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DIAMANT areas:

Discrete Mathematics (graphs, codes)
Algorithmic Mathematics (optimization)
Algebra (invariant theory)

Basic fact:

Let G be a finite group acting on
max{clz | x € F},
where ¢ € R" and F is a compact convex subset of R”.

That is, G is a group of n X n matrices such that Mc = ¢ and
MF=Fforall M €.

Then the maximum is attained by a vector in the invariant space

{z| Mz =x forall M € G}.

Proof:

. _ 1
If 2 attains the maximum, then so does — Z Mzx.
G|



In particular, we consider optimization problems of type
max{tr(CX) | X € F},
where C' is some N X N matrix and F is a

compact convex collection of N X N matrices.

Let G be a group of NV X N permutation matrices such that

MCM?T =C and MFMT = F for each M € G.

Then the maximum is attained by a matrix in
Cog ={X e RVYN | MXM"' = X for each M € G}
(the centralizer algebra of G).
Often, dim(Cyg) is much smaller than N?, and we might reduce
the dimension of the search space. How?

First two examples.



Coding

A(n,d) := the maximum number of words in {0,1}" at mutual
Hamming distances > d.

A(n,d) < max{tr(JX) | X € RO
X PSD, tr(X) =1,
Xuy =0if 0 < d(u,v) < d for all u,v € {0,1}",
Xy = Xyt for all u,v € {0,1}",

X >0, X PSD}.

Here J is the all-one matrix, and



Proof of the bound:

If C' C {0,1}" has minimum distance > d, define

X — ‘C|_2 qu+0 (XU+O>T-

ueC

Then X is a feasible solution and tr(JX) = |C|.

Group acting on the problem:

For each m € S, let M be the {0,1}" x {0,1}" permutation matrix
corresponding to the permutation

(U1, -+ Up) = (Un(1)s - -+ Ur(n))

for (uq,...,u,) € {0,1}™

Let G :={M, | m € S,}.



Crossing number
Let cr(K,, ) be the crossing number of K, ,,.

‘Zarankiewicz conjecture’:

er(Kmn) = L3(m — 1) [3(n — 1)°].

Let Z,, be the collection of cyclic permutations in .S,,.

Theorem (de Klerk et al.):
cr(Kpp) > imPay, — 3m|3(n — 1)), where

a, = min{tr(CX) | X € R%*% PSD, tr(JX) = 1}.

Here C is the matrix in R%"*%n with, for o, 7 € Z,,;

Cy.r := the minimum number of crossings of K>, such that
the edges leaving the two n-degree vertices in clockwise order
gotoo(l),...,0(n) and to 7(1), ..., 7(n) respectively.

(Indicating the 2-degree vertices by 1,...,n.)



Proof of the bound:

Let K, be embedded with a minimum number of crossing.

For each 0 € Z,, let d, be the number of n-degree vertices such
that the edges leaving it go in clockwise order to o(1),...,0(n).

Then X := m 2dd! is feasible and

cr(Kpp) > im*tr(CX) — sm|(n — 1)2].

Group acting on the problem:

For each m € §,,, let M, be the Z, X Z, permutation matrix
corresponding to the permutation

g — 7'('_10'7'('

foro € Z,,.

Let G :={M, | T € S,}.



Cg is a matrix x-algebra, that is, it is closed under addition,
scalar and matrix multiplication, and adjunction.

Two reduction methods:

|. Block diagonalization
lI. The regular representation

Recall that a complex matrix U is called unitary if U*U = I.



I. BLOCK DIAGONALIZATION

Theorem (Wedderburn):

Let A be a matrix *-algebra containing 1.
Then there exist a unitary matrix U and integers
P1,Q1, - - - Pms Gm > 0 such that
U* AU is equal to the collection of all matrices

where B; is any matrix in CPi*Pi
which is repeated g; times.



So
dim(.A) :p%+---+p72n
and

N =piq1 + -+ DmGm-

Moreover:

Ae AisPSD <<= each block B; of U*AU is PSD.



In the coding example, Cg is the Terwilliger algebra:

T, = {Z CEkﬂ"jEk,i,j | Tkiji € R}, where

ki,

1 ifd(u,v) =k, |u| =1,v| =7,
0 else.

(Ek,i,j>u,v = {

It turns out that there are blocks B, ..., BL%nJ'

such that block B; of U* ZkaEk” U is:

ki,

n—t

By = (Z %ﬁtijxm>
k

i,J=t

u—3S(itj— U n— n—t—u\ (n—t—u
where fyl(c?,] = Z(_l) A (%(l—l—j—k)) (u—2tt) ( z—tu ) ( jju )

u




A(n,d) < max { Zxo,k,k
k

(i) zoo0 =1,
(i) xri; = ki = xijx > 0 for all k, 4, 7,
(i) zs; = 0 if {k,3, 5} N {L,...,d— 1} £0,
(iv) for each t =0, ..., [in], the matrices

n—t
(Z pkzgxklj>

1,7=t

and

n—t

(Z Pror i (Tokk — xk;@g‘))
k

are PSD }

i,J=t

) . n -
Here p; ;. = 7kw(%(zﬂ'—k),%(Hk—ﬂ')»%(ﬁk—i)) '



II. THE REGULAR REPRESENTATION

There exist nonzero 0, 1 matrices Fr, ..., E; such that

d
Og: {szE’L | xl)"'axdeR}
1=1

and

Ey+---+ E; = J (the all-one matrix).
(So d = dim(Cy).)

Suppose now that we can identify these matrices,

and that we also can determine the multiplication parameters
,uf,j (for i, 5,k =1,... k), defined by:

d
Lik; = Z NﬁjEk-
k=1



For k=1,...,d, define the d x d matrix L by

_treENY?

fori,7=1,....d.

d
Let £ = {ZxZLZ | T1,...,T4 € R}
1=1

Then L is a matrix x-algebra, and ¢ : Cg — L defined by

¢ (Z xE) = Zx L

is an algebra x-isomorphism.

This implies:

(L corresponds to the regular representation of Cg.)



Application to the crossing number gives:

Qg = 7.7352126 . . .

This implies, for each fixed n > 9:

K
lim cr( mn)



