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A-Discriminants A 4
Tropical Geometry

Tropical A-Discriminants

W e

The Newton Polytope of A4

This is joint work with Alicia Dickenstein and Bernd Sturmfels

arXiv:math.AG/0510126, J. Amer. Math. Soc., to appeatr.
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1. Discriminants: Classical Examples
-

f(t) = 5132752 + x1t + x¢, xro 75 0

-

. Discriminant of a quadratic polynomial in 1 variable

f has a double root — Ay = x3 —4zoz0 =0

2. Discriminant of a cubic polynomial in 1 variable

f(t) = $3t3 -+ $2t2 + 21t + 209, 3 7é 0

f has a double root =

Ap = 27w%xi—18 x1x2x3x4+4x1x§+4x§aﬁ4—a:%azg =0
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A-Discriminants

[Gelfand, Kapranov, Zelevinsky 1992]
A= (a1 x -an) c 7% (1,...,1) €Erowspan A, ay,...,a, span Z4

A represents a family of hypersurfaces in (C*)? defined by
fat) =) mjt® = witoeg? g
j=1 j=1

X4 =c {(x1:...:2n) € CP" 1| £4(t) = 0 has a singular point in (C*)%}
Generically, codim X3 = 1, and
Xy = V(Aa),
Lwhere A 4 irreducible polynomial in Z|x1, ..., z,], the A-discriminant.J
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A-Discriminants: Classical Examples
|

f(t) = 2ot + 2yt + 30, w2 £ 0 e (1 1 1)

-

. Discriminant of a quadratic polynomial in 1 variable

f has a double root = Ay = 2% — 42920 =0

2. Discriminant of a cubic polynomial in 1 variable

() = o5t® 1 29t + ot 4 20, T3 %0 . (; . ;)

f has a double root =

Ay = 27x%mi—18 x1m2x3x3—|—4az1x§—|—4az‘;’az4—x%x% =0
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A-Discriminants: Classical Examples

f3. Resultant of two polynomials in 1 variable T
f(t) = Z zit',  xn #0, g(t) = Z yit's  Ym # 0,
1=0 1=0
f and g have a common root = Res(f,g) = 0

Res(f,g9) = A4 € Zlxg, ..., Tn,Yo,---,Ym| fOr

1 1 1 0 0 ... O
A = 0 O O 1 1 ... 1
0 1 n 0 1 m

Res(f,g) = determinant of the Sylvester matrix
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A-Discriminants: More Examples

L, N

. Discriminant of a deg 2 homogeneous polynomial in 3 variables

1 11 1 1 1
A= 0O 1 2 0 1 O
00 0 1 1 2

201 To x4
Ay =1/2 det ro 23 Ts
T4 Ty 2Tg

5. Discriminant of a deg 3 homogeneous polynomial in 3 variables

111 1 1 11111
A = o0 001112 2 3
012 3 01 2 0120

deg Ay =12, 2040 terms

Eva Maria Feichtner: An Invitation to Tropical Geometry; DIAMANT/EIDMA Symposium, May 31/June 1, 2007. — p.7/30



Newton Polytopes
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g=) veat = qeaf--ay, eC,CCZ”
ceC ceC

New(g) = conv{c|ce C} CR"

Newton polytope

Example:

g = 2T xix] — 18 myw9x31y + 42103 + 42524 — 2503 2002

0301 1111

Once we know New(A,), determining
A 4 Is merely a linear algebra problem! 0220 1030
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A-Discriminants: Our Goals

- N

Goal:
Derive information on A 4, resp. X%, for instance

® degAy
® Newton polytope of Ay

directly from the matrix, I.e., the point configuration A.

Ansatz: Study the tropicalization of X7 !
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2. Tropical Geometry

B

ropical geometry is algebraic geometry over the tropical semiring

-

(RU{x},®,®), r®y = min{zr,y}, vy = x+y.
_ . r tropical varieties,
algebraic varieties — .
l.e. polyhedral fans
11
—
. 4
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Tropical Varieties — the Algebraic Approach

-

Y C CP" ! irreducible variety, dim Y =r,
Iy CClxy,...,zy,]| defining prime ideal.

For weR"and f = > .~ 72 7 €C, CCZ" define

in,f = » 7y initialtermof f,

w-C min

in, (ly) = (ing,f | f € Iy) initial ideal of Iy .

