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The chromatic number of IR"

Definition: x(R™) := minimum # of colours needed to colour the
points of R™ such that any two points at distance 1 get different
colours.
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The chromatic number of IR"

Definition: x(R™) := minimum # of colours needed to colour the
points of R™ such that any two points at distance 1 get different
colours.

* Proposed by Nelson and Isbell, and Erdos and Hadwiger.

* Famous open question: determine x(R?). Known:
4 < x(R?) < 7.
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The chromatic number of IR"

Definition: x(R™) := minimum # of colours needed to colour the
points of R™ such that any two points at distance 1 get different
colours.

* Proposed by Nelson and Isbell, and Erdos and Hadwiger.

* Famous open question: determine x(R?). Known:

4 < x(R?) <.
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The chromatic number of IR"

Definition: x(R™) := minimum # of colours needed to colour the
points of R™ such that any two points at distance 1 get different
colours.

* Proposed by Nelson and Isbell, and Erdos and Hadwiger.

* Famous open question: determine x(R?). Known:
4 < x(R?) < 7.

* De Bruijn and Erdos (1951): x(R™) is attained by a finite
subgraph. Proof uses the axiom of choice.
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The chromatic number of IR"

Definition: x(R"™) := minimum # of colours needed to colour the
points of R™ such that any two points at distance 1 get different
colours.

* Proposed by Nelson and Isbell, and Erdos and Hadwiger.

* Famous open question: determine x(R?). Known:
4 < x(R?) < 7.

* De Bruijn and Erdos (1951): x(R™) is attained by a finite
subgraph. Proof uses the axiom of choice.

* Observation: x(R™) := chromatic number of graph with
V :=R" and z,y € R" adjacent if |z — y|| = 1.
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The measurable chromatic number

Definition: aset C' C R" is stable if |« — y|| # 1 forall x,y € C.

Definition: x,,(R"™) := minimum & such that R can be
partitioned into k£ Lebesgue-measurable stable sets.
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The measurable chromatic number

Definition: aset C' C R" is stable if |« — y|| # 1 forall x,y € C.

Definition: x,,(R"™) := minimum & such that R can be
partitioned into k£ Lebesgue-measurable stable sets.

* Introduced by Falconer (1981), who proves ., (R?) > 5.

* Y(R") < xm(R™). If x(R") < xm(R™) then the construction
of an optimal colouring uses the axiom of choice.

* Székely and Wormald (1989): table of lower bounds for
Xm(R™) for n < 24.
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The measurable chromatic number

Definition: aset C' C R" is stable if |« — y|| # 1 forall x,y € C.

Definition: x,,(R"™) := minimum & such that R can be
partitioned into k£ Lebesgue-measurable stable sets.

* Introduced by Falconer (1981), who proves ., (R?) > 5.

* Y(R") < xm(R™). If x(R") < xm(R™) then the construction
of an optimal colouring uses the axiom of choice.

* Székely and Wormald (1989): table of lower bounds for
Xm(R™) for n < 24.

® Qur results: improved bounds for y,,(R") for n > 10 based
on a generalization of the Lovasz’s theta function for finite
graphs.
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A table of improvements

New improved lower bounds for y,,(R™), compared to best
previous lower bounds.

n | prev. bound | new bound | n | prev. bound | new bound
10 45 48 18 194 408

11 56 64 19 263 521

12 70 85 20 315 662

13 84 113 21 374 839

14 102 147 22 526 1060
15 119 191 23 754 1336
16 148 248 24 933 1679
17 174 319

Lower bounds for the m
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A related problem

The (n — 1)-dimensional unit sphere is

S"li={zeR" |z -2=1}.
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A related problem

The (n — 1)-dimensional unit sphere is
S"li={zeR" |z -2=1}.
Fix —1 < t < 1. Consider the graph G(n,t) = (V, E):

e V .=85"1;
* r,y € Vareadjacentifx-y=t.
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A related problem

The (n — 1)-dimensional unit sphere is
S"li={zeR" |z -2=1}.
Fix —1 < t < 1. Consider the graph G(n,t) = (V, E):

e V .=85"1;
* r,y € Vareadjacentifx-y=t.

Define:

e CC S lisstableifx-y #tforallz,y € C.

* vm(G(n,t)) := measurable chromatic number of G(n,t),
analogous to x,,(R").
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A related problem

The (n — 1)-dimensional unit sphere is
S"li={zeR" |z -2=1}.
Fix —1 < t < 1. Consider the graph G(n,t) = (V, E):

e V .=85"1;
* r,y € Vareadjacentifx-y=t.

