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Introduction

w + (au), = (duy), + f(u),
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Runge-Kutta methods

Runge-Kutta methods:

dw
We h — = F(w).
e have o (w)

/

Wpy1 = Wy + ES: bik;

1=1

]fz‘ =TF w,, + Z thk]

J=1

\

EXplICIt if A = 0 forj > 1.

Otherwise implicit.
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Diagonal Implicit Runge-Kutta

This method is

(

W41 = Wy -+ i bzkz
i=1

\

J=1

Newton iteration to calculate k;
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Rosenbrock Methods

Rosenbrock methods are Runge-Kutta type methods.

With J = F"(w,).

Jacobian matrix in the integration formula.
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Rosenbrock Methods (lI)

A-stability or L-stability

order p | order conditions

by +by+ b3 =1

b2d2 + b3d3 + b4d4 = % — 7

bQC% + bgcg + b4Ci = %

b3 B50dy + b4([342d2 + Buzds) = % — v+ ,y2

i1 i-1
Bij = i+ iy, G = E Qij, d;i = E Bij-
J=1 J=1
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Rosenbrock Methods (l11)

The 1-stage method

Wpa1 = Wy, + kl, ]fl = TF(wn) + ’771]]6'1.
Stability function
1+ (1—7)z

R(z) = g

Order 2if y = 1.

A-stability if v > 1 and L-stability if y = 1.
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Rosenbrock Methods (IV)

The 2-stage method
We have

Wpyr = Wy + biky + Dok,
kl = TF(wn) + ’77'Jk'1
k’g = TF(U)n + 0421]6'1) + ’7217'Jk‘1 + ’)/T:]kg

with
1

b1:1—172, 91 YR ’Yzl:—l

" 2, by

Stability function

14+ (1—27)z+ (3 — 2y + )7
(1 —~z)?

A-stability if 7 > 1 and L-stability if y = 1 + %\/5

R(z)
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Rosenbrock AMF methods

Splitting based on special approximations of the Jacobian matrix.
F(w(t)) = Fi(w(t)) + - - + F(w(?))

One-stage method

Wy = W, + k;, k=1 —~v7J) ' F(w,)

Wy = w, +7B'F(w,), B=1-~7J,

J = F'(w,).
Replace B =1 — ~7.J by

B=I—-~1Jy)(I —~1J3) (I —~1J,)
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Model problem

Model problem

U + aty, = Uz + Au(l — u), O<z<l1,t>0
we(0,1) = 0, >0
u(1,t) (1 + sin(wt) /2, t >0
u(zx,0) v(x), 0<x<l.

Write problem as ordinary differential equation.
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Model problem

The ODE becomes

1

= (Ay—A)u+b+ f = F(u)

Now apply Rosenbrock (AMF) methods.
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Numerical results

Rosenbrock methods
The 1-stage method

Wy =W, + ki, ki =7F(w,)+~y7Jk.

J is the Jacobian matrix F”(w,,).
a=—1,6=0.01, \ =1, frequency = 10, N, = 100, N, = 100.

Unstable v = 0.1 Unstable v = 0.2.
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Numerical results
Stabley = 0.4 Stable v = 0.6.

Stabley = 1.2 Stable v = 2.0.
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Numerical results
a=—1,e6=1,A=1, frequency = 10, N, = 100, N, = 100.

Unstable v = 0.4 Stable v = 0.5.
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Numerical results

The 2-stage method

= Wy, + blkl + kaQ,
TF(w,) +y1Jk
= TF(wn + &21]{71) + ’721TJ]{71 + ’)/TJ]'CQ

1
by =1—"0y, oy =—, o1 = il

T by
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Numerical results
a=—1,¢6=0.01,\ =1, frequency = 10, b, = 0.4, N, = 100, N, = 100.

Unstable v = 0.1 Stable v = 0.2.
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Numerical results
Stable vy = 0.3 Stable v = 0.5.

Stable v = 1.0 Stable v = 1.5.

/ department of mathematics and computer science November 12th 2008



Numerical results
a=—1,e6=1,\=1,frequency = 10, b, = 0.4, N, = 100, N, = 100.

Unstable v = 0.2 Stable v = 0.3.
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Numerical results

Rosenbrock AMF methods
One-stage method

Wy = w, +7B'F(w,), B=1-~71J,
J = F'(w,).
Replace B = — ~7.J by
B=(I—~1J)I —~1J) - (I —~1J,)
Approximation is

B=(I—~1A) (I —~y7f") = B+ (v7)*Af = B+ O(7?)
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Numerical results
a=—1,¢6=0.01,\ =1, frequency = 10, b, = 0.4, N, = 100, N, = 100.

Unstable v = 0.1 Unstable v = 0.2.
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Numerical results
Stable v = 0.3 Stable v = 0.4.

Stable v = 0.6 Stable v = 1.2.
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Numerical results
a=—1,e6=1,\=1,frequency = 10, b, = 0.4, N, = 100, N, = 100.

e =1, Unstabley = 0.4 Stable v = 0.5.
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Conclusion

Rosenbrock 1-stage method
A-Stability when y > 1.

Rosenbrock 2-stage method
A-Stability when > 1.

Rosenbrock AMF method
A-Stability when > .
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Questions

Questions?
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