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Motivation

1D Conservation Law

ug(x,t) + f(u(x,t)) =0 xe€Q J

o Domain 2 and one dimensional “cell-structure”:

~

o Considered example:

u(x, t)?

fu(x, 1) = 20

... Burgers’ equation .
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Motivation

Finite Volume Method

e Balance form for cell I;:

[ et de + tat, 4. 0) ~ £y 1) = 0.

I

o Idea: Approximate flux f by a numerical flux f:

0= g (B —1y).

where
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Motivation

Numerical Flux

o Numerical flux-functions h(u, v) are the Godunov, the
Engquist-Osher or the Lax-Friedrichs flux-function, etc.

e Approximation: fi—% = h(u;rl,ui':l).
2 2

@ Hence ui_ , and ui+ . have to be reconstructed.
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Figure: sketch of cell boundary
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Problem Specification

. Solution
Reconstruction

Problem Specification

one-dimensional reconstruction:

For given cell averages of the function v(x),

1 Xit1/2

‘_’“ZAX./ v(€)de ,ie{l,...,N}

i—1/2

find a k-th order accurate estimates for the values of v(x) at the
cell boundaries.

o Particularly the basis of this approximation is formed by
polynomials of degree at most k — 1.
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Problem Specification

. Solution
Reconstruction

Polynomial Setup

o For each cell I; a particular stencil is chosen.

r+s+1=%
Figure: k-th order “stencil” for cell I;

o Let S(i) = {li—r, ..., Liys} - the cell stencil.
o Let S(i) = {xi_r_%, . ,xi+s+%} - the point stencil.
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Problem Specification

: Solution
Reconstruction

Interpolating Polynomial

o Based on the average values in the stencil a unique
polynomial is determined.

@ The unique polynomial for cell I; is determined via

= [ @de=v. tes
AXJ' . bi g_vja j 1).

@ One easily proves the desired property,

pi(x) = v(x) + O(Ax¥), x € I; .
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Problem Specification

. Solution
Reconstruction

Efficient Approach

o Let Vil :pi(xi+%).

@ The values at the cell boundaries, v depend linearly on

i+1>
the given average values v;.

Hence there exist constants c,, such that:
i+i = Crj Viertj

where
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Problem Specification

: Solution
Reconstruction

Calculation of the Constants

e Consider V(x) as the primitive function of v(x).

o V(x, ) can be expressed as

i

Z/ (©de= ) FAx.

j=—c0 -4 j=—0c0

o Consequently one can compute the unique interpolating
polynomial P;(x).

e One easily proves:  P{(x) = pi(x), where

= [ @de=5. tes)
AXJ' ; Pi g_vja j 1.
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Problem Specification

. Solution
Reconstruction

Calculation of the Constants

P;(x) interpolates V(x) A Pi(x)" = pi(x) |

e Lagrange form of P;(x)

k k
X —X 1
i—r4+l—5
Pi(X) = § V(Xi—r—m—%) H < X :
m=0 1=0 i7r+mf% i7r+17%
I#m

o Taking the derivative of Pj(x) and using that V(x;, 1) can
2
be expressed by the average values, gives
k=1
pi(x) = as) AXir4j Vieryj -
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Problem Description

Approximation : A 3
PT Solution Concept

Approximation

one-dimensional conservative approximation:

e Available data:
a set of point values of a function v(x)

o Aim:
find a numerical flux ¥, which approximates v/(x):

1 /. .
Ax; (VH—% - Vi—%) =v/(x) + O(Ax")

I; € S(l)
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Problem Description

Approximation = 3
PI Solution Concept

Solution Concept

Find a function h(x), such that

Ax

X+5
V) =5 [, @),

then v/(x) = & [b (x-+ 49) b (x - 4]

point values of v(x) = average values of h(x)

4

reconstruction based on average values
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Main Ideas
One-Dimensional ENO Reconstruction
ENO Reconstruction Numerical Results

Discontinuous Functions

e Classical methods can not be applied to discontinuous
functions in general.

Fixed Stencil Reconstruction
15 . . T

original function
14 X reconstruction points H
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Main Ideas
One-Dimensional ENO Reconstruction
ENO Reconstruction Numerical Results

Main Idea

choose stencil for each cell with respect to the discontinuity

I
ADAPTIVE STENCIL

o Particularly the left shift r is chosen such that, the
“discontinuous cell” is not included - if possible.

e This requires a calculable quantity, which indicates the
“smoothness” of the function.
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Main Ideas
One-Dimens ENO Reconstruction
ENO Reconstruction Numerical I

Newton Divided Differences

The Newton polynomial of degree k, interpolating V(x):

k
Z V[Xi_r_la R 1—r+J—§] H 1—r+m—%) ’
=0

where
V[Xl+1,...,xi+j_%]—V[Xi_%,...,xiﬂ._%]
V[x_1 X, 1] =
=37 X, 1 —X 1
itj—35 i—g

are the so-called Newton Divided Differences.
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Main Ideas
One-Dimens ENO Reconstruction
ENO Reconstruction Numerical I

ENO Idea

o Newton Divided Differences indicate smoothness

Y ,Xi+j_%] = ——>% for smooth functions

1 in the case
V[Xi*%""’xiﬂ'*%] = 0 (ij> " of discontinuities

Idea:

o start with a two point stencil

o add in each step another cell depending on the value of the
Newton Divided Differences
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Main Idea
One-Dimensional ENO Reconstruction
ENO Reconstruction Numerical Results

One-Dimensional ENO Reconstruction

ENO procedure:

@ Compute the divided differences, using the cell averages.

@ For cell I; start with the two-point stencil S(i).

@ Assuming the actual stencil to be {XH%, .. ,Xij%}, add
@ X: 1 if ‘V[X-7%7...,Xj+17%]| < |V[XJ+%7"'7XJ+1+%]‘

)2
® Xji14i otherwise

@ Repeat step 3. unless a k-th order stencil is obtained.

@ Use reconstruction method to compute the approximation
to v(x).
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Main Ideas
One-Dime nal ENO Reconstruction
ENO Reconstruction Numerical Resul

Numerical Results (1)

EMNO Reconstruction {left)
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Main Ideas
One-Dime nal ENO Reconstruction
ENO Reconstruction Numerical Resul

Numerical Results (2)

Fixed Stencil Reconstruction EMO Reconstruction {left)
1] T T T 15 T T .
original function original function
13 X reconstruction points || 1 X reconstruction points

& ENO-Scheme




Main Ideas
One-Dimensional ENO Reconstruction
ENO Reconstruction Numerical Results

Burgers’ Equation
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