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Abstract

In this paper, we presenttwo DRM formulations. For a pseudo–Poissonequa-
tion, if theright handsideis a linearoperationon thedependentvariable,we can
derivea new DRM formulation. In comparisonwith thetraditionalDRM formu-
lation for thesameequation,thenew oneis mucheasierandmoreefficient. For
the axisymmetricPoissonequation,we constructa DRM formalationby using
the linearaxisymmetricradialbasisfunction. Theparticularsolutioninvolvedis
written in a closedform, andthusspeedsup theevaluationof theparticularsolu-
tion. A few numericalexamplesdemonstratetheaccuracy andefficiency of these
formulations.

1 Intr oduction

The boundaryelementmethod(BEM) is now a powerful alternative numerical
techniquefor solving partial differential equations(PDEs). For homogeneous
PDEs,only theboundarydiscretisationis necessary. For inhomogeneousPDEs,
however, the integral equationinvolvesdomainintegrals. To avoid domaininte-
grals,thedualreciprocitymethod(DRM) wasproposed[5]. Thismethodactually
dividesthe solution into two parts: a particularsolutionof the inhomogeneous
PDE plus a solutionof its homogeneouscounterpart.Sinceparticularsolutions

1



to complex inhomogeneitiesarevery difficult or even impossibleto obtain, the
inhomogeneityis normallyrepresentedby a seriesexpansionin termsof simpler
functionsfor which particularsolutionscanbe(easily)determined[11]. Further-
more,theDRM hasbeenextendedto dealwith nonlinearproblems,heterogeneous
problems,variablecoefficientproblemsandtime–dependentproblems.

In this paper, wefirst considerthefollowing equation���������
	��
���
(1)

where
�

is a linear operator. This problemhasbeenaddressedin [5], but we
will presenta new formulationwhich turnsout to be easierandmoreefficient.
We have to say somethingabout the type of equation(1). Since

�
is a linear

operatorwith respectto
�
, one might hopeto be able to find the fundamental

solution to the (homogeneous)equation(1); however, this is normally difficult,
even morewhen

�
	����
includesvariablecoefficients. To solve equation(1), we

mayemploy thefundamentalsolutionfor theLaplacian,andconsidertheproblem
asa Poisson–typeequation.Thereforetheright handside

�
	����
mayberegarded

asaninhomogeneityor pseudosource.
Secondlyweapplythedualreciprocitymethodto thefollowing axisymmetric

Poissonequation. ����������������
�������������! " #�%$&�
(2)

where
$

is a given function. Conceptuallythis is nothing special,but it is ex-
tremelydifficult to find aparticularsolutionto theaxisymmetricLaplacianfor the
traditionalradialbasisfunctions(RBFs)beingtheright handside. We turnedto
theaxisymmetricRBFs.

The paperis organisedas follows: In Section2, we recall the essentialsof
theDRM andshow how equation(1) is solvedby theDRM traditionally. A new
formulationfor equation(1) is derived in Section3, which is betterthanthe tra-
ditional one. In Section4, anaxisymmetricDRM formulationis establishedfor
equation(2). A few numericalexamplesareshown in Section5. Commentsand
conclusionsaregivenin Section6.

2 The basicDRM

In this sectionwe briefly recall the essentialsof the DRM. We start with the
Laplaceequation.Consideradomain' with boundary( andlet

�
satisfy��������)+*

(3)
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Thentheintegralequationcorrespondingto (3) is, 	�-.�/�0	�-
�
�214365879��: ( �%1+365��!79: ( � (4)

where , 	;-
� is a functionof position;
� 7

and
5 7

arethe fundamentalsolutionand
its normalderivative;

5
is thenormalderivativeof

�
.

Wesubdividetheboundary( intoboundaryelementsby < nodes= -?>��A@&@&@B�C-.DFE ,
andif we have G points = -.D?H�>I�J@&@&@B�C-.D0HLK!E inside ' for which the valuesof

�
shouldbeevaluated,thentheBEM discretisedversionfor (4) readsM�N�OQPSR���)+�

(5)

where
NT�U�V	��0	�-?>9���A@&@&@B�W�0	;-.D?HLK4�C��X

,
RY�U�V	�5L	;-?>9���A@&@&@B�W5+	�-.D#�C��X

. Thematrices
M

and
P

have thefollowing structureMZ�\[ M]>_^M �\`�a � Pb�c[ P�>P �da � (6)

where
M]>

and
P�>

are <feg< matrices,
M � and

P � are G�eh< matrices,̀ is anGieYG unit matrix.
wedeliberatelyput two uncoupledequationsin theform (5) to make thewrit-

ing simplerwhenwe talk abouttheDRM late.

