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Formulation of principle of virtual work

Sum of works of the internal and external forces done by virtual
displacements is zero

Virtual displacements are infinitesimal change in the position
coordinates of a system such that the constraints remain
satisfied.
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Example standard way

To find a relation between W and
P we need to solve the system of 8

equations

P = Fy4

Fo2 = Fo1

F32 = F31

Fao = Fy4

Fi1 = Faq

Fa2 = Fa2

Fo1 = F3q

F31+ Fa1+ Fao + Fao = W
and get W = 4P.
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Introduction

Example principle of virtual work

From the principle of virtual
l ) work,
op b1
» —W;—5We = Woz—Ps§V = 0.
Geometrically admissible
virtual displacements § V and
0z are related according to
| o0V =46z. Thus,
W =4P.
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Work & energy. Elastic extension of a bar
Internal work done in a differential element dx is
—deexAdX = —deﬁxdv

with the strain dex = d(du/dx) and the volume element
dV = Adx.
The total work of the bar is

L €x
VVI' = / / deEXAdX.
0 JO

Using the Hooke’s law oy = Eex we obtain

L €x L
W = —/ A/ Eexdexdx = —1/ AEé2dx.
o Jo 2 Jo
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Work of the internal forces in 3D

Consider a parallelepiped (dxdydz). Then the work during the
strain increment dey, dey,...,dv,, would be

(defx T Uydﬁy + ...+ Tyzd'sz)dXdydz

The stress tensor oj; and the strain tensor ¢; are

Ox Txy Txz €x ’7xy/ 2 ')’xz/ 2
UU = Txy O’y Tyz 3 El'j = f}/xy/z Ey ’}/yz/z
Txz Tyz Oz ’sz/ 2 Vyz / 2 €z
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[e]e]e] lo]elele

Work of the internal forces in 3D

Then the work for the whole body of volume V becomes

(6X>EY7 7’7}’2

= —// o;jde,-/dV:—// oTdedV,
VJo VJo

where o = [ox, 0y, 02, Txy, Txz, Tyz] T @nd
€= [Ex, €y, EZa’ny,’sz/sz]
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[e]e]o]e] lolele

Using the Hooke’s law o = Ejex We arrive at

W, = / EjuejerndV = — U [ TEeav =
2 2 /y

1 T

Next we introduce the strain energy density as

’
Uo(e) = > ¢"Ee = G<€$1 + €5y + €53 +

’
(€11 + €22 + €33)? + 5(7122 + 755 + 753))

14
1-—2v
which is a positive definite function. The total strain energy is

U=—W, :/ Up(e)dV.
v o
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[e]e]o]e]e] lele

Complementarity strain energy density

Complementarity strain energy density is
Uy = ajjejj — Up(e).
In case of Hooke’s law

“ 1 1 1
Up(o) = UTG—EUTE*z o'E7o 2E<(011+022+033)2+

2 2 2
(012 + 093 + 053 — 011022 — 022033 — 022033)>

With a linear material law

1 1 _ .
U = EETEG = EUTE Yo = U
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0000000

The complementarity strain energy is

/UO / o E~gaV.
Vv

The complementarity work of the internal forces is given by

——/ / "e,-,-da,-,-dvz—// edodV.
%4 %4
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)O®00000

Extension of a bar

The external work performed until the final configuration ur is
reached

Ur _
We = / Nau.
0
If the displacement is proportional to the load u = kN we have

vF < UF u Tug 1
W:/ Ndu:/ —du=--F = _Nrug.
Vo /o o k 2k 2
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)OO®0000

External work

The external work done by the prescribed forces p;, py; is

Uj Ui
We:/ / ,(_J,'dU,‘dS—I-// ,l_)\/l.dU,'dV.
S, Jo vJo

For linear material

1 _ 1 _
We = / piu;idS + / py.udV.
2 Sp 2 vV
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0000000008000

Complementarity external work

The complementarity external work is

Pi
W = / / bidp;dS
u J0

1 _
W; = 2/3 p,-u,-dS.

