
Solutions to Exercises for Statistics 2 for Chemical Engineering

Week 1

1. 
a) 
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 Gasolines B and D have much more stable octane contents since there is less variation. There are no outliers in the data, but the octane numbers gasoline A and C are heavily asymmetric. It is not clear that B and D are asymmetric from this picture. Note that there are 3 observations only for each brand so we have to be cautious with our conclusions. In  this case a multiple dot diagram gives better information:
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b) 


	
[image: image3.wmf]ANOVA Table for octane by gasoline

                            Analysis of Variance

-----------------------------------------------------------------------------

Source             Sum of Squares     Df  Mean Square    F-Ratio      P-Value

-----------------------------------------------------------------------------

Between groups            294.267      4      73.5667      11.74       0.0009

Within groups             62.6667     10      6.26667

-----------------------------------------------------------------------------

Total (Corr.)             356.933     14





The ANOVA indicates that the model is significant because the P-value is (much) less than 0.05. This means that there is a significant difference between the mean values of the octane content of the different brand. However, the ANOVA table should not be used without further checks of the model assumptions. This must be done by checks on the residuals (see part c). 
c) The model assumptions include equal  error terms for each brand. Hence, we have to consider residual plots by factor level. It is clear that B and D seem to have much smaller variances. As before, we have to be cautious since there are 3 measurements only. We also perform a formal test on equality of variances (option variance check) which yields that none of the available tests for equality of variances yields a significant difference. In other words, the residual plot indicates  differences between the variances of the groups, but the tests say that there is not enough data to confirm that these differences are significant.
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[image: image5.wmf]Variance Check

Cochran's C test: 0.393617   P-Value = 0.676018

Bartlett's test: 1.89404   P-Value = 0.255768

Hartley's test: 37.0

Levene's test: 0.644231   P-Value = 0.643337





Another test on model assumptions is normality of the residuals. After saving the residuals, we obtain the following results (see next page). The density trace shows that there is not quite a bell shape, but the normal probability plot shows no serious deviations. Both plots indicate that left tail of the distributions is somewhat too heavy. Since the total number of observations is relatively small, there is no reason to seriously doubt the normality assumption. This is confirmed by the Shapiro-Wilks test. We may therefore conclude that the outcome of the ANOVA is correct (also in view of the very low P-value).
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[image: image8.wmf]Tests for Normality for RESIDUALS

Computed Chi-Square goodness-of-fit statistic = 7.73333

P-Value = 0.459943

Shapiro-Wilks W statistic = 0.973682

P-Value = 0.873569





d) Just quoting the average ignores information on the accuracy of this number. A confidence interval gives us more reliable information. From the Table of Means with the Tukey method we obtain the following 95% confidence intervals.


	
[image: image9.wmf]Table of Means for octane by gasoline

with 95.0 percent Tukey HSD intervals

--------------------------------------------------------------------------------

                                       Stnd. error

gasoline         Count         Mean     (pooled s)    Lower limit    Upper limit

--------------------------------------------------------------------------------

A                    3         90.0         1.4453        86.6363        93.3637

B                    3      95.6667         1.4453         92.303        99.0304

C                    3      91.3333         1.4453        87.9696         94.697

D                    3      84.6667         1.4453         81.303        88.0304

E                    3      83.6667         1.4453         80.303        87.0304

--------------------------------------------------------------------------------

Total               15      89.0667





e) 
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The plots seem to indicate once again that there are indeed differences (as already noted in a) and b) ). D and E seem to be similar, as are A and C. B and C also seem to be similar, but A and B seem to differ. 


 f) 


	
[image: image11.wmf]Multiple Range Tests for octane by gasoline

--------------------------------------------------------------------------------

Method: 95.0 percent LSD

gasoline       Count     Mean              Homogeneous Groups

--------------------------------------------------------------------------------

E              3         83.6667           X  

D              3         84.6667           X  

A              3         90.0               X 

C              3         91.3333            XX

B              3         95.6667             X

--------------------------------------------------------------------------------

Contrast                                   Difference           +/-  Limits

--------------------------------------------------------------------------------

A - B                                     *-5.66667             4.55424           

A - C                                      -1.33333             4.55424           

A - D                                     *5.33333              4.55424           

A - E                                     *6.33333              4.55424           

B - C                                      4.33333              4.55424           

B - D                                     *11.0                 4.55424           

B - E                                     *12.0                 4.55424           

C - D                                     *6.66667              4.55424           

C - E                                     *7.66667              4.55424           

D - E                                      1.0                  4.55424           

--------------------------------------------------------------------------------

* denotes a statistically significant difference.