2.1 DRM for Poissonequations

Considera simplesourcetermfor thePoissonequation���W���%$&�
(7)

where
$

is somesmoothfunctionof
-

.
To solvethisequation,

$
is first approximatedin termsof asetof (radial)basis

functions =�jlk E $m	�-
� *� D0HLKn k_o kJjlk 	;-
�I* (8)

To determinethecoefficients o k , weuseinterpolation,i.e.$m	;-Bp��6� D0HLKn kqo krj4k 	;-Bp���� s0�utv�A@&@&@
� < � G * (9)
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In matrix form, this reads w�x �zy{�
(10)

where
y|�U�b	}$m	�-?>C���A@&@&@~��$m	�-~D?HLK+�C��X

,

x �U�b	 o >I�A@&@&@B� o D?HLK+��X andthematrix

w
is

definedby its elementsj4k 	;-Bp�� .
We areinterestedin such jlk that it is easyto find a particularsolution �� k for

which � � �� k � jlk � ����tv�J@&@&@B� < � G * (11)

This impliesthat ��
	�-
�6� D0HLKn k o k��� k 	�-
��� (12)

is an approximateparticularsolution to equation(7), i.e.,
�YO �� approximately

satisfiestheLaplaceequation ����	���O ������%)+* (13)

FromthestandardBEM (see(5)) wehaveMg	}N�O �N0�?OQP�	�RSO �R~���%)+� (14)

i.e. M�N�OQPSR��zM �N�OiP �R?� (15)

where �N and �R aredefinedsimilarly to
N

and
R

respectively.
From(12),wecaneasilyseethat�N]� �� x � �R�� �� x � (16)

wherethematrices �� and �� are( �� k 	�-Bp;� ) and( �5 k 	�-
p��C� respectively.
By plugging(16) into (15)andusing(10)wefinally arriveatM�N�OiP�R��V	�M ���O�P �� � w�� > y#* (17)

This is thepith andmarrow of theDRM.
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2.2 DRM for pseudo–Possionequations

It is possibleto generalisetheforegoingto right handsideswhich dependon the
unknown ���������
	��
���

(18)

where
�

is a linearoperator. Beforewegiveouralternativeapproachin section3,
wefirst show how this kind of problemhasbeensolvedin [5].

Definethe vector � ���c� �.	����J	;-?>9�I�J@&@&@B���
	��
�r	�-.D0HLK4�"��X
. Using equation(17),

weobtain M�N�OiP�R��V	�M ���O�P �� � w�� > � * (19)

Now, in orderto solve equation(19), theunknown � shouldberepresentedby
N

(and/or
R

). To this end,
�

is expandedin termsof =�jlk E�0	;-
� *� D?HLKn k o krj4k 	�-.�I* (20)

Subsequentlyweget �.	����J	;-
� *� D?HLKn k o k �
	 jlk �J	�-.�I* (21)

By usinginterpolationin (20)and(21),weobtain�?	;-Bp��{� D?HLKn k o kJjlk 	�-Bp;�I���
	����J	�-
p;�6� D0HLKn k o k �
	 j4k �J	;-Bp����Ws0��tv�A@&@&@
� < � G * (22)

Rewriting (22) in matrix form givesN]� w�x � � � w > x � (23)

where

w >
denotesthematrix (

�
	 jlk �J	�-
p�� ). From(23)wefind that � is givenby� � w > w�� > N{* (24)

Wenow substitutethis representationinto (19)andobtainthesystemM�N�OQP�R���	�M ���OQP �� � w � > w > w � > N{� (25)

from which
N

and
R

canbefoundafterapplyingtheboundarycondition(s).
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3 An easierDRM formulation

Themainideaof theDRM is to expandtheright handsideto find anapproximate
particularsolution.

