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Abstract

In manufacturing bottles or jars, the motion of the glass between the mould
and the plunger can be modelled as an axi—symmetric, time—dependent
Stokes flow with free and “moving” boundaries. The Stokes flow can be re-
duced to a 1-D boundary integral equation (BIE) due to its axi-symmetry.
In this paper, we present a h—adaptive boundary element method (BEM)
to solve this BIE. The time integration is carried out by a sort of predictor—
corrector scheme. Numerical Results illustrate the efficiency and accuracy
of the method.

1 Mathematical Model

In manufacturing bottles or jars, several processes are known, one
of them being pressing/blowing, the pressing phase is schematically
shown in Figure 1. A certain amount of glass falls into a configuration
consisting of a so-called mould and plunger. As soon as the entire
glass drop falls into the mould, the plunger starts moving. The phase
in which the plunger is moving, is referred to as the pressing phase.
The intermediate product after the pressing phase is called parison.

The glass can be considered an incompressible Newtonian fluid.
The flow of the glass in the pressing phase is now governed by the



Figure 1: Pressing phase

following Navier—Stokes equations which describe the conservation of
mass and conservation of momentum

V.-v=0, (1)
p(%F + (v V)v) =nAv — Vp + pg.

where p is the density of the fluid, g = (g¢;) is the body force (here
only gravitational force is considered), v = (v;) is the velocity vector
and p is the pressure.

After dimension analysis (Laevsky at el.[5]), it turns out that the
Reynolds number and the quotient of the Reynolds number and the
Froude number are both so small that we effectively end up with the
Stokes equations

V-v=0,
{AV—szO. (2)

In order to find a unique velocity v and a pressure p, a set of
boundary conditions have to be imposed (see Figure 2, note that
we have turned over the geometry by 180° for convenience). As in
Laevsky at el.[5], the boundary condition of the free boundary is given
by

on = —ppn. (3)

where n = (n;) is the outward unit normal, 0 = —pI+(Vv+(Vv)T)is
the stress tensor. Boundary conditions on the mould and the plunger
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Figure 2: The Boundaries

depend on the roughness of the mould and the plunger. In general
we might impose the following boundary conditions

vV-n=vy-n,
on-t=—[y(v—vy)-t.

where t is the unit tangential direction, v is the velocity of the
boundary and [y is the slip parameter indicating the amount of fric-
tion. The boundary conditions mean that the normal component of
the velocity of the flow equals the normal component of the veloc-
ity of the boundary wall and the shear stress is proportional to the
tangential velocity difference.

Applying the above boundary conditions to the mould and the
plunger yields

v-n=0
{ Un-t:—ﬁmv.t on the mOUIda (4)
and
V-n=v,-n
{ on-t=—8,(v—-v,) -t on the plunger. (5)

where v, is the velocity of the plunger.
Since at least some part of the boundary is moving, we use a
quasi-static approach to describe the movement of a material fluid

particle, i.e.
dx
o = vx(). (6)
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Now our objective is to solve the problem (2) — (6). Although this
type of problem can also be solved by FEM techniques, the particular
interest for the displacement of the (free) boundary makes a BEM
approach very attractive. In section 2 we develop an h—adaptive
BEM scheme to solve the Stokes equation in an axi-symmetric domain
based on residual computation. In section 3 we briefly discuss the
time integration, finally some examples are given in section 4, to
show the efficiency and accuracy of this method.

2 Adaptive BEM Strategy

As is well known one can define a boundary integral equation for an
axi-symmetric Stokes flow (Brebbia at el.[1])

c(v(x) + [ axy)vy)dry = [uGybEdr,. (7

where v(x) and b(x) are velocity and stress vector respectively.

