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Introduction

Hybrid Systems:

� Hybrid Systems-Discrete and Continuous behaviour.

� Embedded systems-a typical example of hybrid systems.
A digital controller controlling a physical environment

� Examples- thermostats, storm surge barriers, �re alarms,
motion of a vehicle, etc.

Formalisms for speci�cation and analysis of hybrid systems:
Hybrid automata, Hybrid I/O automata, Hybrid CSP, HyPA,
� -Calculus, Hybrid Chi, ACP srt

hs , BHPC.
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General characteristics of hybrid process

algebras

� Environment variables:
Variables to represent physical entities in the
environment. e.g. temperature, water-level, pH of a
solution, speed of a vehicle etc.
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General characteristics of hybrid process

algebras

� Environment variables:
Variables to represent physical entities in the
environment. e.g. temperature, water-level, pH of a
solution, speed of a vehicle etc.

� Modi�cations-Instantaneous and Gradual changes

� Gradual changes over a period of time
� Governed by predicates over env.

variables-differential equations, algebraic equations,
differential inclusions etc

� Representing passage of time

Delay operator, a special variable, a clock variable
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General characteristics of hybrid process

algebras

� Guarded actions/delays: a guard is a predicate over
environment variables.
if speed becomes greater than 80 km/hr, release the
pressure from the accelerator

� Specifying initial conditions of environment variables

� Semantics of the process theory
� Hypa, Hybrid Chi, ACP srt

hs ,� -calculus

operational semantics
� A hybrid transition system associated with every

process
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General characteristics of hybrid process

algebras

� Process Equivalences. Three kinds of bisimulations:
� State-based bisimulation
� Initially stateless bisimulation
� Stateless bisimulation
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HYPA

HyPA-An extension of ACP
Special features:

� By default the values of variables accompanying actions
do not change
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HyPA-An extension of ACP
Special features:

� By default the values of variables accompanying actions
do not change

� Instantaneous changes by reinitialization clauses
[ V j Pr ] .
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4 x x+ = 0

r r + = 2 � r �

3
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� Gradual changes by �ow clauses (V j Pf )
2
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HYPA-continued

� A reinitialization clause with no variables allowed to jump
acts as a guard.
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HYPA-continued

� A reinitialization clause with no variables allowed to jump
acts as a guard.

[ temperature � = 20 ] � turnoff

� No special operator to represent passage of time

[ t j t+ = 0 ] � ( _t j _t = 1) I [ t � = 10 ] � P

� Disrupt operator

� HyPA Process:

hprocess term ; variable valuation i
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HyPa

� Two kinds of bisimulations
� Stateless bisimulation
� Initially stateless bisimulation
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� -Calculus

� -Calculus-an extension of � -Calculus

� � -Calculus a process algebra to model recon�gurable
systems.

� A set of link names is given

� Messages sent and received
� send on link a- �a
� receive on link a- a
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� � -Calculus a process algebra to model recon�gurable
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� Messages sent and received
� send on link a- �a
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� values
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� -Calculus continued

� In � -calculus a set of environment variable names is
given.

� � -calculus messages
� values
� link names
� env. variable names

� Declaring private channels � aP
� Declaring private env. variable name � xP
� Passing of a private link or env. name widens the scope

of the link or variable passed

A comparative study of Process Algebras for Hybrid Systems – p. 10/41



� -calculus continued

� -Calculus Process:

hEnvironment ; Process term i
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� -calculus continued

� -Calculus Process:

hEnvironment ; Process term i

Environment consists of

� Environment variable valuation

� A set of �ow constraints
� An example

0

B
B
B
B
B
B
B
@

x : � 792; r : 10

ff _x j 40 � _x � 52g;

f x j � 1000 � x � 0g;

f _r j _r = � 20g;

f r j 0 � r � 90gg

1

C
C
C
C
C
C
C
A
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� -calculus continued

� Modi�cations to environment variables by environmental
actions.
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� -calculus continued

� Modi�cations to environment variables by environmental
actions.

� Instantaneous modi�cations by assignments

[ 
 ! ~x := ~e]

� Gradual changes brought about by reset
actions-adding/modifying �ow constraints in the
environment

[ 
 ! reset hnamelist i with hclauselist i ]
forexample

[ x � � 750! reset _x with f _x j 35 � _x � 52g ]
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� -calculus continued

� No special operator to represent passage of time

� All actions delayable except environmental actions with
true guards.

� The silent action � preceding an environmental action
with true guard is also urgent.

