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o May 18: Numerical solution of convection-
diffusion problems, an introduction

o May 25: Numerical solution of convection-
diffusion problems: difference schemes for
steady problems

June 29
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Outline

o Main idea of finite volume
conservation
different approaches

o Numerical discretization
quadrature rules
interpolation schemes

o Different grid types
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® The main idea

Convection-diffusion  oy.V® =V - (T'VP)+s inQ

equation

o pv field is divergence free
o Apply Gauss’ theorem

[p®v-ndS=[TVP-ndS+[sdV foranyVcQ
S S A\

o Want a numerical method that satisfies a discrete

equivalentof)
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Example (time-dep. problem)

o @ is the concentration of a passive tracer
transported by a velocity field v in a closed domain.

o Because of the walls:
v-n=0 V®-n=0
J-a(l)

- dV+jpc1>v ndsS = jFVcb .ndS foranyV c Q

o Analytical solution: j ® dV = const
Q —

o Numerical solution: a discrete equivalent of
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Numerical discretization

i (Cell centered
NW N NE
; i "' . ! approach)
/ ',_# nw 1l ne !
WV V. 1 P e oE] EE
: - = 8 Ay . 1. Quadrature
, SW. 5 se ,l rule
J-1 1
P SW S SE - .
- o p 2. Interpolation
scheme
] X Xi 1 X, Xl

S

IpCI)V-ndS = IFV(I)-ndS +Ist forany V C Q
S A\
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Three-dimensional case
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Fluxes
convective flux f¢
o Flux f((D) / |
diffusive flux f
f=p(I)V—FV(I)‘/ iffusive flux

o Integrated flux F(®P)
sz.f-ndS=Ipd)v-ndS—jFVd)ondS
S S S

o Equation

jf-ndS = jsdv
S A\
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® Approximation of surface integrals
o Midpoint rule (2" order)
F.=[f-ndS=1f,S,
S.
AR
—EF?‘T s | o Trapezoidal rule (2" order)
W P el e E
| ® — 1
| Ay F =[f-ndS~S,—(f +f

o Simpson’s rule (4" order)

F, = [f-ndS zseé(fm +4f +1)
SC
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Approximation of volume integrals
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o 2" order formula

[sdV =s, AxAy

v

o 4% order formula (uniform Cartesian grid)

Ax A
Istz y(16sP+4ss+4sn+4se+4sw+
\'%
SSG + SSW + Sne + Snw)
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® Interpolation schemes: UDS

o Upwind differencing scheme (UDS)

| ®p 1t (veon), >0
|, if(v-n), <0

18t order accuracy

€

W .[‘ - b of |
| % | © Never oscillatory solutions
- ® Artificial diffusion:
fl = Fe““m(ai)) _ PV.AX (3‘1’)
0x /. 2 ox ).
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® Interpolation schemes: CDS
o Centered diff. scheme (CDS)
2"d order accuracy
O ~Pp, ey p TR fo
_[FET\T"""”“;I"”" i l Xg ~Xp Xg ~Xp
|
iw .[‘ - b of | _
g Ay (aq)j =~ (I)E (I)P fd
ér‘aw 5 - se . 0x e Xg ~Xp

© More accurate than UDS
@ May produce oscillatory solutions
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High order interpolation schemes

o QUICK (Quadratic Upwind Interpolation for
Convective Kinematics)

3
0 zécpP +§c1>E —lcpw —3(AX)3(8 q)j
P

© 8 8 8 48 ox’

o 4t order CDS

O =~ 4i8(27c1>P +27®,_ —3d,, —3D,.)

1
() Yy 270, -270, +D, —D_.)
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Remark on different schemes

© diffusive © convective
cell e | e | e cell
center . 7///% g vertex
CTR I
cell vertex
edge centered
© diffusive

© convective
15
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Linear system and
boundary conditions

o Equations for @, form a linear system

o System is closed by boundary conditions

e.g. One side differences

¢ for diffusive fluxes

> >

>

o Example:

2D, cell centered, midpoint rule + 2" CDS | 1st UDS:
pentadiagonal system
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Deferred correction

o High order schemes - Large computational molecule

2D, Simpson rule + 4" order CDS:
each flux depends on 15 nodal values

o Large computational molecule = Expensive solution
of linear system

o ldea: combine low and high order approximations
High order approximation are only computed explicitly

_ pLOW HIGH LOW
F, = FrO% 4 (F9H —prov)

17 Finite Volume methods for steady problems June 1, 2005



Example

Jnlet, =0
_____ : k2t _ LDt ”_1}
\ \ ) :
| Wy
\ ~ ,Outlet,
N _ Streamlines
; xy = const.
Symmetry, gq} =0
y
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o Velocity field:
V=(VX’Vy) = (X’_y)

o Density p =1

o Test UDS and
CDS with
midpoint rule and
cell centered
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|Isolines of ® for different I

=107
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COnvergenCe Q = Integrated flux through
J the west side of the domain

1.4 — - - 100 - - - -
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- ~
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/ |
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_IU | ‘ - | = 1 i L1l {I i_l._,!_, UI '3 _ ( i _.J
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Different grid types

-—

—
At 1 —

v
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o Tensor product grid

o By construction, in
neighboring control
volumes influxes and
outfluxes are balanced

sum of discrete
conservation laws

=103
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Composite grid

e&:g o Balance of fluxes across
the interface coarse-fine

grid is not guaranteed

o In Local Defect

Correction (LDC)

:

iterative improvement

between coarse and fine

grid solution

in the limit; balance of

fluxes everywhere
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Time-dependent problem

O O
o Standard grids
sum of conservation | . .
laws also in time t
-1 n
O (@)

o Composite grid with different rates for time mtegratlon
LDC: balance preserved Q. O

mm
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Conclusions

o The main ideas behind the finite volume methods
were introduced

o Schemes for quadrature and interpolation were
discussed

o Some issues about conservation on different grid
types were addressed
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