If wecouldfind particularsolutions �� k , suchthat��� �� k 	�-
�6���
	 j4k �J	;-
�I� ����t8�A@&@&@B� < � G � (26)

thenweseefrom (20)and(21) that��?	;-
���U� D?HLKn k o k��� k 	;-
�I� (27)

satisfies � � �� *���
	��
���
(28)

i.e.,
��O �� satisfiesLaplace’s equation.Consequently, by using(5) weobtainM�N�OiP�R��%M �N�OiP �R�* (29)

Definematrices ��Sp k � 	 �� k 	�-
p��C� and �� p k � 	 �5 k 	�-Bp��9� . Performingthe same
manipulationsasin Section2.1,wegeta moreelegantcomputationalschemeM�N�O � R���	}M ���OiP �� � w � > N6* (30)

Comparing(30) with (25), we cansee(30) is easierandmoreefficient than
(25). Scheme(30) looks morelike (17), the differenceis that �� and �� arere-
placedby �� and �� respectively. While scheme(25) looksabit morecomplicated.

Remark 1. Wecanseethat,theessentialdifferencebetweenthis new approach
andthetraditionalDRM is thatthenew approachusestheparticularsolutions �� k��� �� k ���
	 j4k �I� (31)

while thetraditionalDRM usestheparticularsolutions �� k� � �� k � j4k * (32)

For radial basisfunctions(RBFs)[7], �� k arealwaysavailablefor the Laplacian,
but theavailability of �� k dependson theoperator

�
. If it is really difficult to find�� k , thenwe canchoose =�j4k E such that

�.	 j4k � are RBFs. In this way, �� k is also
nearlyalwaysavailable.
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Remark 2. For thecase
�.	������ , � (c is a constant),it is obvious that scheme

(30) and(25) resultin thesamesetof linearequationssince

w >�� , w and �� k �, �� k .
4 An axisymmetric DRM formulation

Themajorproblemhereis to find aparticularsolution �� k for agivenbasisfunctionjlk (e.g.a radialbasisfunction),satisfying���� �� k � j4k * (33)

This is not a trivial task. To circumventthis problem,onemaystartwith a given�� k and thencomputej4k by differentiation. For example,in [10] the particular
solution is chosento be �� k �q:¡ k �lt�¢ ; thereforethe basisfunction is then j4k �: k 	/t£O�� k �m¤v�v� . In [4], �� k �¥� k 	�¦§:¡ k �z�� �: �k � and jlk �¨� kl© ¦�	/t&¢�O�ª8� k ���8�9: k OtA¤8� k � � �z«8�8: �k �¬t&­8�m �® . We canseethat the choiceof �� k is ratherarbitraryand
lacksmathematicalfoundation.Anotherweakpoint of thesetwo methodsis thatjlk is not definedat

�¯��)
.

Herewe develop a simple and logical methodwhich enablesus to find the
analyticalexpressionfor both �� k and j4k satisfying(33). The idea is to usea
three–dimensionalparticularsolutionandintegrateit with respectto ° from

)
to¢m±

. Thismethodhasbeenexploredin [6] for theHelmholtzequation.in thatcase,�� k is expressedby anintegral. Fortunately, for theLaplacianweareableto derive�� k in aclosedform, at leastfor thelinearRBF.

In thethree–dimensionalcaseweknow that ���²k ��³"´µ> � satisfies¶ � �� ²k¶L· � � ¶ � �� ²k¶�¸ � � ¶ � �� ²k¶�¹ � �%: k * (34)

Rewriting this equationin thecylindrical coordinates
	��m� ° � ¹ � givest� � ¶ � ���²k¶ ° � � ¶ � ���²k¶ � � � t� ¶ ���²k¶ � � ¶ � ���²k¶!¹ � �%: k * (35)

Integratingtheaboveequation,weobtain¶ � �� k¶ � � � t� ¶ �� k¶ � � ¶ � �� k¶�¹ � � j4k � (36)
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where jlk � 1 ��º» : k : ° �z¤4¼ ½��i$I¾�	}¿L�I� (37)

and�� k � 1 ��º» :  kt�¢ : ° � t« 	}½À�i$I� ¼ ½À�i$BÁ
	}¿ � OQt��9Â�	}¿L�~�%	�¤£O�¢8¿ � �9¾�	�¿L�/Ã§* (38)