� Weak and Strong bisimulation
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� -calculus continued

� Delay action pre�x � .
In order to make an environmental action arbitrarily
delayable. e.g

[x := � 1400] an env. action with true guard

is made arbitrarily delayable by

� a (�: �a:[x := � 1400]j a)
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Hybrid Chi

Special features:

� Categorization of variables

� Discrete, Continuous, Algebraic, Dotted Continuous

� Jumping, Non-jumping

� Constructs like CSP for communication

h!!en send values of expressions e1; : : : en on h

h??xn receive values from h

and store them in variables x1; : : : xn

� Special variable time for representing passage of time
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Hybrid chi-continued

� Syntactic constructs for representing delays

� Differential equations, differential inclusions, algebraic
equations, etc. as process terms

� Action predicates to model instantaneous changes

� Strong time determinism.

� Scoping operators enable hierarchical description of
large systems.
local variables, local channels and local recursion
variables

Variable scope operator � (x)P in � -calculus

Channel scope operator � (a):P in � -calculus
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Hybrid Chi-continued

� Process de�nition and process instantiation enable reuse
of processes
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Hybrid Chi-continued

� Process de�nition and process instantiation enable reuse
of processes

� Signal emission operator from ACPps

� Stateless bisimulation

A comparative study of Process Algebras for Hybrid Systems – p. 17/41



Hybrid Chi-continued

A hybrid chi process
hp; �; E i
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Hybrid Chi-continued

A hybrid chi process
hp; �; E i

� p- process term

� � - a valuation of discrete, continuous variables and of
variable time

� E-environment is a �ve tuple (C; J; L; H; R )
� C-continuous variable set
� J-jumping variable set
� L-algebraic variable set
� H-set of channels
� R-recursive process de�nition
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ACP srt
hs

ACP srt
hs - an extension of ACPps and ACP srt .
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ACP srt
hs

ACP srt
hs - an extension of ACPps and ACP srt .

Special features:

� By default values of variables can arbitrarily jump when
actions are executed

� A relative timeout and delay operator

� rel (P) � t
rel(P)

In hybrid chi 4 t is used to indicate delay of t time units
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ACP srt
hs continued

� Signal evolution operator � \HV (P) describes the

evolution of env. variables during a delay.

(40 � velocity � 52) \Hf velocity g (P)
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ACP srt
hs continued

� Signal evolution operator � \HV (P) describes the

evolution of env. variables during a delay.

(40 � velocity � 52) \Hf velocity g (P)

� Signal transitions to restrict env. variable changes during

actions

(temperature � = � temperature ) uH ~~a
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ACP srt
hs continued

� An operator to represent integration over time intervals
to model process that can perform actions at any point in
a time interval
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ACP srt
hs continued

� An operator to represent integration over time intervals
to model process that can perform actions at any point in
a time interval
Integration can also be modelled in Hybrid Chi

ACP srt
hs :

R
t2 [� 3;3]�

t
rel(P)

Hybrid Chi: f tg : t 2 [� 3; 3] � � ; 4 t ; P
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ACP srt
hs -continued

� A large set of axioms ( like HyPA )and lifting rules.
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ACP srt
hs -continued

� A large set of axioms ( like HyPA )and lifting rules.
� Lifting rules similar to axioms of initially stateless

bisimilarity in HyPA
� Algebraic manipulation and simpli�cation of

processes as in HyPA

� Signal emission operator

� Localization operator

� Root discontinuity operator

� Two kinds of bisimulations
� Statebased
� Stateless
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Train gate Controller-Train

When a train approaches the gate from a great distance its speed is between 48 m/s and

52 m/s. As soon as it passes the detector placed at 1000m backward from the gate, an

appr signal is sent to the controller. The train may now slow down, but its speed stays

between 40m/s and 52 m/s, and pass the gate. As soon as it passes the detector placed

at 100m forward from the gate, an exit signal is sent to the controller. A new train may

come after the current one has passed the second detector, but only at a distance

greater than or equal to 1500 m. It is assumed that initially there is a train at a

distance of 1400m backward from the gate , the gate is open, and the controller is

idling. Moreover, it is assumed that each single train changes its speed only smoothly.
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Train automaton

x = � 1400

Far Near

Past

approach

x 0 = x

x
0 =

x
x

= 0 ^

x
=

10
0

^

x = � 1000^

x
0

��
14

00

ex
it

40 � _x � 52
x � 0

48 � _x � 52

40 � _x � 52

x � 100

x � � 1000
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Train speci�cation-HyPA

Trains = [ x; _x j x+ = � 1400 ^ 48 � _x+ � 52] � T far

T far = ( x; _x j � 1000� x ^ 48 � _x � 52)

I [x � = � 1000]� s(appr) � T near

T near = ( x; _x j � 1000� x � 0 ^ 40 � _x � 52)
I [x � = 0] � pass� T past

T past = ( x; _x j 0 � x � 100 ^ 40 � _x � 52)
I [x � = 100] � s(exit) �
[x; _x j x+ � � 1400 ^ 48 � _x+ � 52] � T far
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Train speci�cation- � -Calculus

