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Abstract
Consider the partial linear space on the images in A/2A of the shortest
nonzero vectors in the Leech lattice A, where the lines are the triples
of vectors adding up to zero. We determine the universal embedding
dimension and the generating rank of this space (both are 24) and classify
its hyperplanes.

1 Introduction

Let A denote the Leech lattice, the unique even unimodular lattice without
roots in R?*. There are 196560 shortest nonzero vectors in A, and they map
into 98280 points in A/2A, where each point Z has preimage {x, —x}. The aim
of this note is to prove the following.

Theorem 1.1 Let (X, L) be the partial linear space where the set of points is
the set of 98280 images in A/2A of the shortest nonzero vectors in A, and the
set of lines is the collection of triples of points adding up to zero (in AJ2A).
Then (X, L) has universal embedding dimension and generating rank 24, and
three types of hyperplanes, as described in §5.6 below.

We also give details on the related partial linear space on the octads.
The Leech lattice and extended binary Golay code are very well-known ob-
jects. A standard reference is Conway & Sloane [3].

2 Partial linear spaces and generating rank

A partial linear space (X, L) is a geometry with set of points X, and set of lines
L, where L is a collection of subsets of X, with the property that two distinct
points are joined by at most one line. Points are called collinear when they are
joined by a line.

A subspace of a partial linear space (X, L) is a subset Y of X with the
property that any line that meets Y in at least two points is contained in Y. A
(geometric) hyperplane of (X, L) is a proper subspace H with the property that
it meets each line.

An arbitrary intersection of subspaces is again a subspace. If S is a set of
points of a partial linear space (X, L), then (S), the span of S, is the smallest
subspace of (X, L) that contains S. The generating rank of (X, L) is the size of
the smallest set S with (S) = X.



3 Universal Fy-embeddings

Let (X, L) be a partial linear space with lines of length 3, and consider maps
(‘embeddings’) ¢ : X — V from X into vector spaces V over Fy with the
property that ¢(x) + ¢(y) + ¢(z) = 0 for each line {z,y, z} in L. (Note that we
do not require ¢ to be injective.)

The universal embedding space (over Fa) of (X, L) is the quotient U of the
binary vector space with basis X by the subspace Z = (z4+y+z | {z,y,2} € L).
The universal embedding is the map x — = + Z from X into U. The universal
embedding dimension is dimU.

The universal embedding is universal in the sense that every other embedding
is a quotient. It follows that dimU > dimV for any V in which we have an
embedding. On the other hand, dimU < |S| for any subset S of X for which
(S) = X. (That is: the universal embedding dimension is not larger than the
generating rank.)

Given an embedding ¢ : X — V, the inverse image ¢~'(H) of a hyperplane
H in V is a (geometric) hyperplane in (X, L) if it is not all of X.

Given a geometric hyperplane H of (X, L), the map that sends the points
of H to 0 and those outside H to 1 is an embedding into the 1-dimensional
vector space Fo. It follows that each geometric hyperplane is the inverse image
of a hyperplane of U, and the number of geometric hyperplanes equals 2¢ — 1 if
d=dimU.

Not every partial linear space with lines of length 3 has an injective em-
bedding. For example, the affine plane of order 3 has generating rank 3 and
universal embedding dimension 0 (since there are no hyperplanes).

Let us write udim(X, L) for the universal embedding dimension of (X, L).
If (X, L) is finite, with point-line incidence matrix N, then udim(X, L) = | X| —
I"kQ (N) .

4 QOctads

Consider the extended binary Golay code C, the unique binary code of word
length 24, dimension 12 and minimum distance 8. It has weight enumerator
1+ 759X8 +2576 X2 + 759X 16 + X24 5o that there are 759 words of weight 8,
known as octads. If € is the 24-set of coordinate positions, then the octads can
be regarded as subsets of {2 of size 8.

This set of octads is made into a distance-regular graph I' of diameter 3 if
we call two octads adjacent when they are disjoint. Two octads have distance
0,1,2,3 in the graph I when they have 8,0,4,2 elements in common, respectively.