Here
½]���Ä� �k �2� � �Å	 ¹ k O ¹ � � , $�����¢m� k � , ¿h���¥Æ ¢�$r�+	}½���$I�

;
Â

and
¾

arethe
completeelliptic functionof thefirst kind andsecondkind, respectively. Thefirst
orderderivativesof �� k are¶ �� k¶ � ��	��F��� k ��¼ ½À�i$I¾�	}¿L�~� ¢�� kª¡¿ � ¼ ½À�i$ Á 	�¿l�#O2t&�9Â�	�¿+�~�%	/t�O�¢v¿l���9¾�	�¿L� Ã �

(39)

and ¶ �� k¶�¹ �V	 ¹ O ¹ k �W¼ ½���$r¾�	�¿L��* (40)

It is easyto verify that j4k , �� k , Ç�ÈÉ µÇ � and Ç�ÈÉ µÇ  areall continuousin thewholedomain= 	��m� ¹ � ÊÊ �dË|)+�AOÀÌ Í ¹ Í|Ì�E
.

In [6], the authorhasnumericallyshown the local propertyof j4k . This is
importantwhenthefunctionto beinterpolatedvariessteeplyover thedomain.

5 Numerical examples

In this section,wedemonstratesomenumericalexamples.

5.1 A convection–diffusionproblem

As afirst application,let usinvestigateasteady
¢
D convection–diffusionproblem

in Cartesiancoordinates Î ���W�S�zÏ¡> ¶ �¶�· ��Ï � ¶ �¶�¸ � (41)
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where
�

is thequantitybeingconvected,
Ï¡>

and
Ï � arethevelocity components,

and

Î
is thediffusivity. Combining

Ï�>
,
Ï � and

Î
into parameters

½
and

$
respec-

tively, weobtain � � ���%½ ¶ �¶L· �i$ ¶ �¶�¸ * (42)

Weassumeherethat
½

and
$

arebothconstant.
In this case,

����½ ÇÇ�Ð �i$ ÇÇ�Ñ . Our taskis to find �� k suchthat� � �� k �z½ ¶ jlk¶�· �i$ ¶ j4k¶�¸ � (43)

for eachj4k .
It is easyto verify (althoughmaybelesseasyto find) that,for thelinearradial

basisfunction j4k ���%: k � (44)

with
: k � Æ 	 · O · k � � �%	 ¸ O ¸ k � � , theparticularsolutionis givenby�� k �V	}½ · �Q$ ¸ �/: k ��ª+* (45)

For thethin platespline jlk �U��:��kBÒÔÓ 	}: k �I� (46)

theparticularsolutionis�� k ��	}½ · ��$ ¸ �9: �k 	�¤ ÒÕÓ 	}: k �?OÖt��C�4tA×+* (47)

For variable
½

and
$
, we can’t expect that we canalwaysfind the particular

solutions �� k for commonlyusedRBFs. If this is thecase,thenremark 1 in the
previoussectionapplies.

weconsideramodelproblemin anoval domain(
· � ��¤�� ¸ � ÍØt

)�����S�ÅO ¶ �¶L· (48)

i.e.
½��uO£tv� $��%)

. theboundaryconditionis chosensuchthattheproblemhas
anexactsolution

���zÙ�Ú+Û
	"O · �
.

The boundaryis subdivided into elementsby
t&×

boundarypoints;moreover
wealsouse

t�Ü
internalpointsasin [5] (seeFigure1). Thevaluesof

�
atnumbered

pointsareshown in Table1. Theadvantagesof thenew approachareobvious.
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Figure1: An Example
� � ���ÅO Ç ÉÇ�Ð

5.2 An axisymmetric Poissonequation

On a cylinder ' �U� = 	���� ¹ �ÝÊÊ )�Í2�dÍ�tv��)�Í ¹ ÍØt8E , considerthe following test
problemÞßßà ßßá �����0� >� ���0���! " #�uO�âÕãåäJæ �"ç� Ù�Ú4Û
	/O ¹ �I� )�Í2�dÍ%tv��)�Í ¹ Í%tv����|èJévê�	��v��� ¹ �%)+����Äë�ì â}æ �"çí � ¹ �utv�5£�uO�ê9î Ó 	/t��+Ù�Ú+Û
	"O ¹ �I� �¯��tv* (49)

Actually, theboundaryconditionsarechosenin sucha way that theproblemhas
the exact solution

��� èJévê�	��v�+Ù�Ú4Û.	/O ¹ �
. We invest

t�ï
linear elementson the

boundaryand
¢�)

internalpointsfor interpolation(including
¤

pointson
¹
–axis).