For linear material
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Energy for loading

Energy of external forces

uj Ui
Ue = —/ / ,t_J,'dU,'dS = / / ,t_)\/idU/dV.
Sp /0 vV Jo

Complementarity energy of external forces

uj
UZ = —/ / p,-D,-dS.
Su 0
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Internal&external virtual work

The internal virtual work is given by
oW, = —/ ajjdedV,
v
and the external virtual work is
oW, = / piou;dS + / ,l_)\/i(SU,'O'V,
Sp v

where §u; are the virtual displacements.
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Internal&external complementarity virtual work

The internal complementarity virtual work is given by
W' = —/ ejdodV,
v
and the external virtual work is

5W;:/ EI,-&p,-dS.
Su
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Principle of virtual work (1)

The principle of virtual work can be derived form the equations
of equilibrium and vice versa. The condition of equilibrium for a
solid body under the prescribed body forces is

ojjj+py,=0in V. (1)

The force boundary conditions are given on the part of the
surface Sp

pi=PionS, (2)

where p; = 0;a;. On the other part of the boundary S,
(S = Sy U Sp) displacements are prescribed.
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Principle of virtual work (2)

Next we multiply (1) and (2) by the virtual displacement §u; and
integrate the first relation over V and the second one over S,.

— /V(U,'jJ + py,)ou;dV + /S (pi — pi)ou;dS = 0. (3)
)

The virtual displacements are kinematically admissible if the
displacements U; = u; + du; satisfy the geometric boundary
conditions (u; = U; on S),

oui=0o0n S,.
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Principle of virtual work (3)
We use the Gauss integral theorem to receive
/a,-j,jéu,-dV:/p,-éu,-dS—/ O’,'j(SU,'J'dV. (4)
v s v
From the definition of S, we have
/ pisuidS = / pisuidS — / psuUidS. (5)
Sp S Su
We substitute (4) and (5) into (3)
/o—,-jée,-jdV—/f)V,cSu,-dV—/ [3,'5U,'d8-/ p,-éu,-dS:O, (6)
v v Sp Sy

where dej;j = 1/256(ujj + uj ;).
lf 1. 15! VN
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Principle of virtual work (4)

Because the variations are kinematically admissible ju; = 0 on
Su which gives us

/ U,‘j(SG,‘jdV — / ,F)V,,(Su,-dV — [_)i(SU,'dS =0 (7)
v 4 Sp

or in terms of internal and external virtual work
—oW, — W, = 0. (8)

(7) or (8) are called the principle of virtual work. This principle
is also known as the principle of virtual displacements.
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Principle of complementarity virtual work (1)

We start from the local kinematic conditions
1 :
€j = é(Uu‘ + Uj7,') in V (9)

and
uj = EI,' on Su. (10)

Multiply (9) by a virtual stress field éo;; and integrate over the
volume. Multiply (10) by the virtual force dp; and integrate over
the surface S,. The sum of two gives

/V(E,'j — U,'Vj)(SO',‘jdV = /s (L_J,' = u,-)5p,dS =0. (11)
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Principle of complementarity virtual work (2)

Here we introduced the concept of statically admissible
stresses 7 = o + doj; Which satisfy the equilibrium equations
in V and static boundary conditions on S,. Then, it follows that

50’,‘]7]’ =0in V, (12)

dp;i =0 on Sp. (13)

Using the Gauss integral theorem, (12), (13) and dp; = a;do;
we get

/ Uj5p/dS:/ U,'J(SO’,'jdV.
Su 4
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Principle of complementarity virtual work (3)

By combining (11) and (8) we receive

/6,‘/50’,']'dv—/ EI,'5,D,‘dSZO,
Vv Su

or in terms of external and internal complementary virtual work
—oW: —sW; =0.

(7) or (8) are called the principle of complementary virtual work.
This is also known as the principle of virtual stresses and as
the principle of virtual forces.
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