This graph is the collinearity graph of a partial linear space (X, K) with lines
of size 3. Indeed, any two disjoint octads determine uniquely a third disjoint
from both. One has udim(X, K) = 23, see [2].

Now consider a different way of making the set of octads into a partial
linear space. Take as lines the triples of vectors {b,c,d} of weight 8 in C' with
b+c+d=0. (If we view the octads as sets of size 8, then these lines are triples
of octads that pairwise meet in 4 points but have no common point.) Let (X, L)
be this partial linear space.



Lemma 4.1 udim(X, L) = 12.

Since (X, L) is very small, this can easily be checked by computer. But doing
it by hand is not difficult either.

Proof: Let U be the universal embedding of (X, L), and let +,, be the addi-
tion in U. We have the embedding C' of dimension 12, so dimU > 12.

Let us first identify the all-1 vector 1 in U. Define 1 = z 4+, y +,, 2 for some
line {z,y,2} € K (that is, for some triple x,y, z of pairwise disjoint octads).
If {z,y’,2'} is another triple of pairwise disjoint octads, then y, z meet each of
y', 2" in four points, so y+, ¢y’ and z+, 2’ are both octads, in fact the same
octad, and 1 =z +, y+, 2z =x+, ¥y +, 2. Since (X, K) is a connected partial
linear space the sum of the three octads in a line of (X, K) does not depend on
the line chosen.

Now let > ¢; = 0 in C, where each ¢; is either an octad or 1. We want to
show that this sum is 0 in U. (Once shown, this implies that U can be identified
with C.) Argue by induction on the number of octad summands. If the sum
is chosen minimal with nonzero sum in U, then no two summands are equal,
and no two summands sum to an octad. If two summands z, y are disjoint
octads, and z =1 —x —y, then x4+, y = 1+, 2z with fewer octads. So, any two
octads in the sum meet in two points. Now if x, y, z are three octad summands,
find an octad a such that z 4+ a and x + @ + y and z + a are octads. Then
Ty Yty 2= (@4, a) +yy+y (24, a) = (T +a) +y) +, (2 + a) is a sum of
two octads and we are done. Is there such an a? Yes: we want an octad a that
has 1 point in Ny and 3 points in each of z\ y and y \ = (where we identified
binary vectors with their supports), and there are 40 of those. And a must have
precisely 4 points in z, and that is easily arranged. O

A stronger result is the fact that also the generating rank of (X, L) is 12.
One checks by computer that the lexicographically minimal basis

000000000000000011111111
000000000000111100001111
000000000011001100110011
000000000101010101010101
000000001001011001101001
000000110000001101010110
000001010000010101100011
000010010000011000111010
000100010001000101111000
001000010001001000011101
010000010001010001001110
100000010001011100100100

is a generating set. The corresponding sequence of subspace sizes is 1, 3, 7, 15,
30, 46, 78, 130, 210, 330, 506, 759.

The largest singular subspaces have size 15. They are found by taking all
octads disjoint from a given octad a and not containing some symbol v not in a.

The largest sets of pairwise collinear octads have size 21. There are two
types: (i) the 21 octads on 3 given symbols, (ii) for three given symbols «, 8,7
1 octad a containing «, 3,7, and the 20 octads meeting a in 4 symbols but not
containing «, 3, .



Geometric hyperplanes correspond to cosets of C' in F2*, where u + C de-
termines the hyperplane u™ N X. There are 1771, 2024, 276, 24 geometric
hyperplanes of size 375, 378, 407, 506, respectively. Each of these four types is
a single orbit under Ms,. Each has universal embedding dimension 11.

More generally, all big subspaces of (X, L) must be intersections with linear
subspaces of C. But there are small subspaces that are closed for lines but not
for linear combinations in C. For example, one can find five octads such that
the ten pairwise intersections are ten pairwise disjoint pairs. Now these five will
sum to zero in C, but the fifth is not in the geometric span of the first four.

5 Short vectors in the Leech lattice

Consider the universal embedding dimension of the partial linear space % on
the images of the shortest nonzero vectors of the Leech lattice A in A/2A where
the lines are given by the triples z,y, z with x + y + 2z = 0 (in A/2A).

