One-phase Stefan problems

Maria Rudnaya

27 February 2008

technische univers iteit ein dhoven y N
TU/e /centre for analysis, scientific computing and applications CAE!



Strategies for solving MBP Global heat balance Classical solution Summary

Outline

Q wvBP

@ The Stefan Problem

9 Strategies for solving MBP
@ Tentative list of methods
@ Self-similar solutions

9 Global heat balance
@ Dirichlet problem
@ Neumann problem

0 Classical solution

@ Maximum principle
@ Existence theorem

technische universiteit eindhoven y N
TU/e /centre for analysis, scientific computing and applications CAm



Strategies for solving MBP Global heat balance Classical solution Summary

Outline

Q wvBP

@ The Stefan Problem

technische universiteit eindhoven y N
TU/e /centre for analysis, scientific computing and applications CAm



MBP Strategies for solving MBP Global heat balance Classical solution Summary
° 000 0000 s oo

MBP: The Stefan Problem

describes the melting of ice and the freezing of water.
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MBP: The Stefan Problem

describes the melting of ice and the freezing of water.

Qr=Qx(0,T)={(x,1) eR?|0 < x < s(t),0 < t < T},
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MBP: The Stefan Problem

describes the melting of ice and the freezing of water.

Definition

Qr=Qx(0,T)={(x,1) eR?|0 < x < s(t),0 < t < T},
find (s,u) such that L

sc C[0, TINnC'(0,T), ueC>'(Qr)nC(Qr),

ux(x, t) - continuous,

Uxx — Uy = 0,in Qr,
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MBP: The Stefan Problem

describes the melting of ice and the freezing of water.
Definition

Qr=Qx(0,T)={(x,1) eR?|0 < x < s(t),0 < t < T},
find (s,u) such that

s€ C[0,TINnC'(0,T), ueC>'(Qr)nC(Qr),

ux(x, t) - continuous,

Uxx — Uy = 0,in Qr,

=f(1),0<t<T, | u(0,t)=g(t),0<t<T,
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MBP: The Stefan Problem

describes the melting of ice and the freezing of water.

Definition

Qr=Qx(0,T)={(x,1) eR?|0 < x < s(t),0 < t < T},
find (s,u) such that -

sc C[0, TINnC'(0,T), ueC>'(Qr)nC(Qr),

ux(x, t) - continuous,

Uxx — Uy = 0,in Qr,
)= f(1).0<t<T, | ue0,t)=g(t),0<t<T,

Sign restrictions: h > 0,f > 0org < 0.
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Solving MBP strategies

@ Integral equation methods;
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Solving MBP strategies

@ Integral equation methods;
@ Mapping methods;
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Solving MBP strategies

@ Integral equation methods;
@ Mapping methods;
@ Fixed-domain methods;
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Solving MBP strategies

@ Integral equation methods;
@ Mapping methods;
@ Fixed-domain methods;

@ Alternative approaches (for example, self-similar solutions,
etc.).
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Self-similar solutions

Heating problem within a fixed-domain

Q f(&),~(t), such that u(x, t) = f(y(t)x) satisfies uxx = u;.
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Self-similar solutions

Heating problem within a fixed-domain

Q f(&),~(t), such that u(x, t) = f(y(t)x) satisfies uxx = u;.

Q A =ixf = [ = % = A2 with A € R,
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Strategies for solving MBP
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Self-similar solutions

Heating problem within a fixed-domain

Q f(&),~(t), such that u(x, t) = f(y(t)x) satisfies uxx = u;.

Q A =ixf = [ = % = A2 with A € R,

Q@ L =2=q()=1"[2(t- )], 1> b
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Strategies for solving MBP
e0

Self-similar solutions

Heating problem within a fixed-domain

Q 1(¢),~(t), such that u(x, t) = f(y(t)x) satisfies uxx = u.
Q A =ixf = [ = % = A2, with A € R.
Q L= 2= () = 2TR2(t— )] 7, t> o
Q [ =2 = f(¢&) = Alerf(35) — erf(2%2)), where
erf(2) ffo eV dy.
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Strategies for solving MBP
e0

Self-similar solutions

Heating problem within a fixed-domain

Q f(&),~(t), such that u(x,t) = f((t)x) satisfies uxx = u;.

Q A =ixf = [ = % = A2 with A € R,
Q@ L=X=a()=2TR(t-16)] 5t > b,
Q [ = 2= f(¢) = Alerf( gé) - erf(Aﬁ ), where
erf(z) ffo e Vdy.
© We can define the desired class of self-similar solutions:

u(x, t) = A(erf(z(:(_to)) — erf(2))),

depending on three parameters A, fy, 2.
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Self-similar solutions

Heating problem within a fixed-domain

u(x, 1) = A(erf(2(;(_t0)) ~ erf(20)).
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Self-similar solutions

Heating problem within a fixed-domain

u(x, 1) = A(erf(z(;(_to)) ~ erf(20)).

