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by
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ABSTRACT

We give a partition of the thirty Steiner triple systems on seven pﬁﬁnts
into three sets of ten, each' get covering all triples exactly tﬁice. Iﬁiéﬁe
language of designs, considering the 35 triples on seven: pe:nts a8 po1nts,
we look for block designs with the :estrictzen that each block is a Stelner
triple system, In particular k = 7 and b =51, It is well known’ sxnce
Cayley that such a design does not exist for X = 1, while it wES known - fﬁi'
4 = 3, Here we give it for X = 2 thus .proving the existence of the deaign '

for each » » 1§,
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0. INTRODUCTION

1f £ is a design (i.e. a cﬁllectxon.of subsets of a finite set) and ﬂ*ff

is a collection of designs then a l-cnver of E’hy 9 called a C (E P), 15
a collection {F {i ¢ J} of des;gns suah that

(i} each D, is isomorphic to an elemgnt of @
(ii) u{ﬂj;j € dt = E
{(iii} each E ¢ T occurs in exactly A of the ﬂj.

If X = | we wiil drop the subscript. . :
Specializing U and £ we get all kindg of familiar designs some of which a{g

neaded below.

1. Let In be a fixed zset of size n, and let Sk(n) be the collectiom of ai}_
k-subsets of I . Then a CA(SZ{v)’ {Sz{k)!k ¢ K}) is a pairvise balanced
design with block sizes in K: a PBD(K.l:v}. In particular a CR(SZ{U}’[
{8,{x)} is a BIBD(b,v,r,k,1}. More gemerally, a €, (5, (v), {8, (x)Dis &

t~design.

2. Let D be the collection of all Stelner triple systems on v points:

7 i S ;= STS(v) and E the collection of all triples on v points:

E=38§ (v), then an A L (v) = C (E,?) is a i~fold cover of all triples
with Stelner triple systems.

In particular an A v} is a partition of all triples in disjeint
S5T8{v)"s. Such partltlona have been found among others by T.P, K1rkman _
(31, R.H.F. Denniston [23}, A. Rosa [57 and L, Teirlinck {6]; it is conw_
jectured that they exist for each v # 7 (for which an STS(v) exists, :_'
that iz, for v & 1 or 3 (mod 6)), and they are known for all v < 100
except v = 37, 85, 97, For v = 7 however the maximum number of pairwise
disjoint STSs is 2 (Cayley [1]), so it is impossible to cover §,(7)
with 5 disjoint STS(7). Lindner & Rosa [41 showed the existence of an
AECT}, and in this note we will show the existence of exactly two dif~-

ferent Az(?) g0 that for each A > I an Al(7) exists.

Finally, take P = Al{?) and et 3? be the cellection of all STS(7).
Note that |A] = S\ for each A « Ak{?) and IS?E = 30), Obviously a
Cfsy,Al(?)) can exist only if 5A{30 i.e. if A ¢ {1,2,3,6}, Por A = &




. _ : ;raxcxuu oflhhe_SB 513(?)
in twe A {?) 8, and here,wa w111 W the exxstence of exactiy two
C(S LA {?)) one eantaxnlng_ﬁ (?) s nf dlfferent types whmla; he other

contains three 1sommrphic A {7} ?xnally, s1ncg A (7) does nat exlst _
neither does C(S.,A,(7)): Thls settles ALl cases. U i

i. TRIPLES

On 7 points there are (;) = 35 triples. These triples can be divided

into five cyclic l-designs: {(represent a triple by a characteristic vecﬁqt

of length 7}

A3 cire(1110000}
B: cire{1001100}
C; cire{i010100)}
Pi circ{IQ11000)
E: eire{1101000)

In this way each triple gets a.nameaian = (1110000}, Ay = {ot111000)},
¢, = (0100101) ete, -

2. STEINER TRIPLE SYSIEMS

On 7 points there are 30 Steiner triple systems (all isomorphic), p§:~
titioned into six orbits (with sizes 7,7,7,7,1,1) under the action of a
cyclic shift.

We give from each of the orbits X the element Kﬂ:

W : 0001101

-2

I : HIGGGe  i.e.