Define:

e CC S lisstableifx-y #tforallz,y € C.

* vm(G(n,t)) := measurable chromatic number of G(n,t),
analogous to x,,(R").

Then: xn(G(n,t)) < xm(R™).
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The stability number

For —1 < t < 1 define the stability number of G(n, t):
a(G(n,t)) := sup{w(C) | C C S"~! measurable and stable}.

Here w is the Lebesgue measure over S 1.
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The stability number

For —1 < t < 1 define the stability number of G(n, t):
a(G(n,t)) := sup{w(C) | C C S"~! measurable and stable}.

Here w is the Lebesgue measure over S 1.

A basic inequality between y,,, and « ISs:

a(G(n,1)) - xm(G(n, 1) > w, = w(S™ ).
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The stability number

For —1 < t < 1 define the stability number of G(n, t):

a(G(n,t)) := sup{w(C) | C C S"~! measurable and stable}.

Here w is the Lebesgue measure over S 1.

A basic inequality between y,,, and « ISs:
a(G(n,1)) - xm(G(n, 1) > w, = w(S™ ).

So an upper bound «’ for « gives a lower bound for y,,:

TG D) S aGm) = i),
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Something about kernels

O(R"™) := {A € R"™*" | A'A = I} is the orthogonal group.
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Something about kernels

O(R"™) := {A € R"™*" | A'A = I} is the orthogonal group.

L?(S™ 1 x §»~1), square integrable functions over "1 x §7~1,
called kernels. A kernel K € L*(S" ! x " 1) is:
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Something about kernels

O(R"™) := {A € R"™*" | A'A = I} is the orthogonal group.

L?(S™ 1 x §»~1), square integrable functions over "1 x §7~1,
called kernels. A kernel K € L*(S" ! x " 1) is:

° symmetric, if K(z,y) = K(y,z) forall z,y € S*~1;
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Something about kernels

O(R"™) := {A € R"™*" | A'A = I} is the orthogonal group.

L?(S™ 1 x §»~1), square integrable functions over "1 x §7~1,
called kernels. A kernel K € L*(S" ! x " 1) is:

° symmetric, if K(z,y) = K(y,z) forall z,y € S*~1;

* positive, if symmetric and for all f € L?(S"~1),

/ f(ZC)f(y)K(:C,y) dw(m)dw(y) > 0:
Sn—1 JQn—1
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Something about kernels

O(R"™) := {A € R"™*" | A'A = I} is the orthogonal group.

L?(S™ 1 x §»~1), square integrable functions over "1 x §7~1,
called kernels. A kernel K € L*(S" ! x " 1) is:

° symmetric, if K(z,y) = K(y,z) forall z,y € S*~1;

* positive, if symmetric and for all f € L?(S"~1),

/ f(ZC)f(y)K(:C,y) dw(x)dw(y) > 0:
Sn—1 JQn—1

* invariant, if forall A € OR") and all z,y € S*1,

K(Az, Ay) = K(z,y).
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A generalization of the Lovasz theta function

For finite graphs:
* provides upper bound to the stability number using SDP;
* can be efficiently computed up to arbitrary precision.
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A generalization of the Lovasz theta function

For finite graphs:
* provides upper bound to the stability number using SDP;
* can be efficiently computed up to arbitrary precision.

For our infinite case:

V(G(n,t)) := sup /Sn_l o K(x,y) dw(x)dw(y)

K(z,2) =1/w, forallzec S,
K(z,y)=0 whenever z - y = t,
K continuous, positive, and invariant.
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A generalization of the Lovasz theta function

For finite graphs:
* provides upper bound to the stability number using SDP;
* can be efficiently computed up to arbitrary precision.

For our infinite case:

V(G(n,t)) := sup /Sn_l o K(x,y) dw(x)dw(y)

K(z,2) =1/w, forallzec S,
K(z,y)=0 whenever z - y = t,
K continuous, positive, and invariant.

Theorem. 9(G(n,t)) > a(G(n,t)).
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A generalization of the Lovasz theta function

For finite graphs:
* provides upper bound to the stability number using SDP;
* can be efficiently computed up to arbitrary precision.

For our infinite case:

I(Gmt) i=sup | K (2.y) de(x)dw(y)
Sn—l Sn—l
K(z,2) =1/w, forallzec S,
K(x,y)=0 whenever x - y = t,
K continuous, positive, and invariant.
Theorem. 9(G(n,t)) > a(G(n,t)).
C C S"! a measurable stable set. x¢: 5"~ ! — {0, 1} its charac-

teristic function. Note x“ € L2(S™1).
|
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A generalization of the Lovasz theta function (cont.)

