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Abstract

In this paper we presentwo DRM formulations. For a pseudo—Poissoaqua-
tion, if theright handsideis alinearoperationon the dependentariable,we can
derive anew DRM formulation. In comparisorwith thetraditionalDRM formu-
lation for the sameequationthe new oneis mucheasierandmoreefficient. For
the axisymmetricPoissonequation,we constructa DRM formalationby using
the linear axisymmetricradial basisfunction. The particularsolutioninvolvedis
writtenin a closedform, andthusspeedsip the evaluationof the particularsolu-
tion. A few numericalexamplesdemonstrat¢heaccurag andefficiengy of these
formulations.

1 Intr oduction

The boundaryelementmethod(BEM) is now a powerful alternatve numerical
techniquefor solving partial differential equations(PDEs). For homogeneous
PDEs,only the boundarydiscretisations necessatyFor inhomogeneou®DEs,
however, the integral equationinvolvesdomainintegrals. To avoid domaininte-
grals,thedualreciprocitymethod(DRM) wasproposed5]. Thismethodactually
dividesthe solutioninto two parts: a particularsolution of the inhomogeneous
PDE plus a solutionof its homogeneousounterpart.Since particularsolutions
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to complex inhomogeneitiesre very difficult or evenimpossibleto obtain, the
inhomogeneitys normally representetdy a seriesexpansionin termsof simpler
functionsfor which particularsolutionscanbe (easily)determined11]. Further
more,theDRM hasbeenextendedo dealwith nonlineamproblemsheterogeneous
problemsyariablecoeficient problemsandtime—dependemngroblems.

In this paper we first considerthe following equation

Vu = p(u), (1)

wherep is a linear operator This problemhasbeenaddressedn [5], but we
will presenta new formulationwhich turnsout to be easierand more efficient.
We have to say somethingaboutthe type of equation(1). Sincep is a linear
operatorwith respectto u, one might hopeto be ableto find the fundamental
solutionto the (homogeneousgquation(1); however, this is normally difficult,
even morewhenp(u) includesvariablecoeficients. To solve equation(1), we
mayemploy thefundamentasolutionfor the Laplacianandconsidetheproblem
asa Poisson—-typequation. Thereforethe right handsidep(u) may be regarded
asaninhomogeneityr pseudcsource

Secondlywe applythedualreciprocitymethodto thefollowing axisymmetric
Poissorequation.

V2u = Uy + Uy /T + Uy, = b, (2)

whereb is a given function. Conceptuallythis is nothing special,but it is ex-
tremelydifficult to find a particularsolutionto theaxisymmetrid_aplacianfor the
traditionalradial basisfunctions(RBFs) beingthe right handside. We turnedto
theaxisymmetricRBFs.

The paperis organisedasfollows: In Section2, we recall the essentialof
the DRM andshov how equation(1) is solved by the DRM traditionally. A new
formulationfor equation(1) is derivedin Section3, which is betterthanthe tra-
ditional one. In Section4, an axisymmetricDRM formulationis establishedor
equation(2). A few numericalexamplesareshavn in Section5. Commentsand
conclusionsaregivenin Section6.

2 ThebasicDRM

In this sectionwe briefly recall the essentialof the DRM. We start with the
Laplaceequation.ConsideradomainS2 with boundaryl® andlet u satisfy

VZu = 0. 3)



Thentheintegral equationcorrespondingo (3) is

c(x)u(x) + /q*udP = /qu*dF, 4)
r r
wherec(x) is afunction of position;«* andg* arethe fundamentabolutionand
its normaldervative; q is the normalderivative of u.
We subdvidetheboundaryl” into boundaryelementdy N nodes{x;, - - - ,xn},
andif we have L points{xy.1, - ,xn.1} insideQ for which the valuesof u
shouldbe evaluatedthenthe BEM discretisedrersionfor (4) reads

Hu - Gq =0, (5)
whereu := (u(xy), - ,u(xyiz))t, a:= (¢(x1), -, ¢(xn))T. ThematricesH
andG havethefollowing structure

_|Hy O | &
H_[H21]7 G‘[GJ’ ©

whereH; andG; are N x N matrices, H, andG, areL x N matrices] is an
L x L unit matrix.

we deliberatelyput two uncoupledequationsn theform (5) to make the writ-
ing simplerwhenwe talk aboutthe DRM late.

