Operator Splitting Methods
for the
Advection-Diffusion-Reaction Equation

Sudhir Srivastava

October 15, 2008

o
/ centre for analysis, scientific computing and applications CAJT)



Outline

0 Model Problem

e Operator Splitting
@ First Order splitting
® Second Order splitting

e Lie Operator Formalism
® Linear ODE system

Advection-Diffusion and Reaction Splitting
® Numerical Experiments
@ Conclusions

Dimension Splitting
® Numerical Experiments
@ Conclusions

T u Technische Universiteit
Eindhoy . . . . . .
RiiversityofTechnolosy, / centre for analysis, scientific computing and applications a@



Model Problem E
Model Problem

u +V.(au) = V.(DVu)+ f(u) V(z,t)e Qx][0,T]

1-Dimension case

U+ auy =  €Ugy + Au(l —u) Y(z,t) € (0,1) x [0,T]
us(0,8) = 0 vt e [0,T]
u(l,t) = (1 +sin(wt)/2 Vit e [0,T)
uw(z,0) = 1/2 Vo e [0,1]

<« ADR Splitting <« 1D Numerical Solution <« Dimension Splitting
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Operator Splitting

Common splitting strategies are
@ Algebraic/Time splitting
@ Dimension Splitting

Algebraic/Time splitting

Nonlinear ODE system

Solution :

u(t +7) = Sr(u(t))

Two term splitting
F(ta ”U) = Fl(ta ”U) + FQ(tav)
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First Order splitting

ot

b uf Unt1
FII \\\FET
i —
Up u
Let wy, &~ u(ty).
d * * *
U = Fi(t,u*(t)) fort, <t<tni1, u'(tn) = un
d k% k% kK *
i = F(t,u™ () forty, <t<tpi1, v (tn) =u" (tnt1)
Un+1 = U**(tn+1)

Un+1 = S2,T(Sl,r(un))
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Inserting exact solution wu(t)
=

u(t +7) = S2,7(S1,-(ultn))) + Ton
Tpy is called local splitting error

o T 8F1F 8F2

I et _gr2 2

If first term of expression vanishes then local truncation error is
at least O(72).
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Second Order Symmetrical splitting

U,H lL]1+1

(2
Fy
LR Y R I
F
tn ‘
Un, u*
d * * =+
i Fi(t,u™(t)) fortn <t<tpii/2, u*(tn) = Un,
d ok sk
pri = F(t,u™(t) fort, <t<tpy1, v (tn) = u" (tpy1/2),
d * kK sokk
%U** = Fi(t,u™*(t)) for tny1j2 <t <tny1, v (tny1/2) = 0™ (tny1),
Un+1 = U***(tn-i-l)
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Second Order Symmetrical splitting

=
Up+1 = 51,7/2(52,7(51,7/2@71)))

7_2

0 [OF F F:
on = ( 1F>F2—2‘9 (‘915) o (am) P

ow \ ow ow \ Ow ow \ Ow

0 (0F; 0 (0F; 0 (0F

+0(t%)

Evaluated at t = t,,.1/2, u = u(tny1/2)

If first term vanishes local truncation error is O(74).
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Lie Operator Formalism °
For this discussion
ug = f(u), f(u) =—-V.(au)+ V.(DVu) + f(u)

Exact solution
u(t+7) = Sy (u(t))

To any operator f acting on solution space I/ we can associate an operator F
called Lie Operator.

g— Fg YV gonl
Fg) =g'(v)f(v) Wwelu

for the solution u(t) we have

Fe(u(t) = S g(u(t)

o
/ centre for analysis, scientific computing and applications (Am



Lie Operator Formalism 10
Similarly for £ > 1

’ o
Frg(u(t) = pre(u(t)

Using exponential form of Lie operator

el g(u(t)) = Zg}"“g(U(t))

e kak

- Z 71 o8l

= ((HT))
g(S-(u(?)))

formally we have

e =8, de ultpi1) = e (u(ty))

o
/ centre for analysis, scientific computing and applications (Am



Lie Operator Formalism =

Consider Splitting

f=1 +1
Uy = fk(u) fk — Sk,‘r
1
Fr
F=Fi+F

First order splitting Let u, ~ u(t,)
un+1 — e‘f'fl esz (un)
U(tn+1) = ET]:IGT}-z (U(tn)) —+ TPn
where 7p,, is splitting error and p,, local truncation error given as
1 T
Pn = = (eT]: - eﬁ:leﬁ:2) (u(tn)) = 5[}“2’*7:1] + 0(7'2)

[(Fo, F1] = FoF1 — FiFe
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12

Remark : Commutator is also a Lie operator.
Second order splitting

1 1
Unt1 = €371 e2e2771 (uy,)

= ifz([fl, [Fr, Fal] + 2[Fo, [Fr, Pl ultnir2) + O(r)

Theorem : Splitting error is zero if commutator [Fo, F1] is zero.

p
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Particular case when PDE gives Linear ODE system
Preposition : e™F1em72g() = g((S2.-(S1.-(.)))

