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A Lie algebra is a vector space L over a field F equipped with a
bilinear multiplication [-, -] (not necessarily associative) satisfying

> [x,y] = —[y,x] forall x,y € L, and
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A Lie algebra is a vector space L over a field F equipped with a
bilinear multiplication [-, -] (not necessarily associative) satisfying

> [x,y] = —[y,x] forallx,y € L, and
> [x,[y.2] + 1. [z, %] + [z, [x,y] = oforall x,y,z € L.

Graph — Lie algebra

Given: a finite simple connected graph I = (II, E) and a field F.
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Construction

A Lie algebra is a vector space L over a field F equipped with a
bilinear multiplication [-, -] (not necessarily associative) satisfying

> [x,y] = —[y,x] forallx,y € L, and
> [x,[y.2] + 1. [z, %] + [z, [x,y] = oforall x,y,z € L.

| \

Graph — Lie algebra

Given: a finite simple connected graph I = (II, E) and a field F.

Construct: F(I") the quotient of the free Lie algebra over F
generated by II modulo the relations

> [x,y] = o for all vertices x ~ y.
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An extremal element of a Lie algebra £ over a field F is an element
x € L satistying [, [x, L|]] C Fx.

Lemma

| \

x € L extremal if and only if there is a linear functional f; on L
satisfying [x, [x, y]] = fx(y)x forally € L.
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An extremal element of a Lie algebra £ over a field F is an element
x € L satistying [, [x, L|]] C Fx.

Lemma

x € L extremal if and only if there is a linear functional f; on L
satisfying [x, [x, y]] = fx(y)x forally € L.

v

Graph — Lie algebra with extremal generating elements
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x € L extremal if and only if there is a linear functional f; on L
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Construction

An extremal element of a Lie algebra £ over a field F is an element
x € L satistying [, [x, L|]] C Fx.

Lemma

x € L extremal if and only if there is a linear functional f; on L
satisfying [x, [x, y]] = fx(y)x forally € L.

Graph — Lie algebra with extremal generating elements
Given: The Lie algebra F(T') and f := (fy)xenr € (F(T)*)!L.

Construct: L(I', f) the quotient of F(I") by the ideal generated by
the elements [x, [x,y]] — fe(y)x with x € ITand y € F(T").
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» Zel'manov (1981), Zel'manov and Kostrikin (1991).
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Upper bounds on the dimension

» Zel'manov (1981), Zel'manov and Kostrikin (1991).
dim £(T", 0) < 0.

» Cohen, Steinbach, Ushirobira and Wales (2001).

dim £(T',f) < dim £(T", o).

L(T',f) is a finite dimensional Lie algebra generated by extremal
elements corresponding to the vertices of I'.
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r = .—‘ = x7Y7[x7Y]E‘C(Faf)'

> [x, [x,y]] = [x, [x, Y]] = f(y)x, and
> [y [yl = =y v *l] = =y, v %l] = —f(%)y-
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L(T,f) is spanned linearly by x, y and [x, y].
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I = @—@ = xykicllf)

> [, [, ¥l] = [ [x, y]] = f(p)x, and
> Iy [Vl = = [ #l] = =l v 6] = A )y
L(T,f) is spanned linearly by x, y and [x,y]. Moreover,

fi}(X) [x’ Y] = [x’ [Y’ [Y? xm = _[x’ [Y? [x’ Ym = [Y’ [[x’ Y]vx]] + [[xv Y]? [x7 YH
= [Y: [[xv Y]’ xH = _[Y7 [x7 [xv Ym = _f;C(Y)[Y7 x] :ﬁC(Y) [x7 Y]
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I = @—@ = xykicllf)

> [, [, ¥l] = [ [x, y]] = f(p)x, and
> Iy [Vl = = [ #l] = =l v 6] = A )y
L(T,f) is spanned linearly by x, y and [x,y]. Moreover,

fi’(x) [xv Y] = [x’ [Y’ [Y? xm = _[x’ [Y? [x’ Ym = [Y’ Hx’ Y]vx]] + [[xv Y]? [x7 YH
= [Y? [[xv Y]’ xH = _[Y’ [x7 [xv Ym _f;C<Y)[Y7 x] :f;C(Y) [x7 Y]

The maximal dimensional Lie algebras £(I', f) are parameterized
by the single number f,(x) = fi(y).
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> [, [, ¥l] = [ [x, y]] = f(p)x, and
> Iy [Vl = = [ #l] = =l v 6] = A )y
L(T,f) is spanned linearly by x, y and [x,y]. Moreover,

fi’(x) [xv Y] = [x’ [Y’ [Y? xm = _[x’ [Y? [x’ Ym = [Y’ Hx’ Y]vx]] + [[xv Y]? [x7 YH
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An example

I = @—@ = xykicllf)