2.1 DRM for Poissonequations
Considerasimplesourcetermfor the Poissorequation
Vu = b, (7)

whereb is somesmoothfunctionof x.
To solvethisequation) is first approximatedn termsof a setof (radial) basis
functions{¢,}

N+L
b(x) = Y a;o;(x). (8)
j
To determinethe coeficientsa;, we useinterpolation,i.e.
N+L
b(x;) = Z ajpi(x;), i=1,---,N+L. (9)
j
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In matrix form, this reads
Fa = b, (20)

whereb := (b(x1),--- ,b(xnyz))T, @ = (a1, -+ ,anyr)T andthematrix F is
definedby its elementsp, (x;).

We areinterestedn such¢; thatit is easyto find a particularsolution,; for
which

V2ﬁj:¢j, jzl,,N—i-L (11)
Thisimpliesthat
N+L
i(x) =) ai;(x), (12)
J

is an approximateparticularsolutionto equation(7), i.e., u — 4 approximately
satisfieghe Laplaceequation

V2(u—1a) = 0. (13)
FromthestandardBEM (see(5)) we have

Hu—-11)-G(q—q§) =0, (14)

Hu - Gq = Hu — Gq, (15)

wherea andq aredefinedsimilarly to u andq respectely.
From(12),we caneasilyseethat

it=Ua, §=Qe, (16)
wherethe matricesU andQ are(i;(x;)) and(g; (x;)) respectiely.
By plugging(16)into (15) andusing(10) we finally arrive at
Hu - Gq = (HU - GQ)F'b. (17)
Thisis the pith andmarrov of the DRM.
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2.2 DRM for pseudo—-@ssionequations

It is possibleto generalisghe foregoingto right handsideswhich dependonthe
unknowvn

Viu = p(u), (18)

wherep is alinearoperator Beforewe give our alternatve approachn section3,
we first shav how this kind of problemhasbeensolvedin [5].

Definethe vectorp := [p(u)(x1), - ,p(u)(xn.r)]T. Usingequation(17),
we obtain

Hu — Gq = (HU — GQ)F 'p. (19)

Now, in orderto solve equation(19), the unknovn p shouldberepresentetty u
(and/orq). To thisend,u is expandedn termsof {¢;}

N+L
u(x) = Z ajd;(x). (20)
Subsequentlyve get
N+L
p(u)(x) = 3 a;p(@s)(x). (21)

By usinginterpolationin (20) and(21), we obtain

N+L N+L
u(x;) = Y ady(x),p(u) (%) = D ap(dy)(x:),i=1,--- ,N+ L. (22)
j j
Rewriting (22) in matrix form gives
u=Fa, p=Fq, (23)
whereF; denoteghe matrix (p(¢,)(x;)). From(23)wefind thatp is givenby
p=FFlu (24)
We now substitutethis representatiomto (19) andobtainthe system
Hu — Gq = (HU - GQ)F 'F,F 'u, (25)

from which u andq canbefoundafterapplyingthe boundarycondition(s).
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3 An easierDRM formulation

Themainideaof theDRM is to expandtheright handsideto find anapproximate
particularsolution.
If we couldfind particularsolutionsu;, suchthat

Viu;(x) = p(¢5)(x), j=1,---,N+1L, (26)
thenwe seefrom (20) and(21) that

N+L
u(x) := Z (), (27)
satisfies
V2 = p(u), (28)

i.e.,u — u satisfied aplaces equation.Consequentlyby using(5) we obtain
Hu - Gq = Hu - Gq. (29)

DefinematricesU,; = (u;(x;)) andQ;; = (g;(x;)). Performingthe same
manipulationsasin Section2.1,we geta moreelegantcomputationakcheme

Hu - Qq = (HU - GQ)F'u. (30)

Comparing(30) with (25), we cansee(30) is easierand more efficient than
(25). Scheme(30) looks morelike (17), the differenceis that U and Q arere-
placedby U andQ respectrely. While schemg25) looksabit morecomplicated.