The Stefan problem

Q@ Wesetty=0.

V.
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Self-similar solutions

Heating problem within a fixed-domain

u(x, 1) = A(erf(z(;(_to)) ~ erf(20)).

The Stefan problem

Q@ Wesetty=0.
Q u(s(t), t) = (erf(

—~

D) _ erf(zg)) = 0 = s(t) = 2a/1.

e

V.
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Self-similar solutions

Heating problem within a fixed-domain

u(x, 1) = A(erf(z(;(_to)) ~ erf(20)).

The Stefan problem

Q@ Wesetty=0.

Q u(s(t),t) = A(erf(g%) — erf(20)) = 0 = s(t) = 2a/1.

X2 .
O YL=Ale=-4§t=-2%=A=—yrae™

t

V.
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oe

Self-similar solutions

Heating problem within a fixed-domain

u(x, 1) = A(erf(2(;(_t0)) ~ erf(20)).

The Stefan problem

Q@ Wesetty=0.

Q u(s(t),t) = A(erf(g%) — erf(20)) = 0 = s(t) = 2a/1.

2
o _ A1 X iy _ 2
0 %—A\/T—te at ——S(t)——%éA——ﬁaea o
©Q One-parameter family of self-similar solutions:

X
2Vt
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9 Global heat balance
@ Dirichlet problem
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Global heat balance
e0

Global heat balance: Dirichlet problem

Global heat balance

s(t) b t 1
/0 xu(x,t)dx:/o xh(x)dx+/0 f(T)dT—E(SZ(t)—bz).
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Global heat balance
e0

Global heat balance: Dirichlet problem

Global heat balance

s(t) b t 1
/0 xu(x,t)dx:/o xh(x)dx+/0 f(T)dT—E(SZ(t)—bz).

Q@ Uuy—u=0=

/ X(Uxx — Uz )dxdT = 0.
Q

@ XUy = (XUx — U)x =

[(xux — u)x — (xu)-]dxdr = 0.
Q

@ Green’s Theorem =

[(xux — u)dT + xudx] = 0.
Fole)
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Strategies for solving MBP Global heat balance Classical solution Summary

0800

Global heat balance: Dirichlet problem

(0,1) t
— =— f . 1
'/(0,0) [(\x/ux u )dr+xu\dx/] /0 (r)dT. (1)
0 =f(r) =0
5 ) g o = [ st @
XUx — u T +xudx| = / Xu(Xx, IX.
(0,1) g \70/ 0

-(b,0) t ) 1, )
/( [( x ux — u )dT-i—X\li/dX]:/O[S(T)S(T)]C/TZE(S () —b6°). (3

=8(1) =—5(r) =0 =0
(0,0) b
XUy — U) dT +x U dx:—/ xh(x)dx. 4
L) (0 g b= ) @
= =h(x
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Global heat balance
e0

Global heat balance: Neumann problem

Global heat balance

/Osa) u(x, t)ax = /ob h(x)dx — /Otg(T)dT — (s(t) — b).
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Global heat balance
e0

Global heat balance: Neumann problem

Global heat balance

/Osa) u(x, t)ax = /ob h(x)dx — /Otg(T)dT — (s(t) — b).

Q@ Uy —U=0=

(uxx — ur)dxdT = 0.
Jao

@ Green’s Theorem =

[uxdT + udx] = 0.
oQ;
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Strategies for solving MBP Global heat balance

Global heat balance: Neumann problem

/(O(Ot[ux dT+U\di(/] /g (5)

,0

(s(1),t) s(t)
/ [ux dT +udx] :/ u(x, t)dx. (6)
(0,t) = 0
- (b,0) t
u d‘r+udx:/'37-dr:stfb. 7
Ly ol L 97+ w081 = [ 80 = st )
=—5(7) =0
(0,0
/ [ux dT+ D dax] = / h(x (8)
o :o _h(
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0 Classical solution
@ Maximum principle
@ Existence theorem
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Strategies for solving MBP Global heat balance Classical solution Summary

Maximum principle

Qr ={(x,t) e R?|0 < x < s(t),0 < t < T}.
Let u € C%'(Q7) N C(Q7) be a solution of Uy — ur = 0in Qr.
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Strategies for solving MBP Global heat balance Classu:al solutlon Summary

Maximum principle

Qr ={(x,t) e R?|0 < x < s(t),0 < t < T}.
Let u € C%'(Q7) N C(Q7) be a solution of Uy — ur = 0in Qr.

