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Introduction

Micro Electro Mechanical Systems (MEMS) are a class of devices with struc-
tures of microscopic dimensions that are mechanically movable. These struc-
tures can either be actuated by an electrical signal or they can be used as
sensors which generate an electrical signal.

MEMS resonators perform both of these functions. An electrical input
signal results in a movement of the mechanical resonator, whose motion gen-
erates an electrical output signal. MEMS resonators can thus act as mechan-
ical filters of electrical signals. They are often fabricated out of crystalline
silicon wafers, in order to make use of the low-cost fabrication methods of the
semiconductor industry. They are usually actuated by an electrostatic force
which is applied across a very small vacuum gap of about 100 nm, which
separates the movable resonator structure from fixed actuation and detec-
tion electrodes. The gap should be as small as possible to ensure an efficient
actuation and detection of the resonator and is therefore manufactured with
a constant minimal size around its boundary.

Theory

Since the thickness of the resonator is much less than its lateral dimensions
it is a good approximation to assume that the stress perpendicular to the
resonator (along the z-axis) is zero (plane-stress approximation). We are
interested in the contour extensional modes in which the mid-plane of the
plate remains fixed and the particle motion is primarily in the xy plane. We
follow the analysis from Auld Vol. II p. 228 [1] and will use the abbreviated
subscript notation. The source-free acoustic field equation is given by:

∇ ·T = ∇ · (cS) = ∇ · (c∇su(x, y)eiωt) = ρ
∂2u(x, y)eiωt

∂t2
(1)

Where T is the stress field, ρ is the density and u is the displacement
field. The stress field is obtained by applying the planar stiffness operator c
on the strain field. The strain field S is given by the symmetric gradient ∇s

of the displacement field S = ∇su. It is assumed that all fields have an eiωt

time dependence.
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For a material with a cubic stiffness matrix like Silicon, c11 = c22 and c16 =
c26 = 0. Equation (2) specifies two coupled partial differential equations for
the x and y components of the displacement field u which need to be solved
on the surface of the resonator. The boundary conditions specify that the
plate is stress-free at its boundary:

T · n̂|boundary = 0 (3)

where n̂ is the unit-vector perpendicular to the boundary.
Using equations (2) and (3), the resonance (eigen) frequencies ωj and

corresponding (eigen) mode shapes uj can be determined numerically for
an arbitrary shape of the boundary using the finite element method. The
resonance frequencies and resonant mode shapes of MEMS resonators depend
on the shape of the boundary of the resonator and on its material properties.

For a Silicon plate the lowest extensional contour modes were calculated
using the Finite Element Package COMSOL for several shapes as shown in
figure 1. Grey scales and 100 equally spaced contour lines indicate the total
displacement |u|.

Problem description

As was outlined in the introduction, the resonator is surrounded by a very
narrow gap. At the same time, the output signal voltage is not only pro-
portional the input signal voltage, but also depends on the size of the gap.
Therefore, if the displacements at resonance are not small compared to the
size of the gap, non-linear effects occur. To minimize these non-linear ef-
fects it is optimal to have the displacements constant along the boundary of
the resonator as this will minimize the maximal displacement and will thus
maximize the linearity and power handling. For the modeling week we are
therefore interested in the following main problem:

For what shape of an anisotropic plate resonator will the contour mode-
shapes satisfy the additional boundary condition (4) that the normal dis-
placement equals a constant d along the boundary?

u · n̂|boundary = d (4)

Several related sub-problems are of interest:



1. Write a simulation program or use existing software to numerically de-
termine this shape for a cubic crystal, for an arbitrary set of parameters
c11, c12, c66 and ρ. A particularly interesting case is that of Silicon for
which the planar stiffness parameters are: c11=141 GPa, c12=39 GPa
and c66=80 GPa and the density ρ=2330 kg/m3.

2. Can it be proven that exact solutions to this problem exist besides the
isotropic solution?

3. If yes, determine for what range of parameters solutions exist.

4. If no, find solutions for the shapes which minimizes the variation of the
displacement along the boundary.

5. Does the condition (4) imply that u is perpendicular to the boundary
(u||n̂)?

6. Can the shape of the boundary of the resonator which is a solution
to this problem always be expressed as a parametric curve b(θ) =
(r(θ) sin(θ), r(θ) cos(θ)), and is r(θ) a smooth function?

Solution of the isotropic case

We note that the resonance frequencies and contour mode shapes can be
solved analytically for the case of a circular plate of isotropic material. The
Young’s modulus E and Poisson’s ration ν define the elastic properties of an
isotropic material. The planar stiffness parameters for an isotropic material
are given by: c11 = c22 = E/(1− ν2), c12 = Eν/(1− ν2), c66 = E/(2(1 + ν)),
c16 = c26 = 0. This problem was solved by Love on page 497-498 of [2]. Since
the problem is axially symmetric for a circular plate of isotropic material,
the condition (4) that the displacement is constant around the boundary is
of course fulfilled. The resonance frequencies for a plate with radius R are
given by: fres = δ

√
c11/ρ/(2πR) for all δ which are solutions of the equation

δJ0(δ)/J1(δ) = 1− ν. Jn denotes Bessel’s function of order n.
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Figure 1: Calculated mode-shapes for square (a and b), circular (c) and
rounded square (d) shapes. The contour lines and colors indicate the lines of
constant total displacement |u|. Only the top-right quarter of the resonators
is shown. Figure 1d) satisfies condition (4) the best, because the number of
lines crossing the boundary is minimized. We hope that during the modeling
week an even better shape can be found.