Remark 1. We canseethat,the essentiatlifferencebetweerthis new approach
andthetraditionalDRM is thatthe new approactusesthe particularsolutionsi,

Vi, = p(¢5), (31)
while thetraditional DRM usesthe particularsolutionst ;
V211j = ¢j' (32)

For radial basisfunctions(RBFs)[7], u; arealwaysavailablefor the Laplacian,
but the availability of u; dependn the operatorp. If it is really difficult to find
u;, thenwe canchoose{¢,} sud that p(¢,) are RBFs In this way, @, is also
nearlyalwaysavailable.



Remark 2. Forthecasep(u) = cu (c is a constant)jt is obvious thatscheme
(30) and(25) resultin the samesetof linearequationssinceF; = cF andd; =
Cﬂj.

4 An axisymmetric DRM formulation

Themajorproblemhereis to find aparticularsolutionz; for agivenbasisfunction
¢, (e.g.aradialbasisfunction),satisfying

Veu; = ¢;. (33)

Thisis notatrivial task. To circumwentthis problem,onemay startwith a given
u; andthencomputeg; by differentiation. For example,in [10] the particular
solutionis chosento be @; = d3/12; thereforethe basisfunctionis then¢; =
dj(l — rj/4r). In [4], Z_Lj = TJ(Cd? + 7”3d§) and(bj = Tj(C(lZ — 37‘j/7‘)dj —
14r;7? + 9rd? + 18r%). We canseethatthe choiceof u; is ratherarbitraryand
lacksmathematicafoundation. Anotherweakpoint of thesetwo methodss that
¢; isnotdefinedatr = 0.

Here we develop a simple and logical methodwhich enablesus to find the
analyticalexpressionfor both u; and ¢; satisfying(33). Theideais to usea
three—dimensiongarticularsolutionandintegrateit with respecto ¢ from 0 to
2m. Thismethodhasbeenexploredin [6] for theHelmholtzequation.in thatcase,
u; is expressedy anintegral. Fortunately for the Laplacianwe areableto derive
u; in aclosedform, atleastfor thelinearRBF.

3
In thethree—dimensionaasewe know thata;. = % satisfies

o*u, o*u, 0%u,
3332] 3y2j 322] = dj. (34)

Rewriting this equationin the cylindrical coordinategr, 6, z) gives

1 0%a; 0%y 10u; 0%y
— - =d,;. 35
rZ 00? + or? +7" or + 022 J (35)

Integratingthe above equationwe obtain

0%u; N 104, N o’u;
or? r Or 022




where
21
o = / d;jdf = 4vVa + bE(k), (37)
0

and

;= /% 4 g — 9(a +b)Va+ b((k2 —DK(k)+ (4 - 2k2)E(k)>. (38)

Herea := 75 4+ 1> + (2 — 2)%, b := 2rjr, k := \/2b/(a +b); K andE arethe
completeelliptic functionof thefirst kind andsecondkind, respectiely. Thefirst
orderderivativesof u; are

881;9 (r+rj)Va+bE(k) + 3k2 o+ b((k2 —DK(k)+(1- 2k2)E(k)),
(39)

and
% = (2 — z))Va+bE(k). (40)

It is easyto verify that¢,, @;, % and% areall continuousn thewholedomain
{(r,2) | r>0,—00<2z< o0}

In [6], the authorhasnumericallyshavn the local propertyof ¢;. This is
importantwhenthefunctionto beinterpolatedvariessteeplyover the domain.

5 Numerical examples

In this section,we demonstratsomenumericalexamples.