C C S"~1 a measurable stable set. Consider kernel K such that

1

L C( Az )2 C .
K@) = 5y [ X0 (ay) du(a)

for all z,y € S*~1. We have:
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A generalization of the Lovasz theta function (cont.)

C C S"~1 a measurable stable set. Consider kernel K such that

L[ e
K@) = 5y | A0 () duca)

forall z,y € S”—1 We have:
fSn 1 fSn 1 y) dw(z)dw(y) = w(C);
o gn-l homogeneous — K(z,7) = 1/w, forall z € S"~1;
° K(x,y) =0forall z,y € S" ! with z -y = ¢;
* K Is positive and invariant;
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A generalization of the Lovasz theta function (cont.)

C C S"~1 a measurable stable set. Consider kernel K such that

1

L C( Az )2 C .
K@) = 5y [ X0 (ay) du(a)

for all z,y € S»~!. We have:
¢ fsn—l fsn—l K(z,y) dw(z)dw(y) = w(C);
e S"~! homogeneous —> K(z,z) = 1/w, for all x € S*1;
° K(x,y) =0forall z,y € S" ! with z -y = ¢;
* K Is positive and invariant;
* K may not be continuous!
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A generalization of the Lovasz theta function (cont.)

C C S"~1 a measurable stable set. Consider kernel K such that

1

L C( Az )2 C .
K@) = 5y [ X0 (ay) du(a)

for all z,y € S*~1. We have:
¢ fsn—l fsn—l K(z,y) dw(z)dw(y) = w(C);
e S"~! homogeneous —> K(z,z) = 1/w, for all x € S*1;
° K(x,y) =0forall z,y € S" ! with z -y = ¢;
* K Is positive and invariant;
* K may not be continuous!

To fix: approximate y“ by good continuous functions using the

regularity of w and Urysohn’s lemma. |
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Schoenberg’s representation theorem

Theorem (Schoenberg 1941). A continuous kernel
K € L*(S" ! x §»~1) is invariant and positive if and only if
there exist fo > 0, f1 > 0, ... such that

©.@)
K(z,y) =) fuP{(z-y)
k=0
for all ,y € S™~!, with absolute and uniform convergence.

P'(u) is the Gegenbauer polynomial of degree £ and parameter

A= (n —2)/2, normalized so that P*(1) = 1.
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Schoenberg’s representation theorem (cont.)

Primal problem Dual Problem

Y (G(n,t)) is equal to:

sup w%fo S inf Zl/wn
fe >0fork=0,1,... 2Py (1) + 2Py (t) = wy,
x 21 PP(1) 4 2 PP(t) > 0
;fkpk(l):l/w”’ fork=1,2,...

> feP(t) =0.
k=0

|
Lower bounds for the measurable chromatic number of the Euclidean space — p.11



Schoenberg’s representation theorem (cont.)

Primal problem Dual Problem

Y (G(n,t)) is equal to:

sup w%fo S inf Zl/wn

fr>0fork=0,1,... 21 PR (1) + 2Py (t) > w2,
—  pn 2 PP(1) + 2P (t) > 0
S fePP(L) = 1w, ok 1o
kO:OO
Z frPl(t) = 0. Simplification:
k=0

inf 21 /wy

z1+zt2w,,2z,
fork=1,2,...
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Solving the dual

V(G(n,t)) =sup <inf z1/w,
21+ 2 Z w,,%,
21+ 2Pl (t) >0 fork=1,2,...

o
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Solving the dual

V(G(n,t)) =sup <inf z1/w,
21+ 2 Z w,,%,
21+ 2Pl (t) >0 fork=1,2,...

ZlA
R i 3= e P (t);
m
9, 1) = o

;
i
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Solving the dual (cont.)

It suffices to check finitely many degrees, as

0.8 |
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lim [F(#)] =

k— o0
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A table of improvements

New improved lower bounds for y,,(R™), compared to best
previous lower bounds. The new lower bounds are lower bounds

to xm(G(n,0.9999)).

n | prev. bound | new bound | n | prev. bound | new bound
10 45 48 18 194 408

11 56 64 19 263 521

12 70 85 20 315 662

13 84 113 21 374 839

14 102 147 22 526 1060
15 119 191 23 754 1336
16 148 248 24 933 1679
17 174 319
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