@ Strong version: if u has it's maximum [minimum] on
{Q7\0pQ7}, then u is constant in Q7.
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Classical solution
0000000

Positivity of the temperature and the interface
velocity

Proposition

For any solution of our one-phase Stefan problem
Q u>0;
Q s5>0.
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Classical solution
0000000

Positivity of the temperature and the interface
velocity

Proposition

For any solution of our one-phase Stefan problem
Q u>0;
Q s5>0.

@ o BC's, sign restrictions = ming,q, U = 0.
e Maximum principle (the strong version) =

minu=minu=0= u>0inQr.
QT apQT
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Classical solution
0000000

Positivity of the temperature and the interface
velocity

Proposition

For any solution of our one-phase Stefan problem
Q u>0;
Q s5>0.

@ o BC's, sign restrictions = ming,q, U = 0.
e Maximum principle (the strong version) =

minu=minu=0= u>0inQr.
QT apQT

Q@ u>0cQrandx < s(t) =

by : u(x,t) —u(s(t),t) . u(x,t)
A== 0 == —am = g =
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Classical solution
0@00000

Existence theorem

We refer to the case

s(0)=b>0 9)
and assume that f(x), h(x) are continuous and nonnegative,
and

0 < h(x) < H(b— x) (10)

for some constant H > 0.

Existence theorem

Under the assumptions (9), (10) our one-dimensional
one-phase Stefan problem has at least one solution.
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Strategies for solving MBP Global heat balance Classical solution Summary

[s]e]e] lelelele)

Proof of the existence theorem

s(t') — s(t")

Y(A)={se C[0, T]|s(0) = b,0 < P

<AO0<St<t'<T}

F:seX — o, where 6 = —ux(s(t),t),0(0) = b.
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Classical solution
[e]e] lele]e]e]

Proof of the existence theorem

S(t/) - S(t”) <AO0< t/ < t// < T}

Z(A) = {s € C[0, T]|s(0) = b,0 < = —~ <

F:seX — o, where 6 = —ux(s(t),t),0(0) = b.

Schauder’s fixed point theorem

@ Suppose X is hon-empty, compact and convex;
@ Suppose F : ¥ — ¥ is continuous.

Then F has a fixed pointin X (i.e. 3s € ¥ : F(s) = s).
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Strategies for solving MBP Global heat balance Classical solution Summary

[s]e]e]e] lelele)

The plan of the proof

@ X is compact and convex;
Q FXY)cx;
© F is continuous.

technische universiteit eindhoven y N
TU/e /centre for analysis, scientific computing and applications CAm



Strategies for solving MBP Global heat balance Classical solution Summary

[s]e]e]e] lelele)

The plan of the proof

@ X is compact and convex;
Q F(X)cx;
© F is continuous.
0 <u(x,t) <A(s(t) — x),0 < x < s(t).

A = max(H, 1 sup (f(1))).
te(0,T)
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Classical solution
[e]e]e]e] Tele]

Continuity of the mapping

|lo1 — ool < C||sy — sg||.where || - || denotes to the sup in (0, T).
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Classical solution
[e]e]e]e] Tele]

Continuity of the mapping

|lo1 — ool < C||sy — sg||.where || - || denotes to the sup in (0, T).

@ For S1, 82 € (81 < Sp) we consider uq, Up.
ux(s(t), 1) = —o(t).
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Classical solution
[e]e]e]e] Tele]

Continuity of the mapping

|lo1 — ool < C||sy — sg||.where || - || denotes to the sup in (0, T).

@ For S1, 82 € (81 < Sp) we consider uq, Up.
ux(s(t), 1) = —o(t).

@ GHB:
t si(t) b t
/ s,»(f)&,(r)dr—/ ui(x, t)dx+/ xh(x)dx—/ f(r)dr = 0,i=1,2.
0 0 0 0
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Classical solution
[e]e]e]e] Tele]

Continuity of the mapping

|lo1 — ool < C||sy — sg||.where || - || denotes to the sup in (0, T).

@ For S1, 82 € (81 < Sp) we consider uq, Up.
ux(s(t), 1) = —o(t).
@ GHB:
t si(t) b t .
/ s,»(f)&,(r)dr—/ ui(x, t)dx+/ xh(x)dx—/ f(r)dr = 0,i=1,2.
0 0 0 0

@ By substraction we get

t rt
[ st)@1(r) = satrnar + [ (s1(r) = sa(ra(rydr =
0 0

- t 4 t
/S‘( (0n (1) — v, D) — /52( ) o, o,
0

s1(t)
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Classical solution
[e]e]e]e] Tele]

Continuity of the mapping

|lo1 — ool < C||sy — sg||.where || - || denotes to the sup in (0, T).