Resultsareshown in Table2. Employing thebasisfunctionsandparticularsolu-
tionsderived in this section,we areableto put someinterpolationpointson the¹
–axis,this is computationallyconvenientandwill improveaccuracy. As we can

seethenumericalresultagreeswith theexactsolutionquitewell.

5.3 An axisymmetric heat transfer problem

Obviously, theaxisymmetricDRM formulationin Section4canbeextendedto the
axisymmetricPoissonequationwith unknown right handsideandhencecanbe
usedto solve theaxisymmetricheatequation.we would like to demonstratethis
by anexample.Considera cylinder = 	���� ¹ � ÊÊ )�ðz��Í¬t8��)�Í ¹ Í¬t8E

with ini-
tial temperature

� » , whichis placedin aconfigurationfor whichthelowermedium
hastemperature

�B>}ñ
andtheuppermediumhastemperature

� � ñ asshown in Fig-
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node x y exact result[5] òerrorò [5] result òerrorò
u17 1.5 0.0 0.223 0.229 0.006 0.222 0.001
u18 1.2 -0.35 0.301 0.307 0.006 0.301

Í
0.001

u19 0.6 -0.45 0.549 0.555 0.006 0.549
Í

0.001
u20 0.0 -0.45 1.000 1.003 0.003 1.001 0.001
u21 -0.6 -0.45 1.822 1.819 0.003 1.824 0.002
u22 -1.2 -0.35 3.320 3.323 0.003 3.320

Í
0.001

u23 -1.5 0.0 4.482 4.489 0.007 4.468 0.014
u29 0.9 0.0 0.406 0.441 0.035 0.407 0.001
u30 0.3 0.0 0.741 0.745 0.004 0.742 0.001
u31 0.0 0.0 1.000 1.002 0.002 1.001 0.001
u32 -0.3 0.0 1.350 1.348 0.002 1.351 0.001
u33 -0.9 0.0 2.460 2.448 0.012 2.461 0.001

Table1: Resultsof
� � �S��O Ç ÉÇ�Ð

ure2. A Robinboundaryconditionis specifiedfor this exampleby5£�%ó.	��!ñ|OT���I�
(50)

where
ó

is thecontactconductance.We imposea Robinboundaryconditionbe-
causeothertypesof boundaryconditionsareincludedasa specialcase.For in-
stance,a Dirichlet boundaryconditionis a specialcaseof (50) for large

ó
, while

a Neumannboundarycondition can be consideredas (50) with fairly small
ó
.

Moreover, sometimes,it is difficult to specifyaDirichlet boundaryconditionnear
interfacesdueto temperaturejumps,while a Robinboundaryconditioncanover-
comesuchdifficultieselegantly.

Hencewe have thefollowing initial boundaryvalueproblemÞßßà ßßá � �� ��� >ô Ç ÉÇ�õ � )�ÍQ�dÍØtv��)�Í ¹ ÍØt
and ö�÷ )+�5¯�Øó�>r	��B>}ñzOT����� ¹ �%)

or
�£�Åtv�5¯�Øó � 	�� � ñzOT����� ¹ �ut�S�|� » � ö ��)4* (51)