Particular case of Linear ODE:

w'(t) = Aw(t)

Let Lie operator associated with A is A

W(tnt1) = e w(ty) w(tny1) = e w(ty)
A=A+ Ay A=A+ A,
Wn+1 = eTAl eTAQI(wn> Wnp+1 = eTAz eTAl(

wn+l _ eT.Al 6TA2 (wn)

f [A1,A2] =0 = No splitting error

echn
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Advection-Diffusion-Reaction Splitting 1

Consider our CRIEEEEIED. we are going to consider splitting of Advection,
Diffusion from Reaction,i.e.

ur = fap(u) + fr(u), fap=—-V.(au)+ V.(DVu), fr= f(u)
then the commutator will be given as

[.7:,41)7.7:3}[(11,):0 <~ [fAD7fR]u:0

where

[fap, frlu = £ p(u)fr(u) — fr(u)fap(u)
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Advection-Diffusion-Reaction Splitting 1

we have
fipfr = —V.(af () + V.(D.Vf(u))
and
frfap = —f'(u)(@.Vu) — f'(u)(V.a)u + f'(u)(V.(DVu))
Hence

Operator advection diffusion commutes with reaction if f(u) is linear in u
and independent of .
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Numerical Experiments 10

Consider ourCIEEEESEED
Remark : [fap,fr] # 0

First order splitting Second order splitting

a=10,e=10,A=1

Implicit Euler for advection diffusion sub problem and Explicit Runge Kutta-4 for reaction sub problem
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Numerical Experiments 1

First order splitting Second order splitting

a=10,e=10,\ = 20

Implicit Euler for advection diffusion sub problem and Explicit Runge Kutta-4 for reaction sub problem
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Numerical Experiments '

First order splitting Second order splitting

a=10,e=10,\ = 20

Implicit Euler for advection diffusion sub problem and Implicit Euler for reaction sub problem
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Conclusions 19

@ We can use Implicit methods for advection diffusion terms and Explicit
for reaction if its non-stiff.
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Conclusions 28

@ We can use Implicit methods for advection diffusion terms and Explicit
for reaction if its non-stiff.

@ Decoupling simplify the numerical solution process.
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Conclusions 21

@ We can use Implicit methods for advection diffusion terms and Explicit
for reaction if its non-stiff.

@ Decoupling simplify the numerical solution process.

@ Massive room for parallel computation.
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Conclusions =

@ We can use Implicit methods for advection diffusion terms and Explicit
for reaction if its non-stiff.

Decoupling simplify the numerical solution process.

Massive room for parallel computation.

@ For inhomogeneous boundary conditions second order splitting is
affected by large commutators.
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Conclusions 23

@ We can use Implicit methods for advection diffusion terms and Explicit
for reaction if its non-stiff.

@ Decoupling simplify the numerical solution process.
@ Massive room for parallel computation.

@ For inhomogeneous boundary conditions second order splitting is
affected by large commutators.

@ Order of local truncation error is the order of splitting.
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Conclusions =

@ We can use Implicit methods for advection diffusion terms and Explicit
for reaction if its non-stiff.

@ Decoupling simplify the numerical solution process.
@ Massive room for parallel computation.

@ For inhomogeneous boundary conditions second order splitting is
affected by large commutators.

@ Order of local truncation error is the order of splitting.

@ Multistep methods ?

TU Technische Universiteit A
Eindh . . . . . .
RiiversityofTechnolosy, / centre for analysis, scientific computing and applications CA@



Dimension Splitting 25

CFL condition to solving our model problem in d-dimensional is

d

-
th|ak|§00 Co>0
p=il "

splitting our model problem in spatial dimensions we get CFL condition

-
max (hklak|> < Cy

Remark : number of commutators in dimensional splitting is d(d-1)/2.

E<iL o
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Dimension Splitting 2
First order splitting : Consider our in 2-dimension with

gn = 0 Ny ={(z,y):2=0,0<y<land 0<z <1,y =0}
gp = 1/2 Np ={(z,y):z=1,0<y<land <z <1l,y=1}

uy = —(a1u)y + (dite)e — (a2u)y + (dauy)y
£, PY
[f1,f2] =0
(»
(a1)y = (a2)y = (d1)y = (d2)> =0
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Dimension Splitting 27
Basic first order splitting used with the sequence
w* (z,y, tn) = uw(x,y)n
uy = —(au*)y + (d1ul)e, for tn <t <tpi1
above two holds for all but fixed y
w(x, Yy, tn) = (T, Y)nt1

uz‘* = —((I,QU**)y + (dQU;*)y’ fOT t, <t< tn+1

above two holds for all but fixed x
finally

W, Y)nt1 = v (T, Y, tni1)
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Numerical Experiments %

. . 1 0 .
For our numerical solution we used a=[10,100] and D ( 01 ) For this
particular case [f1,f5] =0
continuous initial value Discontinuous initial value
1/2 ifx4+y>1, 0 O0<uzy<1/2,
w(;0) = { z/2 4/» y/2 otherwl;s; (@, 0) = { 1/2 otherwzilse. / :
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Conclusions 29

@ We only have to solve tridiagonal system of algebraic equations.
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Conclusions 2

@ We only have to solve tridiagonal system of algebraic equations.

@ Good possibilities of parallel computation.
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Conclusions e

@ We only have to solve tridiagonal system of algebraic equations.
@ Good possibilities of parallel computation.

@ Zero commutator conditions are not satisfied in general.
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Conclusions e

We only have to solve tridiagonal system of algebraic equations.

Good possibilities of parallel computation.

Zero commutator conditions are not satisfied in general.

Splitting is not possible if D is full matrix.
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Questions 7
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Thank you !
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