0 0 o Eq
10G1I6C BG Q110001 Dﬁ
100001 1 Ag 1000011 A
0101010 ¢, : 0011610 E,
0100101 c, 0100110 B,
0011001 B 1016100 ¢,
0G10110 D2 F1O1GCO Eo




Il,1 0000111 by B
0011001 By < 0116100 CE
1100001 ‘A L00MOI0L LBy
0101010 ¢, 10001101 . E,
1010010 c 1000110 - E,
1001100 By 0300011 B,
0110100 E, 1010007 B

III 1011000 D, Vi: 1011000 Dy
1060110 B, 0101100 D,
1160061 Ag 0010110 D,
0101160 D, 0001011 Dy
0110010 By 1000101 D,
0010101 c, 1100010 D,
0001011 D, 0110001 D

That there are no more Steiner tr;ple systams can be seen for lnstance frﬁm

the fact that V has an automorphlsm.group of order 168 = 7.6.4 (and the

fact that all STS(7) are isomorphic, which is readily seen by 1ookx.ug at I ).'
Each tripie occurs in six SES{Y), i.e. we have the trivial A (?) - 37 '

and therefore a unique C(S?,AE(?}}. '

Incidences between triples and STS8s can be read off the following table:

I ¥ fIX W v vl
65 46 & 5Toes
o6 06 5 1 - =
% 15 2 0 - -
2 -~ QI3 6 ~ 0-6
- 1 4 023 0-6 -

(2 B R o T - -

contains the triples A

- Here the entry 05 in row A, colown I means that I 0

0

and A {ané hence I‘ contains A and AE ete. ). .
Intersect1ons hetwean STSs. two STS(7} have elther Gor | or 3 trlples

in common, If we take all ST5(7) with intersectiomnr | with a_glvan;$T§(?},f

then it is found that these STS5(7) also have mutual intersectionar 1. In this



Y ok e 5“'"51;"5 -r/i&w‘— {Qﬁg: f‘-%;g,mi *v’ff‘m"" (vet5)
B il furk Lombatns Mm;mw.i@ (..k;j} ; M.J@,m m dutenmine g Lime (Jy “}L-"".'-' o
Thin yields o wpstobalion of PG (30 (em fTﬂi:ﬂ) :




way we get the two sets {Iﬁ-—ﬁ’ I"f }L'.fIIe "y ¥i; whera two:
SIS(7) have exactly one triple i' they are in the same set._' .;
Each of these two sets covers - 311 t:ap axaatiy thrlce, that is, we have B

here two isomorphic A 3(7) coVering S an.C(ST,A {7))

If two STS(7) have intersectionnt. 3 :hen the thiee trzples they have in comm}p  
won intersect in a singleton; for- 1nstance 10 nin‘ = {BG, 6" O } and
B.aB =B nC, =38 g C, *Byn B C - {3};

0 3 0 1 6
BD = (1001 E00)
B, = {DO11001)
- (0101010}
{3} = (000E000)

Conversely, given a singletonm, then it is_associated in this way with 90
pairs of STS(7) with intersectiomnr 3.

The following table gives for each s1ngletun and a representative from.
each orbitr of ST5(7)}'s the uniquely determxned ST8(7)} such that the Slngle*
ton is associated with this pair of_tr1p;g};ystems.

0 H 3 1 (i SR & 76
oyl Womgo1, W, o1, X
mp fwy 1 1, VoW, m, X,
W, | Il FEL, 1 VO IL, 11, IIE
VW, Wy e oy W, oW, W,
VI | IIN, 1310 III LD TEE, LEL, KEL

Finralliy, each STS(7) is disjoint from {the remaining) & systems; for example

IG is disjoint from 112, 4, 1I5,,II 0 IIIS, 11 I&, IIIS, V. Since these

8 systems have always mutual intersectionnr t, it follows that there are .
no three mutually disjoint $TS(7). In particular it is not possible to cover ~
all triples with 5 mutually disjoint 8I8(7), i.e. an AI(?) does not exist,
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3. NOTE ON THE 43(?}.