This is solved by a BEM. Obviously the velocity field has very
large gradients near the plunger if the parameter (3, is large; the stress
vector changes rapidly around the corners (this has been verified by
FEM results). This means we need a fine mesh on some part of the
boundary, but on other parts of the boundary where the geometry and
the variables are smooth enough, the discretization error is relatively
small, so a fine mesh is not necessary on these parts of the boundary.
We now like to introduce a self-adaptive strategy.

There exists ample literature. Kita et al.[4] gives a good review
on this subject; Charafi et al.[2] proposes a new way based on the local
reanalysis (LR); Paulina et al.[7] suggests that nodal sensitivities can
be used as estimator or/and indicator; while Kamiya at al.[3] use the
so—called extended error as the error indicator. Here we employ the
error indicator of residual type (cf. Kita et al.[4]). For simplicity,
linear elements are adopted in the remaining parts of this work.

Let ¥ and b be the approximate solution obtained for the given
boundary discretization. We substitute these into Eqn. (7) and define
the residual r(x, ¥, b) at the point x as

)= ()90 + [ alx.y)e )y = [ ulxy)by)dTy. ()

o

r(x, v,

Once v and b are obtained by the initial BEM simulation, the resid-
ual r(x,V,b) is computable at any point x. Of course, the residual



vanishes at the initial collocation points, but does not vanish at the
other points. The residuals at middle points of the elements are most
likely give a good idea of the actual (local) error.

Thus, the Residual can be used as an error indicator. Indeed,
from the St. Venant principle in elasticity (a Stokes problem can be
considered as a particular elasticity problem) it is known that a lo-
cal residual force generates only local influence on the displacement
(cf. Rank[8]). Secondly, For some integral operators, a pseudo—local
property can be defined which states that the influence of a local dis-
turbance decays sufficiently fast, which reflects the decay property of
Green’s function. Furthermore, in collocation BEM, the global error
can be controlled by the residual, which is confirmed by numerical ex-
amples although it is difficult to mathematically prove in some cases
(cf. Kital[4]).

We can use a very simple strategy: if the residual ||r’| is larger
than a given reference tolerance r,.r, then the :—th element should
be refined.

To effectively refine, we first have to decide how many points
should be inserted into the element which needs to be refined. This
is done using the convergence order of the residual. Specifically, in
the case of linear elements, the convergence order is 2, we reasonably

subdivide the element into y/||r’||/ryef elements (approximately). In
the meantime, if two adjacent elements both have residuals less than
Tref/4, then these two elements merge into one element.

Once we decide to insert k& points into the i—th element the next
problem is to locate the k points, the simplest way is to distribute
them uniformly. But in some region where the solution changes
rapidly, this method is not efficient enough. We should take into
account the residual’s variation on the boundary so such that the
grid distance reflects the residual’s variation. We will see that this
tactics is much more efficient than the uniform distribution.

3 Time Integration

In this section, we discuss how the geometry of the glass is updated.
At time to, we can determine the velocity field v°, which is used to
determine the geometry of the glass in cylindrical coordinates at time
t1 := to + At from discretising the ordinary differential equation (6).



We rewrite this initial value problem as follows

outside

Figure 3: The clipping algorithm

We denote the area between the mould and the plunger at time
t by A;, the boundary of the glass by B; and the domain of the glass
by G;. Of course the glass body at time t should be in A; for all ¢. If
the initial geometry of the glass, represented by its boundary points
xV, satisfies
x) € Ay, for each .

the new geometry of the glass x! at time ¢; := ¢y + At has to satisfy
the constraint
xi € A, foreach i, (10)

Suppose we employ, say, the Euler forward scheme to discretize the
problem (9)
y! = xo + Atvy.

In general, constraint (10) will not be satisfied. That means we need
a strategy to reposition those points which are not in Ay, : if y} € Ay,
then no further action is needed; otherwise they are redefined to be at
the intersection of the boundary of A;, and the line which runs from
x? to y} (see Figure 3). We refer to this repositioning step as the
clipping algorithm. Applying the clipping algorithm to y' we obtain
the new geometry of the glass at time t;.