5.1 A corvection—diffusion problem

As afirst application et usinvestigatea steady2D cornvection—difusionproblem
in Cartesiarcoordinates

KV?u = Ul@_u + U28u

— 41
o "V ay (41)



whereu is the quantitybeingcorvected,v; andwv, arethe velocity components,
and/XC is thediffusivity. Combiningv,, v, andK into parameters andb respec-
tively, we obtain

ou 4 b2t

Viu = a— 42
4= %% oy (42)
We assumdnerethata andb arebothconstant.
In this casep = a£; + by.. Ourtaskis to find u; suchthat
00, 00,
20, = g2 ) 43
Vi, =a o +b dy (43)

for eachg;.
It is easyto verify (althoughmaybelesseasyto find) that,for thelinearradial
basisfunction

¢; = dj, (44)
with d; = /(z — ;)? + (y — y;)?, theparticularsolutionis givenby
u; = (az + by)d;/3. (45)
For thethin platespline
¢; += dj In(d;), (46)
theparticularsolutionis
i; = (azx + by)d;(41n(d;) — 1)/16. (47)

For variablea andb, we cant expectthatwe canalwaysfind the particular
solutionsu; for commonlyusedRBFs. If thisis the casethenremark 1 in the
previoussectionapplies.

we considera modelproblemin anoval domain(z?/4 + y? < 1)

Vu = _Ou (48)
ox
i.e.a =—1, b= 0.theboundaryconditionis chosersuchthatthe problemhas
anexactsolutionu = exp(—z).

The boundaryis subdvided into elementsy 16 boundarypoints; moreover
wealsousel7 internalpointsasin [5] (seeFigurel). Thevaluesof u athnumbered
pointsareshowvn in Tablel. Theadwantage®f the new approactareobvious.
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Figurel: An ExampleVZy = —u

5.2 An axisymmetric Poissonequation

OnacylinderQ := {(r,z) | 0 < r < 1,0 < z < 1}, considerthe following test
problem

um«+%ur+uzz=—smrﬂexp(—z), 0<r<1,0<z<1,
u=-cos(r), z=0,
cos(r) (49)

U:T, 221,

g = —sin(1l)exp(—z), r=1.

Actually, the boundaryconditionsarechosenn suchaway thatthe problemhas
the exact solutionu = cos(r) exp(—z). We invest15 linear elementson the
boundaryand20 internalpointsfor interpolation(including4 pointson z—axis).
Resultsareshovn in Table2. Employing the basisfunctionsandparticularsolu-
tions derivedin this section,we areableto put someinterpolationpointson the
z—axis,thisis computationallycorvenientandwill improve accurag. As we can
seethe numericalresultagreeswith the exactsolutionquite well.

5.3 An axisymmetric heattransfer problem

Obviously, theaxisymmetridRM formulationin Sectiord canbeextendedo the
axisymmetricPoissonequationwith unknown right handsideandhencecanbe
usedto solve the axisymmetricheatequation.we would lik e to demonstratehis
by anexample.Considera cylinder {(r, z) | 0<r<1,0<z<1} withini-
tial temperature,, whichis placedn aconfiguratiorfor whichthelowermedium
hastemperature:; ., andtheuppermediumhastemperatures,.,, asshovnin Fig-
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node| X y | exact | result[3 | |erroi[5] | result| |errof
ul7z | 1.5| 0.0 | 0.223] 0.229 0.006 | 0.222| 0.001
ul8 | 1.2 | -0.35| 0.301| 0.307 0.006 | 0.301| <0.001
ul9 | 0.6 | -0.45| 0.549| 0.555 0.006 | 0.549| <0.001
u20 | 0.0 |-0.45| 1.000| 1.003 0.003 | 1.001| 0.001
u2l | -0.6|-0.45| 1.822| 1.819 0.003 | 1.824| 0.002
u22 | -1.2|-0.35| 3.320| 3.323 0.003 | 3.320| <0.001
u23 | -1.5| 0.0 | 4.482| 4.489 0.007 | 4.468| 0.014
u29 | 0.9 | 0.0 | 0.406| 0.441 0.035 | 0.407| 0.001
u30 | 0.3 | 0.0 | 0.741| 0.745 0.004 | 0.742| 0.001
u3l | 0.0 | 0.0 | 1.000| 1.002 0.002 | 1.001| 0.001
u32 | -0.3| 0.0 | 1.350| 1.348 0.002 | 1.351| 0.001
u33 | -0.9| 0.0 | 2.460| 2.448 0.012 | 2.461| 0.001

ure2. A Robinboundaryconditionis specifiedfor this exampleby

whereh is the contactconductanceWe imposea Robin boundaryconditionbe-
causeothertypesof boundaryconditionsareincludedasa specialcase. For in-
stancea Dirichlet boundaryconditionis a specialcaseof (50) for large h, while
a Neumannboundarycondition can be consideredas (50) with fairly small A.
Moreover, sometimesit is difficult to specifya Dirichlet boundaryconditionnear
interfacesdueto temperaturgumps,while a Robinboundaryconditioncanover