@ For S1, 82 € (81 < Sp) we consider uq, Up.
ux(s(t), 1) = —o(t).
@ GHB:
t si(t) b t .
/ s,»(f)&,(r)dr—/ ui(x, t)dx+/ xh(x)dx—/ f(r)dr = 0,i=1,2.
0 0 0 0

@ By substraction we get

t rt
[ st)@1(r) = satrnar + [ (s1(r) = sa(ra(rydr =
0 0

- t 4 t
/S‘( (0n (1) — v, D) — /52( ) o, o,
0

s1(t)

o Integrate the first term by parts:

s1(t) A
7 w6 = ol 0)ak = 81(0)(e1 () — o2(0) = [ &1(m)(r () = oa(m)ar

t
J0

technische universiteit eindhoven y N
TU/e /centre for analysis, scientific computing and applications CAm



Strategies for solving MBP Global heat balance Classical solution

[s]e]e]e]o]e] o)

Continuity of the mapping

t t
s1(t)(o1() — oa(t) = /0 81(7)(o1(7) — oa(7))dIr - /0 (51(7) — s2(7))02(7)dr+

S(1)

51 (1)
[ @t t) — wa(x o~ [ ua(x, o
JO

Js1(t)
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Strategies for solving MBP Global heat balance Classical solution Summary

[s]e]e]e]o]e] o)

Continuity of the mapping

t t
s1(t)(o1() — oa(t) = /0 81(7)(o1(7) — oa(7))dIr - /0 (51(7) — s2(7))02(7)dr+

51 (1) ~So(t)
[ @t t) — wa(x o~ [ ua(x, o
/0 Js1(1)
t . t
/ 51(7)(01(r) — oa(r))dr < A / EalGl =l (1)
0 JO
t ot
- [ (510 = sa(m)sa(r)or <A [ si(r) - se(r)lar (12)
JO JO
~s1(t)
/O (U1 (%, £) — ta(x, D)ax < s1(D)s1 — sl (13)
sa(t) 1 z 2
—/ up(x, t)dx < —A|s7(t) — s5(1)] (14)
s1(1) 2
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Strategies for solving MBP Global heat balance Classical solution Summary

0O000000e

Continuity of the mapping

o
s1(t)(o1(t) — o2(t)) < A/O lo1(r) — oa(7)ldT+

rt
A [Nl = sar)idr +s10lls) — sl + 41D - S0
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Strategies for solving MBP Global heat balance Classical solution

0O000000e

Continuity of the mapping

o
s1(t)(o1(t) — o2(t)) < A/O lo1(r) — oa(7)ldT+

A [Nl = sar)idr +s10lls) — sl + 41D - S0

@ si(t) < b+AT, J(s1(t) + s2(t) < b+ AT =

A t 1
[o1(t) = o2(t)] < 5 /0 loy(r) = o2(7)|dT + E[AT+ b+ AT + A(b + AT)]|s1 — szl
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Classical solution
000000e

Continuity of the mapping

o
s1(t)(o1(t) — o2(t)) < A/O lo1(r) — oa(7)ldT+

1
A/Or [51(r) = (I +81(Ols1 = szl + S AIsE() — B0

@ si(t) < b+AT, J(s1(t) + s2(t) < b+ AT =

A t 1
[o1(t) = o2(t)] < 5 /o loy(r) = o2(7)|dT + E[AT+ b+ AT + A(b + AT)]|s1 — szl

o Gronwall’'s inequality = continuity (||oy — 02| < Cl|sy — so)-

Gronwall’s inequality

Ifforty < t < ty, ¢(t) and 7(t) are continuous functions such that /() > 0 and

t
o(t) < K +/ P(s)p(s)ds, fy < t < t1, K - const, then
fo

B(t) < Kexp( /r " (s)dsyonty < < ;.
10
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For further reading

¥ A. Fasano
Mathematical model of some diffusive processes with free
boundaries
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For further reading

¥ A. Fasano
Mathematical model of some diffusive processes with free
boundaries

¥ C. Elliot and J. Ockendon
Weak and variational methods for moving boundary
problems
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Strategies for solving MBP Global heat balance Classical solution Summary
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For further reading

¥ A. Fasano
Mathematical model of some diffusive processes with free
boundaries

¥ C. Elliot and J. Ockendon
Weak and variational methods for moving boundary
problems

® L. Evans
Partial differential equations
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Strategies for solving MBP Global heat balance Classical solution

Questions?
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