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Introduction

Setting:

e Advection-Diffusion-Reaction Equation
[
Py + uPy = €@y + 5(7, 1),
e Advection Velocity : u
e Diffusion Coefficient : €

e Source term : s(x, t)

s(x,t) = b’ecos(b(x — ut)).
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Introduction

Setting:
e Exact Solution:
¢ = cos(b(x — ut)) + exp(—a’et) cos(a(z — ut)).

e Dirichlet Boundary Conditions.
e Initial Condition, ¢(x,t) att = 0.
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1. Discretization

Gt + UQy = €Ppy + 3($7 t)

Discretization:

D Bt = ) agw;(t)

k=—1 k=—1

+ > Brgi(t)

k=—1

w;(t) = ¢(x;,1);  g;(t) = s(z;
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Discretization

Vector Notation:
Bu'(t) = Aw(t)+ Byg(t),
= (ay) = (h°0y)
= (bz’j) — (ﬁj—i)'

§e = (‘Dk&—l +ay, M= (—1)k5—1 + 6.
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1.1. Order Condition

Let ¢, be the restriction of the exact solution ¢ to the grid.
Spatial truncation error:

on(t) = By (t) — Agn(t) — By(t).

Truncation error in a point (z;, t) equals:

Oh,j (t> — h_2(00¢ -+ h01¢x =+ h202¢mc + h303¢:mm =+ ---)’(:rj,t)

Order Condition: The discretization has order ¢ if:
Op — O (hq),

translates to:
Cy= O™ ™), k=0,1,---,q+2.
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Order Condition

Error coefhicients:

Co = —&, C1=—& — uhn,

—1
Cy = ﬂ(&k + kuhnp — k(k — Dem—s); k> 2.

where, ) .
&= (—1)a+a, m=(-1)08-1+0.

Use the order condition to determine «; and (3;.
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2. Examples

Explicit Central Difference

-1 — wj—H) -1 — 2w + w]+1> + 9,

hz(

Implicit Central Difference

u

2h :
€
+ ﬁ(wj—l — 2w + wjy) + g(gj—l +4g; + gj11)

(w1 — wji1)

1
é(w;_l + 4w +wi,,) =




technische universiteit eindhoven

Examples

Define:
p=uh/e  (Peclet Number).

Explicit Adaptive Upwinding

U e + 0.buhk
(W1 — wjp) + 73

w,, (wj—l — QU)]' ain UJj_H) + g;,

i 2%
Where k is defined as:

xk =max(0,1 —2/p).
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Examples

Implicit Adaptive Upwinding

u
iliw;_l + (1 — 5/4])’11}; %(wj_l — ’lUj+1>

€ + 0.5uhk
;2

(wj1 = 2w; + wjp)

1

1
hgi-1+ (1- 5%)93'-
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Examples

Peclet Number pu:
= uh/e.

Explicit Exponential Fitting

1
/
w; = E QWi + G5,

k=—1

,ap = —(ay + ay).
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Implicit Exponential Fitting

1
Bw;_; + Bow; + Brw), = Z Witk + B_1gj-1 + Bogj + Bi1gjt1-
k=1

(exijzi()uz 1 i) 7

where

B =

Bo

B

1
2
1
57
1
2

(l_
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Examples

Compact Schemes:

€+ %Uh —uh(B8 — B-1),

€ — %Uh — uh(By — B-1),

—(a_1 + ),
%(6 +3p — 1),
(60 — 4p®),
(6 —3u — 1)
and 7 is a scaling factor given by:

v =72 — 6u°.




technische universiteit eindhoven

3. Stability

Requirement:
|exp(tB'A)|| < C, forall t > 0.

We can write:

A = Vdiag(a;)V™", B = Vdiag(b,)V ",

with ay,, by, eigenvalues of A, B respectively. Define global error e(%):
e(t) = gn(t) —w(t), é(t)=V"e(t)
Discretization error o,(t):

on(t) = Boy(t) — Agn(t) — By(t), on(t)
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Stability

The error equation then reads:

Stability if:

Re(agp/by) <0 and |ag| + |by] > 0.
Result: For the three point scheme considered with Cy = C; = 0,05 =
O(h), and assume that:

1
haol + 16y — 5\ >0,

then the stability condition holds iff:
2ah(61 — 6_1) 2 Qp, and @0(1 — 250) 2 0.
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4. Time Integration Aspect

Ode system:
Buw'(t) = Aw + Bg(t).

Define:
F(t,w) = Aw(t) + Bg(t).

e We use the 6 method (with 6 = 0.5:

Bw, 1 = Bw, + 0.57F (t,, w,) + 0.57 F (t, 1, Wy41).

e With Explicit method, there is some amount of 'implicitness’!.

e Stability conditions in general become more stringent in case of implicit
discretization method.

e For an implicit A-stable ODE method for time stepping, little difference
between the two methods.

“«<ir» 18/35
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5. Numerical Computations

Error for Implicit vs Explicit Central Difference

Plot of Error versus Nx (u = 10,e =1)
T T

——Implicit CD
—Explicit CD
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Implicit vs Explicit Adaptive Upwinding

Plot of error versus Nx (u=10, e = 1)
1 T T L L

—— Implicit Adaptive Upwinding [
— Explicit Adaptive Upwinding [|
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Implicit vs Explicit Exponential Fitting

Plot of Error versus Nx(u =10, e = 1)
T T T T T L

—— |mplicit exponential Fitting [
—— Explicit Exponential Fitting [
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Implicit vs Explicit

Plot of error versus Nx{u =10, ¢

—ImCD

Ex CD
—Im AU
——Ex AU
— Im EX Fitting
—o—Ex Ex Fitting

-
(=)
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Implicit vs Explicit Central Difference

Error vs Nx (Uu=10, £ = 1e-8)
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Implicit vs Explicit Adaptive Upwinding

Errar versus Nx for u =10, e = 1e-8

— Imp Adaptive Upwinding
—— Exp Adaptive Upwinding []
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Implicit vs Explicit Exponential Fitting

Errar versus Nx for u =10, e = 1e-8

——Imp Exp Fitting
—*—Exp Exp Fitting ]
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6. Conclusion

When do we use Implicit Spatial Discretization?

e To achieve higher order without using wider stencils.
e To reduce the artificial oscillations in the numerical solution.

e Provides extra degrees of freedom for the numerical scheme.

Disadvantages

e Positivity may be lost.

e Stringent conditions for explicit time integration methods.
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