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Dispersion Relation

Ansatz:

(,O(X, t) _ Ae(inxfiu.)t)7

Kk, w, A are constants.
For x, w,

G(w,k) =0
is the dispersive relation.
w = W(k),
are called modes.
Re(y) =| A| cos(kx —wt+n), n = arg(A),

8 = kx — wt determines Re(y).
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Dispersion Relation

Hence,

2 2
Ox = k, —Ht:w,:A:—Tr,T:—W.
K w

The phase velocity:

w
c=—, —
K K
normal to .
We need
2
determinant # 0,
KiOK;
for W(k) real. In 1D
W' (k) # 0.
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Dispersion Relation

Examples:
Klein-Gordon (quantum theory):
22 2 _ 2,2 | 32.
i —a“Vep+ B0 =0, w ==t ack® + (%

Korteweg-de Vries equation (Long water waves):

ot + apx + Boxxx =0, w = ak — Br3;
Boussinesq equation (Longitudinal waves for elasticity):

arK

Vo

o1t — 0PV2p = BPV20py,w = £
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Dispersive Relations

The Beam equation

it + ’72()0XXXX = 0> w2 - 72’%4 = 07

with modes w = +vx2.

Generally,
0 9 90 9\ _4
P\t ox; oxa oxs ) — =

and P a polynomial. Hence,

— ikj, 7 — —lw.

ox; ot

and

C 0 . .
P(—iw,iry,ikg,ik3) =0, = ETR —iw, 87)(1 < IKj.
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Definition of Dispersive Waves

A linear dispersive wave satisfies
o(x,t) = Ae"™ = W(k),

and
2

0Kk

Hence when oscillations in space are coupled with oscillations
in time through a dispersion relation, we expect typical effects
of Dispersive Waves.

determinant

£0.
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The Beam Equation

Consider
2 _
ot + 7V oxxx = 0,
recall
w? =2k =0, = w=+yK?
From

o0, = [ Flelim gy

F(r) depends on ¢, ¢;.
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General Solution by Fourier Integrals

Solution:

o(x, 1) = / F, (K)e(inx—iW(n)l‘) + / Fg(/i)e(i”XHW(”)t)d;{

with
© = po(X), ¢t = p1(X).
we get
po(X) = / (Fi() + Fa(x))&"™dr,
and

_ /_ " W(k)(Fi () — Fa(s))e"™*dr.
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Solution by Fourier Integrals

Inverse formula:
o0

Fi(k) + Fa(k) = ®o(k) = 217r/ ©o(x)e "™ dx.

— 00

—iW(k) [F1(r) — Fa(r)] = ®1(r) = L /oo o1 (X)efmxdx.

27 J_ oo

which gives

F1 (li) =

@0+ ey ) P20 = 5 [ %0 ]

Since po(x), p1(x) are real do(—~r) = 5(k), P1(—r) = ®](K),

N =

Fi(=r) = F{(r), Fa(=r) = F2(x), if W(=r) = —W(x),

Fi(—r) = F5(r), Fa(—k) = F{(k), if W(—k) = W(k).
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Asymptotic Behaviour

From

oix,t) = [ Fm)e Mgy,
—00
x/tfixed, t — oo,

o(x,t) = / F(k)e dk, x = W(k) — H?.

around x = k and

By Taylor expansion of x(x) and F(k),

F(r) =~ F(K), x(x) = x(k) + (x — K)*x (x), X (&) # 0.
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Asymptotic Behaviour

We obtain

from

(path through +7/4),

27 . T

for Beam equation.

TU/e:
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Asymptotic Behaviour

From above,
X X
KO t): WK = 2, k> 0,% > 0, W(K) = —W(k),.
W' (k) = const, W' (x) = 0,
we need " (k) # 0, and
o~ F(k)e " [~ exp(—

— 00

"

(r)t(r — k)3)dk.

So W' (k) = 0, x = const, equation is undefined on
k ~ k(x/t) — x/t =W (k).
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Kinematic Derivation of Group Velocity

Generally, for (x, t),
O(x,t) = xk(x,t) — tw(x, 1),
k = Ox, w = —0;,
% + aiw =0
ot ot 7
k(x,t) (density) and w (flux). For w = W(k),

ok ok
5+ Clk) 5 =0, Clk) = W (k).

C(k), for some k, if k = f(x), t =0,

k =1(¢), x =&+ C()t, C(§) = C(£(¢))
gives k from (1), and x = C(k)t, C(k) is the group velocity.
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Kinematics Derivation of Group Velocity

Hence, for a ko, x = W' (ko)t,

/ dw
W (k) ik
is the group velocity.
For 6(x, t) = 6o,
dx _ dx 6 w
9xd7+0t_0 = a0k

defines the phase velocity.
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Kinematics Derivation of Group Velocity

Examples:
1) Beam Equation gives:
X

W(k) = vk?® = W'(k) = 2vk = +

and

2 2

T S SPI of
29t C 4yt2’ 44t

Cg =27k, Cp=1K = Cg> Cp.
Group and phase lines:

0% 2
—— = const, = const.
2t

v 4yt
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Kinematics Derivation of Group Velocity

2) Deep water waves:

W(K) = Vagk = W (k) =/ 2.
_gt 9t ,_ ot
k_4x2’ YT oxo 0= 4x
implies ¢g < cp. where
_1/g _./9
= 2& %= \/;
Thus, )
% = const, 2L’yt = const.
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Extension to Higher Dimensions

General solution:

0= ,:(KU)el'ri.x—iW(rf)l‘dll<u7
Rn
n 1
2m )\ 2 OW I\ "2 i iw)t+ic
~F(n)<t> (dt‘ak8k> e )
where
Xi OW(k)
t ok
For 6(x,k,t), x = (X1, X2, X3) and
00 00
=—— k= —, w=W(k :
w 8t7 1 axi7w ( ,X,t)
Eliminating 6,
oki  Ow Ok 0kj

—L = =
ot oxp T oxg  0xp -
T chni M-Umv(-r\\(s\t
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Extensions to Higher Dimensions
For w = W(k, x, t) varrying,
ok  OWOk oW
ot ' Ok; Ox; ox;’
0k;/0x; = OK;/0x;,

oki Oki  OW | _ow
C group velocity for some k;,

dk;  OW dX, oW

dat - oox tat T ok

called the characteristics form.
From above, we obtain the Hamiltonian-Jacobi equation

09 0
S5 WX =0,
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Energy Propagation

From
Yt — 04280xx + ﬁzw =0,

«o and 3 constant,

o 1 1 1 0

5(5@? + 5042%2( + 55%2) + 67(_@2<Pt90x) =0,
and a slow wavetrain

¢ ~ Re(Ae") = acos(0 + 1), a=| A|, n = argA,

since .
P2
§§0t = szaz Sin (0 + ’I’]),

Energy density

1(w2 + a?k?)&? sin®(0 + n) + f2a? cos?(0 + n),
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Energy Propagation

Flux
o2wxa? sin®(6 + n),

with slow varrying w, k. We obtain
1 1
Ei = Z(uﬁ +a?k? 4 2, Ep = §a2wka2,

w = \/a2k2 + 2, Ey = L(a®k® + 3?)@2, E» = La2ky/a?k2 3222

with C(k) and E equation,

ok
C(k) = \/ﬁ’ = E> = C(k)Eq,
OF, , O(CEy) _
at T ot =0,

gives the differential form of energy.
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Conclusion

Basic notions and definition of Linear dispersive waves.
Different modes propagate with different wave speeds.
General solution and asymptotic analysis.

Group and phase velocities.

Energy propagation.
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THANK YOU.
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