We have testeda uniform grid with < �øªv)
and G �ø«v)

anda time stepsize
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node r z exactsolution numericalsolution òerrorò�B>}ù
0 0.2 0.818731 0.817896 0.000834588�B>�ú
0 0.4 0.67032 0.669699 0.000620611�B>�û
0 0.6 0.548812 0.548351 0.000460235� � » 0 0.8 0.449329 0.448992 0.000336916� � > 0.2 0.2 0.802411 0.801613 0.000797736� ��� 0.2 0.4 0.656958 0.656351 0.000606854� �   0.2 0.6 0.537872 0.537419 0.000452663� ��ü 0.2 0.8 0.440372 0.440046 0.000326601� ��ý 0.4 0.2 0.754101 0.753366 0.000735144� ��þ 0.4 0.4 0.617406 0.616834 0.000571212� � ù 0.4 0.6 0.505489 0.505054 0.000435442� � ú 0.4 0.8 0.413859 0.413548 0.000311157� � û 0.6 0.2 0.675728 0.6751 0.000627978�   » 0.6 0.4 0.553239 0.55272 0.000519052�   > 0.6 0.6 0.452954 0.452533 0.000420779�   � 0.6 0.8 0.370847 0.370551 0.000295912�  �  0.8 0.2 0.570415 0.569985 0.000430029�   ü 0.8 0.4 0.467016 0.466533 0.000483745�   ý 0.8 0.6 0.382361 0.381909 0.000451466�   þ 0.8 0.8 0.313051 0.312748 0.000302453

Table2: Resultsof
� ��r����O âÕãåäJæ �"ç� Ù�Ú+Û
	"O ¹ �

.ÿ ö ��)+*�)4t . Theparametersin theexamplearechosento beÞßßßßà ßßßßá ¿���tv�ó�>��Øó � �ut8��B>}ñ��%)+�� � ñ��%)+*�ï4�� » ��tv* (52)

Thetemperaturedistributions,asthetime marchesforward,areshown in Figures
3(a)to 3(g). Notethat thetemperatureon theinterfaceis neither

�B>}ñ
or
� � ñ but

somethingin between.

Theequilibriumtemperatureas ö�� Ì
canbefoundby solvingthefollowing
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medium 1:  u
1∞

medium 2: u
2∞

interface 

Ω 

(0, 0) (1, 0) 

(0, 1) (1, 1) 

Figure2: Theheattransferproblem.

staticproblem Þà á � ��r����)+� )�Íi�dÍØtv�W)�Í ¹ Í�tv�5£��ó
>J	��B>}ñ|O ����� ¹ �z)
or
�¯��tv�5£��ó � 	�� � ñ|O ����� ¹ �Åtv* (53)

The result is shown in Figure3 (h), wherewe canseethat it agreesvery nicely
with thetemperaturewhen ö �%¢4*�ï .
6 Conclusions

Two DRM formulationsarederivedandtheir efficiency andaccuracy aredemon-
stratedby anumberof numericalexamples.

For a pseudo–Poissonequationwith theright handsidebeinga linearopera-
tion on theunknown, thenew DRM formulationis easierandmoreefficient.

In theaxisymmetricDRM formulation,theparticularsolutionis written in a
closedform by usingthelinearaxisymmetricradialbasisfunction.Obviouslythis
formulationcanbeextendedto axisymmetricnonlinearproblemsandaxisymmet-
ric time–dependentproblems.

13



0
0.2

0.4
0.6

0.8
1 0

0.2

0.4

0.6

0.8

1

0.82

0.84

0.86

0.88

0.9

0.92

0.94

0.96

0.98

1

z

r

u

(a) ������� ��	

0
0.2

0.4
0.6

0.8
1 0

0.2

0.4

0.6

0.8

1

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

z

r

u

(b) �
����� �
�

0
0.2

0.4
0.6

0.8
1 0

0.2

0.4

0.6

0.8

1

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

z

r

u

(c) �
����� ���

0
0.2

0.4
0.6

0.8
1 0

0.2

0.4

0.6

0.8

1

0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

z

r

u

(d) �
������	

0
0.2

0.4
0.6

0.8
1 0

0.2

0.4

0.6

0.8

1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

z

r

u

(e) �
����� �

0
0.2

0.4
0.6

0.8
1 0

0.2

0.4

0.6

0.8

1

0.05

0.1

0.15

0.2

0.25

0.3

z

r

u

(f) �
��	

0
0.2

0.4
0.6

0.8
1 0

0.2

0.4

0.6

0.8

1

0.05

0.1

0.15

0.2

0.25

z

r

u

(g) �
�������

0
0.2

0.4
0.6

0.8
1 0

0.2

0.4

0.6

0.8

1

0.05

0.1

0.15

0.2

0.25

z

r

u

(h) �
���

Figure3: Resultsof theheattransferproblem.
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