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Introduction

The general idea of dispersive waves originated from the
problems of water waves. The problems are of great interest in
the Maritime and Offshore settings.

Figure: http://weblogs.sun-sentinel.com
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Equations of water waves

Basic Assumptions
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Equations of water waves

Basic Assumptions

@ we consider an inviscid incompressible fluid

@ constant density p
the spatial domain is given in (xq, X2, ) and
the components of the velocity vector u by (uy, us, v)
F = —pgj be an external force on the fluid.
assume the flow to be irrotational, w =V xu =0
introduce a velocity potential ¢ such thatu = Vo
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Linear wave theory

Plot of velocity potential with the velocity field

(velocity.avi)

Technische Universiteit y N
TU e of Technology /centre for analysis, scientific computing and applications CAm





velocity.avi
Media File (video/avi)


Equations of water waves

then, the inviscid incompressible equations are

vu=0
Du oOu 1 .
E—EJr(u.V)u_—;Vp—g]
so that . 1 1
u ° I P
8t+V<2u)+wxu_ pr gi
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Equations of water waves

on integrating for

we have
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Equations of water waves

Boundary conditions

y
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Equations of water waves

Define an interface
f(X17X2>y7 t) =0

or for convenience as
y =n(x1, X2, t) such that f(x1, Xz, ¥, t) = n(xy, X2, t) — ¥

Kinematic free surface condition

Dn
Dt Nt + Uiy, + Uonx, =V

Technische Universiteit y N
TU e of Technology /centre for analysis, scientific computing and applications CAm




Equations of water waves

and we obtain
Dynamic free surface condition

P = Po
Boundary conditions at the free surface
Nt+ Pl + Pee —py =0, ony=n,

’
‘Pt+§|v90‘2+977:07 ony=n
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Equations of water waves

Consider the bottom
y = —ho(x1, X2)
we obtain Kinematic bottom boundary condition
©x Mo, + expho,, + 0y =0, ony=—ho
and for a horizontal flat bottom,

oy =0, ony=—hy
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Linear wave theory

the linearized free surface conditions are

Nt = Py, ony =mn,
pt+gn=0, ony =n.

ot + 9oy =0, ony=20
the surface elevation is

1
= ——¢ X17X2707t
=7 t( )
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Linear wave theory

The linearized formulation

Oxixi + Proxo + 0y =0, on—hy <y <0,
Sptt‘i‘g‘PyZOa ony:o7
©x hox1 + (pX2h0X2 + Yy = 0, ony = —ho
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Linear wave theory

Analytic solution of the wave problem
Form of solution for water waves

n=Aexp{i(kx —wt)}
where A is the Amplitude of the wave

v = Y(y)exp{i(kx —wt)}
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Linear wave theory

The Laplace equation

oxx Ty =0

Method:Separation of Variables
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Linear wave theory

The Laplace equation

oxx Ty =0

Method:Separation of Variables
@ In 2-D, we define

Py, 1) = X()Y(Y)T(1)
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Linear wave theory

The Laplace equation

oxx Ty =0

Method:Separation of Variables

@ In 2-D, we define
p(x,y, 1) = X(x)Y(y)T(1)
@ divide by X(x)Y(y)T(t) such that

XY _ e
X Y
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Linear wave theory

where «? is the separation constant.
We obtain

X"+ K2X =0
Y' - kY =0
solving these equations, we obtain

X = Bcoskx + Dsinkx
Y =Ee" + Ge

The solution is given by

o(x,y,t) = (Bcos kx + Dsinkx)(Ee™ + Ge™")T(t)
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Linear wave theory

We choose for T(t)
coswt or sinwt

where
2

T
and arrive at 4 possible solutions, periodic in x and t

w =

y) cos kX cos wt

03 = As

Y(

P2 = A2 Y(y)sinkxsinwt
Y(

w4 = AsY(

)

)
y) sin kx cos wt
y)cos kx sinwt
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Linear wave theory

The first equation gives the following solution

_ —gAcoshk(hy + y)
T w cosh khg
171 = ACOS kX Sin wt

cos kxcoswt and

1

The dispersion relation is

W(k) = w? = grtanh khy
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Classification of water waves

Water waves are classified into three main categories:
@ Shallow water or long waves, if
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Classification of water waves

Water waves are classified into three main categories:
@ Shallow water or long waves, if

e 1

A 20
@ Deep water waves, if

ho

7>

N —
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Classification of water waves

Water waves are classified into three main categories:
@ Shallow water or long waves, if

hp 1

N 20

@ Deep water waves, if
ho - 1
A2
@ Intermediate water waves, if

1 0
20 <\

>
N —

<
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Classification of water waves

The dispersion relation can be written as

C2 g

= Ztanhkhy
K

For shallow water waves,
C? = ghy
and for deep water waves,
c2-9
K

where C is the phase velocity.