	
[image: image12.wmf]Multiple Range Tests for octane by gasoline

--------------------------------------------------------------------------------

Method: 95.0 percent Tukey HSD

gasoline       Count     Mean              Homogeneous Groups

--------------------------------------------------------------------------------

E              3         83.6667           X  

D              3         84.6667           XX 

A              3         90.0              XXX

C              3         91.3333            XX

B              3         95.6667             X

--------------------------------------------------------------------------------

Contrast                                   Difference           +/-  Limits

--------------------------------------------------------------------------------

A - B                                      -5.66667             6.72743           

A - C                                      -1.33333             6.72743           

A - D                                      5.33333              6.72743           

A - E                                      6.33333              6.72743           

B - C                                      4.33333              6.72743           

B - D                                     *11.0                 6.72743           

B - E                                     *12.0                 6.72743           

C - D                                      6.66667              6.72743           

C - E                                     *7.66667              6.72743           

D - E                                      1.0                  6.72743           

--------------------------------------------------------------------------------

* denotes a statistically significant difference.





The Newman-Keuls and Duncan (which are generally assumed to be the best methods) agree with the LSD method in this case: the groups are E and D, A and C, B and C. The LSD method is known to tend to produce too many differences, but seems to perform well here.

2.

a) She should apply the chemical agents to the same bolts (as indicated in the data file).  By adding bolt as blocking factor, she reduces the variation due to different bolts. In order to get insight into the behaviour of the chemical agents under different situations, the bolts should preferably be rather different. A more drastic solution to reduce variation would be to repeatedly measure the effect of the agents on the same bolt. This has the practical disadvantage of not getting to know the behaviour of the chemical agents under different situations, which is useful in order to achieve robustness.
b) The top ANOVA is correct, since by introducing bolt as block factor the variation due to differences between is separated from the effect of the chemical agents. The p-value of 0.1211 > 0.05 indicates that the chemical agents do not differ significantly. Since the p-value is not too high (rule of thumb: < 0.15), this does not mean that there are no differences at all. The ANOVA just says that the effect of the different chemical agents is too weak to be significant. Maybe the sample sizes were too small. A practical advice in such situations would be to carry out further investigations, including a follow-up experiment for confirmation.
 


	
[image: image13.wmf]Analysis of Variance for strength - Type III Sums of Squares

--------------------------------------------------------------------------------

Source                Sum of Squares     Df    Mean Square    F-Ratio    P-Value

--------------------------------------------------------------------------------

MAIN EFFECTS

 A:chemical                    12.95      3        4.31667       2.38     0.1211

 B:bolt                        157.0      4          39.25      21.61     0.0000

RESIDUAL                        21.8     12        1.81667

--------------------------------------------------------------------------------

TOTAL (CORRECTED)             191.75     19

--------------------------------------------------------------------------------

All F-ratios are based on the residual mean square error.



	
[image: image14.wmf]Analysis of Variance for strength - Type III Sums of Squares

--------------------------------------------------------------------------------

Source                Sum of Squares     Df    Mean Square    F-Ratio    P-Value

--------------------------------------------------------------------------------

MAIN EFFECTS

 A:chemical                    12.95      3        4.31667       0.39     0.7644

RESIDUAL                       178.8     16         11.175

--------------------------------------------------------------------------------

TOTAL (CORRECTED)             191.75     19

--------------------------------------------------------------------------------

All F-ratios are based on the residual mean square error.




The second, incorrect, ANOVA with bolt omitted as blocking factor, would suggest that there is no effect at all. The reason is that the differences between bolts are so large, that the differences due to the chemical agents are not distinguishable.
c) Since the factor bolt is significant, there are significant differences between the bolts. Hence, they were well chosen.



 3. 
a) Since the measurements are repeated measurements and all laboratories received copies of the same chunk of charcoal, we apply a one-way ANOVA with laboratory as factor. 



	
[image: image15.wmf]ANOVA Table for sulphur by lab

                            Analysis of Variance

-----------------------------------------------------------------------------

Source             Sum of Squares     Df  Mean Square    F-Ratio      P-Value

-----------------------------------------------------------------------------

Between groups          0.0255638      3   0.00852125       2.88       0.0799

Within groups             0.03548     12   0.00295667

-----------------------------------------------------------------------------

Total (Corr.)           0.0610438     15





Since the p-value is larger than 0.05, there is not enough evidence in this data set to conclude that the laboratories differ. However, since the p-value is close to 0.05,  to redo this comparison in the future with more measurements, if possible. It is also better to have equal number of measurements for each laboratory, in order to have equal precision of the estimates from each laboratory.
We omitted checking the model assumptions from this analysis, since the numbers are very small. However, there seems to be some deviations from normality, which implies that we should be cautious with our conclusions based on a p-value which is close to 0.05.
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[image: image17.wmf]Normal Probability Plot
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b)  In the present situation we have an extra blocking factor: piece of charcoal. It is a blocking factor, since we are not interested in the differences between the pieces of charcoal. We add an extra data column by giving labels (e.g., the numbers 1,2,...) to the pieces of charcoal.