> [, [, ¥l] = [ [x, y]] = f(p)x, and
> Iy [Vl = = [ #l] = =l v 6] = A )y
L(T,f) is spanned linearly by x, y and [x,y]. Moreover,

Sy, vl = [ [y, [y, 01 = =[x, [ys e vIIT = [y [l 9], #0 + ([, 91, [, ]
= v, [l v)s ¥l = =y, [ [yl = A [y %] = e(p) s -
The maximal dimensional Lie algebras £(I', f) are parameterized
by the single number f,(x) = fi(y).
> f(y) =0 = b,
> fi(y) 7o = s
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An example

I = @—@ = xykicllf)

> [, [, ¥l] = [ [x, y]] = f(p)x, and
> Iy [Vl = = [ #l] = =l v 6] = A )y
L(T,f) is spanned linearly by x, y and [x,y]. Moreover,

fi’(x) [xv Y] = [x’ [Y’ [Y? xm = _[x’ [Y? [x’ Ym = [Y’ [[x’ Y]vx]] + [[xv Y]? [x7 YH
= [Y: [[xv Y]’ xH = _[Y’ [x7 [xv Ym = _f;C(Y)[Y7 x] = fe(¥) [x7 Y]
The maximal dimensional Lie algebras £(I', f) are parameterized
by the single number f,(x) = fi(y).

> fi(y) =0 = b,
> fi(y) #0 = sl,. — the "generic" Lie algebra
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The parameter space

X(I) = {f | dim £(T,f) = dim £(T, 0)}
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X(I) ={f | dimL(T,f) = dim £(T', 0) } is an affine variety.
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The parameter space

X(T)={f|dimL(I',f) =dim £(T', 0) } is an affine variety.

| A\

Lemma

If f € X(I"), then it is determined by the parameter values f,(y)
({x,y} € E) and one additional value f;([z4, [24_1, [- - - , 2:]]]) with
2,24, Zd—1y- -+, 21 € 1L

u]
ut
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The parameter space

X(T)={f|dimL(I',f) =dim £(T', 0) } is an affine variety.

| A\

Lemma

If f € X(I"), then it is determined by the parameter values f,(y)
({x,y} € E) and one additional value f;([z4, [24_1, [- - - , 2:]]]) with
2,24, Zd—1y- -+, 21 € 1L

Corollary
There is a closed embedding ¥ : X(T") < FE x F sending f to
{f(y) [ % ~ v} ULfe(lza, [2a—r [ - 21D}

u]
ut
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Let g be the simply laced simple Lie algebra with finite Dynkin
diagram I'.
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Generic Lie algebras

Let g be the simply laced simple Lie algebra with finite Dynkin
diagram I'. Then thereis an f(g) € X(I") such that £(T',f(g)) ~ g
and ¥ (f) € (F*)E x F*.

I is obtained by removing the red vertex
Av e Eg FiH

B, Sreet B el
Eg H—I—o—o—o—o—c
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Scaling action

> Given t := (t)xerr in the torus T := (F*)!L, there is a unique
automorphism on F(I') sending x € II to t,x.

100f12 / department of mathematics and computer science o



technische universiteit eindhoven
e Introduction  Construction The parameter space Generic Lie algebras
L

Scaling action

Lemma

» Given t := (t)xer in the torus T := (F*)!1, there is a unique
automorphism on F(I') sending x € II to t,x.

» We obtain a scaling action of the torus T on X(I") by

(t)x(y) == £ £(EY)),
forallte T, f € X(I'), x € II, and y € F(I).
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Scaling action

Lemma

» Given t := (t)xer in the torus T := (F*)!1, there is a unique
automorphism on F(I') sending x € II to t,x.

» We obtain a scaling action of the torus T on X(I") by
(t)x(y) := £ (E77Y),
forallte T, f € X(I'), x € II, and y € F(I).

» The automorphism of F(I') induced by t induces an
isomorphism L(T',f) — L(T',#f) for all f € X(T).
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Let g be the simply laced simple Lie algebra with finite Dynkin
diagram I" and let f (g) € X(I") be the parameter corresponding to

g.
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Theorem

Let g be the simply laced simple Lie algebra with finite Dynkin
diagram I" and let f (g) € X(I") be the parameter corresponding to
g.

» X(I") is isomorphic to an affine space with linear action of T
and the orbit of f(g) has codimension o, 1 or 2.
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Theorem

Let g be the simply laced simple Lie algebra with finite Dynkin
diagram T" and let f(g) € X(T') be the parameter corresponding to
g.
» X(I') is isomorphic to an affine space with linear action of T
and the orbit of f(g) has codimension o, 1 or 2.

» Iff € X(T") and if U(f) is an element of some open dense
subset of FE x [ then £(T', f) is isomorphic to g.
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Questions?
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