T rain = �xy [ x := � 1400;y := 52 ] :T far

T far = [ reset x; _x; y with f x j x � � 1000g; f y j 48 � y � 52g;
f _x j _x = yg ] : [ x = 1000 ] :approach:Tnear

Tnear = [ reset x,y with f x j � 1000� x � 0g; f y j 40 � y � 52g ] :
[ x = 0 ] :Tpast

Tpast = [ reset x with f x j 0 � x � 100g ]
: [ x = 100 ] :exit: [ x := � 1400;y := 52 ] :T far
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Train speci�cation-Hybrid Chi

T far = x � � 1000^ 48 � _x � 52^ y = _x
bex = � 1000�! appr!! ; Tnear

Tnear = � 1000� x � 0 ^ 40 � _x � 52^ y = _x
bex = 0 �! pass ; Tpast

Tpast = 0 � x � 100^ 40 � _x � 52^ y = _x
bex = 100 �! exit !! ;

f x; yg : x � � 1400� � ; T far
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Train speci�cation- ACP srt
ps

Trains = ( x = � 1400) N̂ T far

T far = ( x � � 1000^ 48 � _x � 52)\H

� �
rel((x = � 1000):!

(x � = � x ^ _x � = � _x) uH s1( ]]appr) � Tnear )
Tnear = ( � 1000� x � 0 ^ 40 � _x � 52)\H

� �
rel((x = 0) :!

(x � = � x ^ _x � = � _x) uH ggpass� Tpast )
Tpast = (0 � x � 100^ 40 � _x � 52)\H

� �
rel((x = 100) :!

(x � � � 1400) uH s1( ggexit)) � T far
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Train gate controller-Gate

The gate is able to receive lower and raise signals
from the controller at any time. As soon as the gate
receives a lower signal, it lowers from 90� to 0� at a
constant rate of 20� per second. As soon as it receives
a raise signal, it raises from 0� to 90� at the same rate.
The gate is open initially.
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Gate speci�cation-HyPA

Gate = [ r; _r j r + = 90 ^ _r + = 0] � Gop

Gop = ( r; _r j r = 90 ^ _r = 0)
I (r (lower) � [ _r j _r + = � 20] � Gdn � r (raise) � Gop )

Gdn = ( r; _r j 0 � r � 90 ^ _r = � 20)
I ([r � = 0] � readydn � [ _r j _r + = 0] � Gcl

� r (raise) � [ _r j _r + = 20] � Gup � r (lower) � Gdn )

Gup = ( r; _r j 0 � r � 90 ^ _r = 20)
I ([r � = 90] � readyup � [ _r j _r + = 0] � Gop

� r (raise) � Gup � r (lower) � [ _r j _r + = � 20] � Gdn )

Gcl = ( r; _r j r = 0 ^ _r = 0)
I (r (lower) � Gcl � r (raise) � [ _r j _r + = 20] � Gup )
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Gate speci�cation- � -Calculus

Gate = �r [r := 90]:Gop

Gop = [ reset r , _r with f r j _r = 0g; f r j r = 90g ]
:(lower:Gdn + raise:Gop)

Gdn = [ reset r , _r with f r j r � 0g; f r j _r = � 20g ]
:( [ r = 0 ] :Gcl + lower :Gdn + raise:Gup )

Gup = [ reset r , _r with f r j _r = 20g; f r j r � 90g ]
:( [ r = 90 ] :Gop + raise � Gup + lower � Gdn )

Gcl = [ reset r , _r with f r j _r = 0g; f r j r = 0g ] :
:(lower:Gcl + raise:Gup )
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Gate speci�cation-Hybrid Chi

Gop = _r = 0 ^ r = 90 be[raise??] ; Gop

be[lower??] ; Gdn

Gdn = r � 0 ^ _r = � 20 ber = 0 �! Gcl

be[lower??] ; Gdn be[raise??] ; Gup

Gup = r � 90^ _r = 20 ber = 90 �! Gop

be[raise??] ; Gup be[lower??] ; Gdn

Gcl = _r = 0 ^ r = 0 be[lower??] ; Gcl

be[raise??] ; Gup
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Gate speci�cation- ACP srt
ps

Gate = ( r = 90) N̂ Gop;
Gop = ( r = 90 ^ _r = 0) \H

(� �
rel(( r � = � r ) uH r 2( ]]lower) � Gdn )

+ � �
rel(( r � = � r ) uH r 2( ]]raise) � Gop))

Gdn = (0 � r � 90^ _r = � 20)\H

(� �
rel(( r � = � r ) uH r 2( ]]lower) � Gdn )

+ � �
rel(( r � = � r ) uH r 2( ]]raise) � Gup )+

� �
rel(( r = 0) :! (( r � = � r ) uH ( ^̂readydn ) � Gcl )))

Gup = (0 � r � 90^ _r = 20) \H

(� �
rel(( r � = � r ) uH r 2( ]]lower) � Gdn )