	
[image: image18.wmf]Analysis of Variance for sulphur - Type III Sums of Squares

--------------------------------------------------------------------------------

Source                Sum of Squares     Df    Mean Square    F-Ratio    P-Value

--------------------------------------------------------------------------------

MAIN EFFECTS

 A:lab                     0.0205456      3     0.00684852       1.80     0.2347

 B:coal                   0.00885889      5     0.00177178       0.47     0.7912

RESIDUAL                   0.0266211      7     0.00380302

--------------------------------------------------------------------------------

TOTAL (CORRECTED)          0.0610438     15

--------------------------------------------------------------------------------

All F-ratios are based on the residual mean square error.




We now see that there is clearly no difference between the labs

4.  We first apply a one-way ANOVA with factor preparation on 4 levels (the 4 different preparation methods).


	
[image: image19.wmf]ANOVA Table for transition temperature by Preparation

                            Analysis of Variance

-----------------------------------------------------------------------------

Source             Sum of Squares     Df  Mean Square    F-Ratio      P-Value

-----------------------------------------------------------------------------

Between groups             22.124      3      7.37467      14.85       0.0001

Within groups               7.948     16      0.49675

-----------------------------------------------------------------------------

Total (Corr.)              30.072     19




	
[image: image20.wmf]Multiple Range Tests for transition temperature by Preparation

--------------------------------------------------------------------------------

Method: 95.0 percent Tukey HSD

Preparation    Count     Mean              Homogeneous Groups

--------------------------------------------------------------------------------

3              5         12.3              X 

4              5         13.38             X 

2              5         14.8               X

1              5         14.8               X

--------------------------------------------------------------------------------

Contrast                                   Difference           +/-  Limits

--------------------------------------------------------------------------------

1 - 2                                      0.0                  1.27591           

1 - 3                                     *2.5                  1.27591           

1 - 4                                     *1.42                 1.27591           

2 - 3                                     *2.5                  1.27591           

2 - 4                                     *1.42                 1.27591           

3 - 4                                      -1.08                1.27591           

--------------------------------------------------------------------------------

* denotes a statistically significant difference.





It is clear that there is a significant difference between the 4 preparation methods. Moreover, the multiple range tests indicate that the mean transition temperature of  1 and 2 do not differ significantly. The same applies for methods 3 and 4. This seems to indicate that the research are right. However, we must be cautious with our conclusions. A Box plot reveals huge differences between both means and variances. In fact, method 4 has a much higher variance than the other methods (which is also confirmed by a variance check). A scatter plot reveals that the measurements fall into two groups. Since the number of measurements is quite small, it requires further experiments in order to draw reliable inferences for group 4.
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An analysis based on methods 1, 2 and 3 (most easily executed by going to the input dialogue and entering Preparation <> “4” as abbreviation for Preparation not equal to 4) reveals the following:

	
[image: image23.wmf]ANOVA Table for transition temperature by Preparation

                            Analysis of Variance

-----------------------------------------------------------------------------

Source             Sum of Squares     Df  Mean Square    F-Ratio      P-Value

-----------------------------------------------------------------------------

Between groups            20.8333      2      10.4167     127.55       0.0000

Within groups                0.98     12    0.0816667

-----------------------------------------------------------------------------

Total (Corr.)             21.8133     14
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[image: image26.wmf]Multiple Range Tests for transition temperature by Preparation

--------------------------------------------------------------------------------

Method: 95.0 percent Tukey HSD

Preparation    Count     Mean              Homogeneous Groups

--------------------------------------------------------------------------------

3              5         12.3              X 

2              5         14.8               X

1              5         14.8               X

--------------------------------------------------------------------------------

Contrast                                   Difference           +/-  Limits

--------------------------------------------------------------------------------

1 - 2                                      0.0                  0.483513          

1 - 3                                     *2.5                  0.483513          

2 - 3                                     *2.5                  0.483513          

--------------------------------------------------------------------------------

* denotes a statistically significant difference.
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The model assumptions are not quite met (variances seem to be different; normality is slightly violated), but is clear that oxygen makes a difference to mean transition temperature, and to a lesser extent also to the variance of the transition temperature. The last issue is of importance for process stability, which is important in chemical industries!
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