There are 196560 shortest nonzero vectors in A, and they map into 98280
points in A/2A, where each point  has preimage {x, —z}. We use Leech lattice
vectors as names for the points, so that x and —z are the same point.

The 196560 shortest vectors can be described (up to a scaling factor %)

in Z?* as: (i) 4.(%') = 1104 vectors of shape ((£4)2,0%2); (ii) 27.759 = 97152
vectors of shape ((£2)%,016) with the £2’s on the positions of an octad, and an
even number of minus signs; (iii) 212.24 = 98304 vectors of shape ((F3), (1))

with minus signs on the positions of a vector in C.

5.1 The subspace R

Let R be the set of 552 points of type (i). Then R is a subspace of 3, and
R is spanned by the 24 vectors r; (0 < i < 23) where o = (42,02?) and
ri = (—4,0°71,4,0%7%) (i > 0).

(Indeed, let pgp := (0%, —4,0°,4,022797%) and qq, := (0,4, 0°,4,0227270),
Then pop = 741 and pgp with a > 0 is on the line {pap, 7o, Tatpt+1} since pap =
Tatb+1 — Ta- And qoo = 70, and gqop with b > 0 is on the line {qos, 70, P1,6-1}»
and gqp with a > 0 is on the line {¢up, 90,045, 7a }-)

5.2 The subspace RU S

Let S be the set of 48576 points of type (ii). Then R U S is a subspace of X,
spanned by R together with 12 points of S.

(Indeed, let Sp be a set of 12 points of type (28,0'®) such that the corre-
sponding octads span the partial linear space (X, L) on the octads as in Lemma
4.1. Since (RU Sy) contains, together with each vector s of type (ii), also all
vectors s’ obtained by changing an even number of signs, and since any two
octads meet in an even number of points, we see that (RU Sp) = RUS.)

5.3 The space RUSUT

Let T be the set of 49152 points of type (iii). Then RUS UT (the entire point
set of X)) is spanned by R U S together with a single point of T'.



(Indeed, since z = —x we may pick coordinates of shape (—3, (£1)?3) for
any point in 7. Adding a vector of shape (4, —4,0%?) to (—3,123) allows one to
move the —3 to a different position. Adding vectors of type (ii) allows one to
change signs on the positions of a vector in C'.)

5.4 Dimensions

So far we have spanned this partial linear space X on 98280 points using 24 +
1241 = 37 points. But in U there are relations between the generators that we
found. Since s = —s for s = (28,01°), we can make a chain s+ ((—4)2,0%?) = 5/,
SI—|—<O2, (_4)2’ 020) — S”, S”—i—(047 (_4)2’ 018) — S”/, S///+(06, (_4)2’ 016) — sand
conclude that in U the four points (42, 022), (0%,42,02°), (0%, 42,0'®), (05, 42,016)
sum to zero. Using the expressions qop = rp4+1 + 70 — 1 and gap = Tapbr1 +
rq + 1o — 71 (@ > 0) found earlier this means that each octad gives a relation
involving the eight corresponding r; (modulo (rg)), and we only need a set of
coset representatives of C', so that the linear span of RUS in U has dimension
at most 12 + 12 = 24.

Similarly, since t = —t for t = (—3,1%%), we can make a chain ¢+ (0%, (—2)8)
_ t', t/Jr(OS’ (72)8708) — t”, t”+(22, (72)6,016) — t'”, t”/+(4, 74,022) —tand
conclude that in U the four points (016, (—2)8), (08, (—2)8,0%), (22, (-2)%,016),
(4, —4,0%) sum to zero. Modulo R this says that 1 in C equals 0 in U, which
was not the case inside RU.S, so this is a new relation and also U has dimension
at most (12+12) — 1+ 1= 24.

Since we have an embedding (namely A/2A) in which R, RUS and RUSUT
all have dimension 24, it follows that the universal embedding dimensions of
these spaces are at least 24.

Concluding: each of the subspaces R, RUS and RU S UT has universal
embedding dimension 24.