TU/ echnische Universiteit

o
/centre for analysis, scientific computing and applications CAm



Classification of water waves

tanh(khg)
1.0

kg
05 10 15 20 25 3.0

Figure: tanh(xhy) ~ 1 for khy — oo and tanh(xhy) ~ xhy for khg — 0
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Classification of water waves

 d(Cr) 2ho
Co= g ~2° (1 * sinh(2nho)>
2/€ho
o for khy —
sinh(2rhg) 0 for #ho—oc

and
2rhg

-~ 1 f h 0
sinh(2xho) Ay
For Deep water waves,

o for xhy — 0

o
/centre for analysis, scientific computing and applications CAm



Behavior near the front of the wavetrain

Initial value problem
We consider the fluid initially at rest with ¢ = 0 then

nt =0 such that
n(X,O):no(X), t=20

The general solution is by method of Fourier integral
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Behavior near the front of the wavetrain

where F (k) is the Fourier transform of %no(x) given by

1 e i
F(k) = 47r/ no(x)e~""*dx

— 00

Using the asymptotic results, we have

2 ; 9 i 1
n~2R (F(k) ; W’Zr(k)| glfx—iW (K)t— T sgn(W (k))) :

fort — oo, % >0
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Behavior near the front of the wavetrain

For finite depth, W ~ «+/ghg such that

Co(k) = W'(r) — /gho
and W”(k) — 0as khg — 0
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Behavior near the front of the wavetrain

What are our expections?

@ We expect an amplitude decay of

770(2‘7%
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Behavior near the front of the wavetrain

What are our expections?

@ We expect an amplitude decay of

noctf%

@ and a solution that is uniformly valid through the whole
transition region.
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Behavior near the front of the wavetrain

How do we achieve this?

@ We expand W(x) in the Fourier integral about x = 0 so that

W(k) ~ cok — vk + ...

where ¢y = \/gho and v = 2h2./gho
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Behavior near the front of the wavetrain

How do we achieve this?

@ We expand W(x) in the Fourier integral about x = 0 so that

W(k) ~ cok — vk + ...

@ and also F(k), retaining only the first term,

where ¢y = \/gho and v = 2h2./gho

Technische Universiteit y N
Eindh . . e " . .
I U e Univers Technology /centre for analysis, scientific computing and applications CAm



Behavior near the front of the wavetrain

finally, we have
1 [ . . 3
N~ = 47T/_Ooexp{u-@(x cot) + ivk t}d/f»

Using the standard Airy integral

Ai(z) = 217 /OO exp {i(sz + :1333)} ds

— 00

1 .| X — cpt
ner = 1AI 01
2(31)3 (371)3
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Behavior near the front of the wavetrain

Exact solution of the wave moving to the right

(frame00.avi)
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frame00.avi
Media File (video/avi)


Behavior near the front of the wavetrain

The Airy function has the following asymptotic behavior

1 3
. 2172_1 exp (—%z@) , Z — +00,
AI(Z)N 1 BN 2 3 T
ﬁ|z| 2.sin <§|z|2 + Z) , Z— —00.
where z = *=%0
(3v)3
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Behavior near the front of the wavetrain

Asymptotic Solution

(asymp.avi)
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asymp.avi
Media File (video/avi)


Solution through the dispersion relation

The dispersion relation gives a correspondence to the
linearized Korteweg DeVries equation

Nt + Conx + YMxex = 0

on solving the equation with the initial condition

1 [ . .
n(x,t) = 47r/ exp {IK,(X — Cot) + I’)/HSt} dk

— 00
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Conclusion

@ The asymptotic theory gives a better description of the
behavior of the solution.

@ In the linear theory, the long waves can be described by
the linearized Korteweg DeVries equation.

@ The validity of the linear theory near the front of the
wavetrain is nonuniform.
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Thank you
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