj
+ � ; ; 	 )4 � � �' � 9' ( � 8 �@ � � eβj � � �� ' 9 � � :
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Lcd
h Uj := −ε

Uj+1 − 2Uj + Uj−1

h2
+ b

Uj+1 − Uj−1

2h
= Sj ,

� � ' (

Lud
h Uj := −ε

Uj+1 − 2Uj + Uj−1

h2
+ b

Uj − Uj−1

2h
= Sj .

� �
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−Uj+1 + (2 + β)Uj − (1 + β)Uj−1 = (h2/ε)Sj .

� ( � � ( �	 �� ' � 	 � 9' � � � � � �' � ) �
λ2 − (2 + β)λ+ (1 + β) = 0,

( � 9 	 ) )' 9 λ0 = 1 
 λ+ = 1 + β � � ( � 9 )@ �' � ) �' )' ( � ( ) � ) <� � � ) � 9

; 	 ) =@ � � � 9' ( � 9

Uj =
λj

+ − 1

λJ
+ − 1

.
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