5.5 Generating rank

We saw that R has generating rank 24. Also R U S has generating rank 24.
Indeed, if we write 4 instead of —4, then the 24 vectors

000000000000000000000044
000000000000000000000044
000000000000000000000404
000000000000000000004004
000000000000000000040004
000000000000000000400004
000000000000000004000004
000000000000000400000004
000000000000004000000004
000000000000040000000004
000000000004000000000004
000000040000000000000004

000000000000000022222222
000000000000222200002222
000000000022002200220022
000000000202020202020202
000000002002022002202002
000000220000002202020220
000002020000020202200022
000020020000022000222020
000200020002000202222000
002000020002002000022202
020000020002020002002220
200000020002022200200200

form a generating set of R U S. (Proof: First, these suffice to generate the
generating set of R of size 24 given earlier. Next, the last 12 of these vectors
were the generators of the octad space (X, L) (with 2’s instead of 1’s), but when
b+ c = d for octads b, ¢, d written as 0-1 vectors, and with addition mod 2, then
2b + 2¢” = 2d with addition in Z if 2¢” is obtained from 2¢ by changing 2 to



—2 in the four positions where both 2b and 2¢ have 2. And 2¢” is obtained via
2¢c—r=2c,2¢d —r' = 2" for two vectors r, 1’ in R.)

The corresponding sequence of subspace sizes is 1, 2, 6, 12, 20, 30, 42, 56, 72,
90, 110, 132, 220, 374, 658, 1200, 2192, 3250, 5334, 8700, 13860, 21582, 32890,
49128.

Finally, the first 23 of the above vectors, together with the vector t = (123, —3)
form a generating set of RUSUT = X. (Proof: these first 23 vectors generate
the hyperplane x; = 0. Now t' = t + (0%6,(-2)5,22) = (116,(-1)¢,3,-1),
t = t/+(022, _4,4) — (116’ (_1)773)7 " = t”—l—(OS, (_2)8708) — (187 (_1)1573)’
s=t+t" = (280'6), so that these generate all of RU S.)

5.6 Hyperplanes

Every geometric hyperplane of X is the intersection with the point set of ¥ of a
hyperplane in its universal embedding U = A/2A.

A hyperplane of A/2A corresponds to a sublattice of A of index 2. Such a
sublattice is given by {x € A | (x,w) € 2Z} for a vector w € A\ 2A. For u € A,
the sublattices defined by w and w’ = w + 2u coincide, and modulo 2A any
vector in A is congruent to one of squared norm 0, 4, 6, or 8, where these cases
occur with frequencies 1, 98280, 8386560, 8292375 (summing to 224). Thus,
A/2A has three types of hyperplane ([1], Th. 3.2).

The hyperplanes of ¥ therefore fall into three orbits of sizes 98280, 8386560,
8292375, and these hyperplanes have size 51176, 49128 and 49128, respec-

tively. For example, the choice w = ¢(0,...,0,8) (where ¢ = %) gives the

hyperplane R U S of size 49128. The choices w = ¢(0,...,0,4,4) and w =
c(l,...,1,-3,—3,—3) give representatives of the other two orbits (of sizes 51176
and 49128, respectively).

5.7 Group and association scheme

The partial linear space X has full group of automorphisms Co;, with point
stabilizer C'oy acting rank 4. The subdegrees are 1+ 4600+ 46575+ 47104. The
suborbit of size 4600 consists of the points collinear with the fixed point, and
the induced subgraph has group Cos x 2, where the additional 2 interchanges
the two remaining points on each line through the fixed point.

Let I' be the collinearity graph of 3.

The local graph (graph induced on the neighbourhood of a point) has a
distinguished matching corresponding to the lines on that point. The quotient
graph obtained by contracting the edges in this matching (that is, the graph
on the lines on that point) is strongly regular with parameters (v,k, A\, pu) =
(2300, 891, 378, 324).

The rank 4 action leads to a 3-class association scheme with eigenmatrices

1 4600 47104 46575 1 299 17250 80730
p—| 1 1000 1024 -2025 | o | 1 65 285 351
1 76 =320 243 [0 ¢ |1 P -BP L8
1 —20 64  —45 1 —-13 90  —78
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Figure 2: Distance distribution diagram of the local graph
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