+ � �
rel(( r � = � r ) uH r 2( ]]raise) � Gup )+

� �
rel(( r = 90) :! (( r � = � r ) uH ( ^̂readyup ) � Gop)))

Gcl = ( r = 0 ^ _r = 0) \H

(� �
rel(( r � = � r ) uH r 2( ]]lower) � Gcl )

+ � �
rel(( r � = � r ) uH r 2( ]]raise) � Gup ))

A comparative study of Process Algebras for Hybrid Systems – p. 33/41



Train gate controller-Controller

The controller is able to receive appr and exit signals
from the train detectors at any time. When the
controller receives an appr signal, it takes less than 5
s before a lower signal is sent to the gate. When the
controller receives an exit signal, it takes less than 5 s
before a raise signal is sent to the gate. Because of
fault tolerance considerations, appr signals should
always cause the gate to go down, and exit signals
should be ignored while the gate is going down.
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Controller speci�cation-HyPA

Cntr = C idle

C idle = (true) I (r (appr) � [d; _d j d+ = 0 ^ _d+ = 1] � Cdn

� r (exit) � [d; _d j d+ = 0 ^ _d+ = 1] � Cup )

Cdn = ( d; _d j 0 � d � 5 ^ _d = 1)
I (r (appr) � Cdn � r (exit) � Cdn � s(lower) � C idle )

Cup = ( d; _d j 0 � d � 5 ^ _d = 1)
I (r (appr) � [d j d+ = 0] � Cdn � r (exit) � Cup �
s(raise) � C idle )

A comparative study of Process Algebras for Hybrid Systems – p. 35/41



Controller speci�cation- � -Calculus

Controller = �dC idle

C idle = [ reset d, _d with f TRUE g ]

(approach: [ d := 0 ] :Cup + exit: [ d := 0 ] :Cdn )
Cdn = [ reset d, _d with f _d j _d = 1g; f d j d � 5g ]

:(lower:C idle + exit:C dn + approach:Cdn )
Cup = [ reset d, _d with f _d j _d = 1g; f d j d � 5g ]

:(raise:C idle + exit:C up + approach:[d := 0] :Cdn )
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Controller speci�cation-Hybrid Chi

C idle = [ appr!!] ; f dg : d = 0 � � ; Cdn

be[exit !!] ; f dg : d = 0 � � ; Cup

Cdn = d � 5 ^ _d = 1 be[lower!!] ; C idle

be[appr??] ; Cdn be[exit ??] ; Cdn

Cup = d � 5 ^ _d = 1 be[raise!!] ; C idle

be[appr??] ; f dg : d = 0 � � ; Cdn

be[exit ??] ; Cup
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Controller speci�cation- ACP srt
ps

Controller = ( d = 0) N̂ C idle

C idle = ( _d = 0) \H

(� �
rel((d� = 0) uH r 1( ]]appr) � Cdn )

+ � �
rel((d� = 0) uH r 1( ggexit) � Cup ))

Cup = (0 � d � 5 ^ _d = 1) \H

(� �
rel((d� = 0) uH r 1( ]]appr) � Cdn )

� �
rel((d� = � d) uH r 1( ggexit) � Cup )+

� �
rel((d� = 0) uH s2( ]]raise) � C idle ))

Cdn = (0 � d � 5 ^ _d = 1) \H

(� �
rel((d� = � d) uH r 1( ]]appr) � Cdn )

� �
rel((d� = � d) uH r 1( ggexit) � Cdn )+

� �
rel((d� = 0) uH s2( ]]lower) � C idle ))
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Conclusions

HyPA:
� Less number of operators, comparatively simpler semantics , a large

set of axioms for algebraic manipulation

� Tools-a HyPA simulator, Linearization tool for HyPA proces s terms

� Cannot enforce invariants (assumptions about the environm ent

variables)

� -calculus:

� Modelling recon�gurable processes, less number of operato rs,

simpler semantics (actions are delayable and delay constra ints

become part of the environment)

� Tools-SPHIN model checker for hybrid processes

� Cannot enforce invariants (assumptions about the environm ent

variables),use of delay action pre�x is not very intuitiveA comparative study of Process Algebras for Hybrid Systems – p. 39/41



Conclusions

Hybrid Chi:
� A large number of operators, process de�nition and instanti ation

enable reuse of processes, scoping operators enable modula r

design of large and complicated systems, a large number of ca se

studies.

� Tools-a Hybrid Chi simulator, tool for conversion of models in (a

subset of) hybrid chi to hybrid automata

� A small set of axioms, Detailed and complicated semantics

ACP srt
hs :

� A large set of axioms, root discontinuity operator, localiz ation

operator, relation between hybrid automata and ACP srt
hs

� Complicated syntax and semantics, No tools
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Q & A
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