7(Y) = {w e R"|in,(ly) does not contain a monomial }

tropicalization of YV
L’T(Y) is a pure r-dimensional polyhedral fan in R”, resp. TP" !, J
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Examples of Tropicalized Varieties

o N

. The discriminant of a cubic polynomial in 1 variable

A = 27 x%xi — 18 x1x913T4 + 4331:5% -+ 4:6‘;’:64 — ZC%ZE%

o |

Eva Maria Feichtner: An Invitation to Tropical Geometry; DIAMANT/EIDMA Symposium, May 31/June 1, 2007. — p.12/30



Examples of Tropicalized Varieties

o N

. The discriminant of a cubic polynomial in 1 variable

A = 27 x%xi — 18 x1x913T4 + 433156% -+ 4:6‘;’:64 — x%x%

in_y_1-10(A) =
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Examples of Tropicalized Varieties

o N

. The discriminant of a cubic polynomial in 1 variable

A = 27 x%xi — 18 x1x913T4 + 433156% -+ 4:6‘;’:64 — ZC%ZE%

: — 3 2.2
1ﬂ(_17_17_1’0)(A) = 456'155’3 — Lydg
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Examples of Tropicalized Varieties

o N

. The discriminant of a cubic polynomial in 1 variable

A = 27 x%xi — 18 x1x913T4 + 433156% -+ 4:6‘;’:64 — x%x%

iﬂ(—1,—1,—1,0)(A) = dxy23 — w303 (=1,-1,-1,0) € 7(X})
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Examples of Tropicalized Varieties

o N

. The discriminant of a cubic polynomial in 1 variable

A = 27 x%xi — 18 x1x913T4 + 433156% -+ 4:6‘;’:64 — ZC%ZE%

iﬂ(—1,—1,—1,0)(A) = dxy23 — w303 (=1,-1,-1,0) € 7(X})

ing1,0(4) =
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Examples of Tropicalized Varieties

o N

. The discriminant of a cubic polynomial in 1 variable

A = 27 x%xi — 18 x1x913T4 + 433156% -+ 4:6‘;’:64 — ZC%ZE%

iﬂ(—1,—1,—1,0)(A) = dxy23 — w303 (=1,-1,-1,0) € 7(X})

in(0,1,0)(A) = 4z374
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Examples of Tropicalized Varieties

o N

. The discriminant of a cubic polynomial in 1 variable

A = 27 x%xi — 18 x1x913T4 + 433156% -+ 4:6‘;’:64 — x%x%

iﬂ(—1,—1,—1,0)(A) = dxy23 — w303 (=1,-1,-1,0) € 7(X})

in(l,O,l,O) (A) — 437%554 (1707 170) ¢ T(ijl)
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Examples of Tropicalized Varieties

o N

. The discriminant of a cubic polynomial in 1 variable

A = 27 x%xi — 18 x1x913T4 + 433156% -+ 4:6‘;’:64 — x%x%

iﬂ(—1,—1,—1,0)(A) = dxy23 — w303 (=1,-1,-1,0) € 7(X})
in(l,O,l,O) (A) — 4373554 (1707 170) ¢ T(ijl)
2002
0301

0220 l— 1030
o .
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Examples of Tropicalized Varieties

-

2. Y hypersurface in CP*~!
f e (C[Il, ..

., ] irreducible polynomial defining Y

New(f) Newton polytope, Nyew(y) its normal fan

Proof:

T(y) = codim 1-skeleton of NNew(f)

{w € R"™|iny(f) is not a monomial }
{w € R"|dim (New(in,(f))) > 0}
{w € R"| dim (w-minimal face of New(f)) > 0}

) o

UGNNeW(f)

codim >0
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Examples of Tropicalized Varieties

i

A € 724%™ X 4 toric variety associated with conv{ai,...,a,}.

-

. Y = X 4 toric variety

7(Y) = rowspan A

Proof:
Ix, = (z%—2"]u,ve N"with Au = Av)
7(Y) = {w e R"|iny(f) is not a monomial forany f € I'x,}
= {w e R"|wu = wv whenever Au = Av}

— rowspan A

4. 'Y =V linear, resp. projective subspace
T(Y) = B(M(V))
L Bergman fan of the matroid associated with VJ
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Bergman Fans

- N

M matroidon {1,...,n}, tkM =r, M C (V)

P(M) = conv{e, |c € M}, ec = > .. € matroid polytope

1€0 1

B(M) = {we€R"|w— maximal face of P(M) is the
polytope of a loop-free matroid}

Bergman fan

B(M) is a (rk M —1)-dimensional
subfan of Npyp.

o
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Examples of Bergman Fans

fM = M(K.) -

r=3,n==06
2
6 146 125
1 3
5)
4
K4 B(M(K4))
M = M(K,\e)
r=3,n=295
2 125 3 4
7 ==
> 345 1 2
1 Ki\e B(M(K4\e))
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Bergman Fans and Tropical Linear Spaces

o

set of circuits of a matroid M on {1,...,n}

B(M) = {weR"|min{w;|j e C}is attained
at least twice for any C' € C}

4. Y =V linear, resp. projective subspace

T(Y) = B(M(V))
Proof:

Iy = {(f1,..., ft), filinear forms in n variables
C = {variables occurringin f; | i=1,...,t}

(V) = {w € R"|in,(f;) is not a monomial for any i}
= {w € R" |min{w; |7 € C} is attained

L at least twice for any C € C}. J
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Tropical Varieties — via Valuations

-

K = C{{t}} field of Puiseux series

val : K* — Q
S agt? — inf{glag #0)
qeQ
valuation
val : (K*)" - Q" — R"

Theorem: Let I be anideal in C[t{!, ..., 5, Ve (I), Vi-(I) the
varieties of I over C* and K*, respectively. Then 7(V¢« (1)) equals
the closure of the image of V- (I) under val,

T(Ve« (1)) = val(Vi«(1)).
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3. Tropical A-Discriminants

-

A= (al---an) c7¥>m (1,...,1) €Erowspan A, ay,...,a, span Z?

Horn uniformization of A-discriminants: [Kapranov '91]

The variety X7, is the closure of the image of the morphism

oA Pker A) x (C*)?/C* — (CP"H*

(u,t) — (™ s ut®™ oo upt®™).
Tropical Horn uniformization:

m(pa) : Blker A) x RY — TP 1

(w,v) +— w + vA

im7(pa) = B(ker A) + rowspan A Horn fan
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Tropical A-Discriminants

fTheorem: [DFS] T

7(X%) = B(ker A) + rowspan A

Example:
1 1 1 1 1
1 2 010
0O 0 1 1 2

2 124 4

7(X3%) J
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4. The Newton Polytope ofA 4

e

xample:

AN

I
S O =
O = =
S N
_ O
—_ =
o O =

T(X73) New (A 4)
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The Newton Polytope ofA 4

. N

xample:

AN

I
S O =
O = =
S N
_ O
—_ =
o O =

5 55355421 r1I3T6
6
2 4 r5T6
T(ijl) NeW(AA)
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The Newton Polytope ofA 4

. N

xample:

1 1 1 1 1 1

A = O 1 2 0 1 0

O 0 0 1 1 2
5 (-1) xga:?l 4xixr3T6

6
2 4 (-1) z3x6

T(X7%) New (A 4)
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The Newton Polytope ofA 4

- N

A € 7", codim X% =1, w € R"™ generic.

Theorem: [DFS]

The exponent of x; in the initial monomial in,,(A 4) equals the
number of intersection points of the halfray

w + Ry pe;

with the tropical discriminant 7(.X ), counting multiplicities:

deg% (il’lw(AA)) — Z ’ det (AT,O'l,...,O'n_d_l,ei) ’ .
o€eB(kerA); .,
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The Newton Polytope ofA 4

. N

xample:

1 1 1 1 1 1
A= 1 o1 2 11
0O 1 1 1 2 3
24 24 b e b st
1 3
a2€6 a4f4
156 5
6 1 153
6464 C6f2
B(kerA) T(X7%) New (A 4)
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The Newton Polytope ofA 4

fExample: T

1 1 1 1 1 1
A = 1 01 2 1 1
o1 1 1 2 3
o o4 16 b2d?e? 1024 b3d3 f2
1 3
16 a?e" 729 a* 4
156 5
6 1 153
(34@4 1666f2
B(kerA) T(X%) New (A 4)
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The Newton Polytope ofA 4

. N

xample:
1 1 1 1 1 1
A = 1 01 2 1 1
01 1 1 2 3
Ax = et —8bctde* + 16b°d?*e* — 8ac’e® — 32abde® + 16a%¢"

—8c%e? f + 64bc’de? f — 128b%cd?e? f + 68ac’e® f
+240abcde® f — 144a%ce* f + 16¢° £2 — 192bct df?

+768b%c2d? £2—1024b%d° 2 — 144acte f? + 2304ab*d?e f?
+270a°c?e? f? — 1512a°bde? 2 + 216a°e® £ + 216a°c3 f3
+2592a2bedf? — 972a3ce f3 + 7294 f* J
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Summary and Outlook

- N

Tropical Geometry

#® allows for a new, constructive approach to A-discriminants,
Independent of any smoothness assumptions.

® opens the discrete-geometric toolbox for classical problems in
algebraic geometry.

® establishes itself as a field on its own right on the border line of
algebra, geometry and discrete mathematics.
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Upcoming Event
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MSRI program on Tropical Geometry
Fall 2009
E.M.F, llia Itenberg, Grigory Mikhalkin, Bernd Sturmfels

Please keep checking ww. nsri . org!
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