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Abstract

This paper investigates the power of Radial Basis Functions�RBFs� to solv�
ing numerically Integral Equations�IE� and Partial Di�erential Equations�PDE�
in the sense of Galerkin Method�GM�� Galerkin method with radial basis func�
tions is a global one just like spectral method� but it is has the �exibility of
Finite Element Method�FEM��

� Introduction

As a powerful approximation method� radial basis functions have played impor�
tant roles in Dual Reciprocity boundary element Method�DRM��	
 and Arti�cial
Intelligence�AI���
� Since radial basis functions have desirable approximation
properties in spaces of continuous funtions and Sobolev spaces�
� �� �
� Can we
expand solutions of integral equations and boundary value problems in terms
of radial basis functions� This thought leads us to produce a kind of global
Galerkin method which uses radial basis functions as trial and test functions�

The commonly used radial basis functions ��r� are

e�r
�

Gaussian
r� cubic

�	 � r��
�
� multiquadric

�	 � r���
�
� inverse multiquadric

r linear and
r�ln�r� thin plate spline

If � is an open bounded subset in Rd� x�� x�� � � � � xn�� are pairwisely distinct
points in ��� u�x� is a function from �� to R� we can expand u�x� in terms of
radial basis functions

u�x� � ua�x� �
n��X
j��

�j��
rj

�j
� �	�

where rj � kx � xjk �j � �� 	� � � � � n � 	� are Euclidean norms� �j �j �
�� 	� � � �� n� 	� are contants� Sometimes� for the safe of stability� we can add a
polynomial of k order to the expansion

u�x� � ua�x� �
n��X
j��

�j��
rj

�j
� � pk ���

	



� For Integral Equation

If the second Fredholm equation

u�x� � f�x� � �Ku��x� �� f�x� �

Z b

a

k�x� y�u�y�dy �
�

has unique solution� we use ��� to approximate u�x� �if linear polynomial is
employed in ��� �

ua�x� �
Pn��

j�� �j��
rj
�j
� � p�

�
Pn��

j�� �j��
rj
�j
� � �n � �n��x

�
Pn��

j�� �j�j�x�

���

here

�j�x� �

��
�

�� rj
�j
� if � � j � n� 	

	 if j � n

x if j � n� 	

��
� ���

By Galerkin method with RBFs being basis functions� we get linear equa�
tions

n��X
j��

�j��j� �i� � �f� �i� �
n��X
j��

�j�K�j � �i� i � �� 	� � � � � n� 	 ���

where ��� �� denotes inner product in L�� by means of matrix notations� ���
becomes

A� � F � B� ���

with
aij � ��j� �i� i� j � �� 	� � � � � n� 	
bij � �K�j � �i� i� j � �� 	� � � � � n� 	
fi � �f� �i� i � �� 	� � � � � n� 	

���

An example� with �a� b
 � ��	� 	
� k�x� y� � �
��x��y� � f�x� � x� � � �

�
p
	 � x� arctan �p

��x�
� ��r� � e�r

�

� �j � 	� is showed on Table 	�

� For Elliptic Boundary Value Problem

Now� we consider Possion equation� ��u�x� � f�x� in � � R�

u�x� � g�x� on � � ��

�
���

�
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Table 	� An Example of Integral Equation

Let ua�x� approach u�x�� and ua�x� has the form

ua�x� �
Pn��

j�� �j��
rj
�j
� � p�

�
Pn��

j�� �j��
rj
�j
� � �n � �n��x� �n��

�
Pn��

j�� �j�j�x�

�	��

where

�j�x� �

�		�
		�

�� rj
�j
� if � � j � n� 	

	 if j � n

x if j � n� 	
y if j � n� �

�		�
		� �		�

then� f�jg must satisfy the following linear system in the sense of Galerkin
method 
 Pn��

j�� �j�r�j�r�i� � �f� �i� � �un� �i��Pn��
j�� �j�xi� � g�xi� if xi � �

�
�	��

where un�x� is the out normal derivative of u�x�� �un� �i�� means
R
� un�id��






For simplicity� we adopt constant elements to computate �un� �i��� Suppose
that there are m nodes on �� they are x�� x�� � � � � xm�� sequentially� then

�un� �i��
�
�

m��X
j��

�j�	� �i��j
�	
�

where �
�
�
Pm��

j�� �j� �j � xjxj�� with xm � x�� �j � un�
xj�xj��

� � also with
xm � x�� Simple calculation �nds�

A �C
B �


 �
�

�



�

�
F

G



�	��

with

aij � �r�j�r�i� i� j � �� 	� � � �� n� �
bij � �j�xi� i � �� 	� � � � �m� 	� j � �� 	� � � � � n� �
cij � �	� �i��j

i � �� 	� � � � � n� �� j � �� 	� � � � �m� 	
fi � �f� �i� i � �� 	� � � � � n� �
gi � g�xi� i � �� 	� � � � �m� 	

�	��

An example� with � � ��	� 	����	� 	�� g�x� � 	��x�����x���� f�x� � ���
��r� � e�r

�

� �j � 	� is showed on Table ��

� For Time�Dependent Problem

Naturally� we can extend the above procedure to time�dependent problems�
without loss of generality� two�dimensional parabolic equation is considered��

�
�u�x�t	

�t
��u�x� t� � f�x� t� in �� ��� T �

u�x� t� � g�x� t� on � � ��
u�x� �� � h�x�

��
� �	��

If �	� is employed to approach u�x� t� at the time t

u�x� t�
�
�

n��X
j��

�j�t��j�x� �	��

we� similarily to Section 
� get the following ordinary di�erential equations��
�

D d�
dt

�A� � F � C�

B� � G

���� � �h

��
� �	��

where A�B�C� F�G are similar to Section 
� dij � ��j � �i�� and the components
of �h satisfy

h�x�
�
�

n��X
j��

�hj �j�x� �	��

�



If backward Euler method is employed� the full discrete scheme is�
�tA�D �C
B �


 �
�k��

�k��



�

�
�tF k�� �D�k

Gk��



����

with initial condition
�� � �h ��	�

An example� with � � ��	� 	� � ��	� 	�� f�x� t� � ��� � �x��� � �x����e�t�

g�x� t� � 	 � ��x��� � �x����e�t� h�x� � 	 � �x��� � �x���� ��r� � e�r
�

� �j � 	�
is showed on Table 
 and Table ��

� Conclusion

A numerical method for solving mathematical and physical problems has been
investigated� some examples�which demostrate the e�ciency of the method� are
given� The method is a kind of Galerkin method� it is very �exible for domain�
shape and easy to implement� what is worthwhile to point out is that the
choice of �j is very important to the present method� too small values pro�
duce isolated peaks and too large values make the resulting linear equations
ill�conditioned�the case is like��
�� but the criterion by which the �j can be
choosed properly has not been available yet� and that adding the polynomial pk
to the expansion obviously helps the stability of approximation procedure�
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Table �� An Example of Boundary Value Problem
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