We’d like to use the midpoint rule due to its symplecticness (cf.
Mattheij et al. [6]). For the initial value problem (9) the midpoint
rule reads

x! = x0 + Atv(x(t1)). (11)

where t1 := to + §t. But the information v(x(¢1)) is unknown. To
2

1
2

2
approximate v(x(t1)), we first use the Euler forward scheme with
2

time step % to compute x(t1), i.e.
2

x(t%) =x"+ —v. (12)

then v(x(t1)) is achieved by solving a Stokes flow with a boundary
2
represented by x(¢1). In summary we have the following stages at
2
each time step

1. Solve a Stokes problem on the domain Gy, to get velocity v* at
time t[).

2. Use the Euler forward scheme to predict the geometry of B,
3

at time ¢1 numerically.
2

3. Solve a Stokes problem on the domain G, to predict the veloc-
2
ity v? at time ti.
2

4. Use the midpoint rule to determine the new geometry of By, at
time ¢; numerically.

Note that, when necessary the clipping algorithm should be used
to get the boundary B;. Stages 3—-4 may be used in an iterative
procedure if desired.

4 Numerical Results

We investigate some cases to illustrate that the method really
works. The solution to this problem is strongly related to the rough-
ness of the plunger and the mould, i.e. the slip parameters 3, and
Bm. If the slip parameters are very large then the boundary condi-
tions can be considered as no—slip boundary conditions. In this case,
we expect the velocity to have large gradients on the interfaces be-
tween the glass and the mould or the plunger, and thus the region
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Figure 4: 3, = 8, = 0.1,7,..5 = 0.01
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Figure 5: 3,, = 1000, [, =100,7,.; = 0.01

including the interfaces should be refined. On the other hand, if the
slip parameters are relatively small then the boundary conditions can
be approximately considered as slip boundary conditions. This situ-
ation is more tractable since the velocity gradient is relatively small
at the free boundaries.

case 1: Small slip parameters [3,, = 3, = 0.1: The refinement
procedure is displayed in Figure 4. in this case, the refinement just
reflects the curvature of the geometry, i.e. the refinement procedure
is trying to approximate the boundary more accurately.

case 2:  Large slip parameters [3,, = 1000, 3, = 100: The
refinement procedure is displayed in Figure 5. In this case, large
velocity gradients are expected in some regions, the refinement pro-
cedure tells us where these regions are. If we uniformly distribute
the inserted points then we need more than 6 times refinement pro-
cedures, but now by using a grid which is determined by the residual’s
variation, we only need to refine 2 times. This is much more efficient.



The velocity fields on the refined grids are shown in Figure 6.
The left one is the slip boundary condition, while the right one cor-
responding to the no-slip boundary condition.
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Figure 6: Velocity fields in two cases

Figure 7: Mass as a function of time ¢

The refinement procedures coincide exactly with our expectation.
To verify the time integration scheme, we compute the volume of the
glass as a function of time ¢ and display the volume in Figure 7. The
volume should be conservative because of incompressibility. In case
1, the mass increases by 0.38%; while in case 2, the mass decreases
by 0.49% in the whole pressing phase due to the clipping.

We’d like to compare the complexity of BEM with FEM. We may
use the number of matrix elements (to be calculated) as a criterion.
In case 2, to get the same accuracy, a FEM (Laevsky at el.[5]) needs
about 1500 triangular elements, while our BEM only has about 60
elements. This means that, to build the matrices the BEM should
compute 60 X 60 x 16 = 57600 szngle integrals while the FEM should
compute at least 1500 x (21 + 36) = 85500 double integrals. We



find the BEM is cheaper. Furthermore, in the case of slip boundary
condition, the BEM is much cheaper.

We conclude from the numerical results that the refinement tac-

tics which takes the residual’s variation into account is much more
efficient; the BEM is cheaper than the FEM for this problem; the
time marching scheme developed above works well.
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