Tablel: Resultsof V2y = — 2

ox

q = h(ue —u),

comesuchdifficultieselegantly.
Hencewe have thefollowing initial boundaryalueproblem

We have testeda uniform grid with N = 30 and L = 90 andatime stepsize

2, — 1ou
Vau kot
q:hl(uloo

—U),

q= h’2(u200 - U),

U = U,

0<r<1,0<z<1andt >0,
z=0orr =1,

z=1
t=0.
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node| r |z | exactsolution| numericalsolution| |errof

wr |0 |0.2]0.818731 0.817896 0.000834588§
wg |0 |0.4]0.67032 0.669699 0.000620611
ue |0 | 0.6]0.548812 0.548351 0.000460235
up |0 |0.8]0.449329 0.448992 0.000336916
up; | 0.2 0.2] 0.802411 0.801613 0.000797736
ugpe | 0.2|0.4| 0.656958 0.656351 0.000606854
ugs | 0.2 0.6| 0.537872 0.537419 0.000452663
uze | 0.2 0.8 0.440372 0.440046 0.000326601
ugs | 0.4 0.2] 0.754101 0.753366 0.000735144
ug | 0.4 0.4| 0.617406 0.616834 0.000571212
ug7 | 0.4 0.6| 0.505489 0.505054 0.000435442
uss | 0.4|0.8] 0.413859 0.413548 0.000311157
uy | 0.6|0.2]0.675728 0.6751 0.000627978
ugo | 0.6 0.4| 0.553239 0.55272 0.000519052
ug; | 0.6] 0.6| 0.452954 0.452533 0.000420779
ug2 | 0.6 0.8| 0.370847 0.370551 0.000295912
uzs | 0.8|0.2] 0.570415 0.569985 0.000430029
uss | 0.8|0.4]0.467016 0.466533 0.000483745
uzs | 0.8 0.6| 0.382361 0.381909 0.000451466
uge | 0.8 0.8| 0.313051 0.312748 0.000302453

Table2: Resultsof V2u = —@ exp(—2z).

At = 0.01. Theparametersn theexamplearechoserto be

k=1,
hl = h2 = ]_,
Uloo = 0,
U200 = 05,
Uy = 1.

(52)

Thetemperaturalistributions,asthetime marchedorward,areshown in Figures
3(a)to 3(g). Notethatthetemperaturen the interfaceis neitheru,, Or us,, but
somethingn between.

Theequilibriumtemperaturast — oo canbefoundby solvingthefollowing
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medium 2: u
200

0,1) 1,1)

interface

(0.0 (1.0

medium 1: U,
Figure2: Theheattransferproblem.

staticproblem

V2u =0, 0<r<1,0<z<1,
¢g=h(heo —u), z=00rr=1, (53)
q = ho (U200 — 1), z=1.

The resultis shavn in Figure 3 (h), wherewe canseethatit agreesvery nicely
with thetemperaturevhent = 2.5.

6 Conclusions

Two DRM formulationsarederivedandtheir efficiency andaccurag aredemon-
stratedby a numberof numericalexamples.

For a pseudo—Poissoequationwith the right handsidebeinga linearopera-
tion ontheunknawn, thenen DRM formulationis easierandmoreefficient.

In the axisymmetricDRM formulation,the particularsolutionis written in a
closedform by usingthelinearaxisymmetriaadialbasisfunction. Obviously this
formulationcanbeextendedo axisymmetricnonlineamproblemsandaxisymmet-
ric time—dependergroblems.
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Figure3: Resultsof the heattransferproblem.
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