The A.(7) indicated above is agfiﬂtgihéﬁing system: :
Firstly, if we view the 35 triples as pﬁiﬁtb, then the 15 5TS(7) are vectors.

of iength 35 apd weight 7 and mutu&l“diﬁﬁaﬁte 12. But by the Johnson bound £
the maximum nusber of vectors with these properties is 15, i,e. Aa(?} is an |’

optimal constant weight code shuwing'thaf%A(BS,lz,?) = 15, _
Secondly, if we view the 15 $T8(7) as points then each triple determimes a ff
triple of STS(7) [since the 15 STS8(7) cover all triples thricel, while each
pair of STS(7) determines one triple [their intersection].

Therefore we have a block deaign with v =15, b = 35, k = 3, r =7, % =}
in other words, an STS(15).

It is easy to see that there are ntherlAB(?}'s besides the one indicated_]
above. In fact if one fixes a triple (say.Ds) then the three STS(7) from
M] t= {19_6, IV, .¢» Vi} containing Dﬁ(sc.IA!_IVO, VI} and the three $7§(7)
from Mz 1= {IIﬂwﬁ’ 1110_6, Vi containipg_gs {sc. IIIB, Iy, IIIB} contain
the same triples, namely besideg D6 bqthisg;s of three STS(7) cover exactly
those triples which intersect B& in a siqg%e.point. Therefore ope might
exchange {14 » Iy, Vi) and'{Illa, IIIS'.I;IG}’ thus obtaining two new
AB(?): M; and ﬁi (which of course together form a C(S?,A3(?))).
This process may be repeated, axchanging_t?:ae STS5(?) between “E and Hé
giving M? and ﬂg. In this way we obtain at least three mon-isomorphic types
of AB(?) namely—“l, M; and H?. I do not koow whether there are any other

types besides these,

4. DESCRIPTION oF THE TWO TYPES OF Az(?).

In order to examine a1l possibilities for an AZ(?} we £irst need to
know how many different {(i.e. non-isomorphic) pairs of STS(7) there ara,

on the other hand, by examining a few permutations it js readily seen that
this is the only invarigne: two pairs of STS{7) are isomorphic iff they

have the same intersectionnr.



Now comsidering the number ufltrlpl
and E contained in S5ISs of each of _he atbxts 1t is foumd that an A (1) o
must contain twe disjeint STS(7), say.? agd'VI. Now it follows in the same ;-
SQII aach and ! system of typez 111*];

way that we need 3 systems of types I | _
and IV eack. [Note that an A (?) contaius 10 SES(7).] By using an appropri- = -
ate c¢yclic shift we may emsure the_phgiqggurregce of III0 '
The coliection {¥, VI, IIIQI can be pdm?igted to an AZ(?) in four ways,

giving the systems

1. v, VI, 1L, I, I, I, Ixﬁf-lléfl115’ v,
2. ¥, VI, Iity, I, 1,, I, 11, IT,, I, W,
3.V, VI, 3L, L, I, I, 31, 30, I W,

4o v, VI, 111, 1,, 1., T, Iy, IE, I v,
The permutation (016)(243) maps Z. onto 3. and {015)(246) maps 3. onto 4.,
hence the last three systems are isomorphic, The first two systems however -
are not isomorphic as can be seen as follows:
Both systems can be partitioned in fivé*?airs of systems with intersec—
tiomnr 3 (we write the point associated with such a pair in fromt of it):

.32 (I,R55),  3:(I,, TR0,  3:(1pIR 3:(V,IV,),  3:(VI,IIL)

4)!
2. B (B, 1), 5:(L,,I1,),  0:{),,IL), 2:(V,IV. ), 3:(VI,II%y)

That is, the first type of AZ{T) has associated with it a unique point (in
the above case the point {3}) while the second type of Az(?) has associated
with it a pair of points (those not occurring as point associated with a
sair with intersectionnr 3, in the sbove case the pair {1,41).
The structure of am Az{?) of the first kind ~ called a centered A2(7} -
can be described as follows:
1. Colour of the edges of a K. with five colouts
(three edges of each colour).
2, Add a seventh point {»} to each of these edges; this gives 15 triples
divided in five groups of three.

3. Each group of three triples can be completed to an STS(7) in exactly

l.;.l:f.. ,ea;;;:ﬁ of the types A, B, C, B - L



two ways. This gives five’ pa 5. ¢ STS{?)}'

It is easily seen that these ten TS§?) form a centered A (?}, amd
since all centered A (?} are 1somorphic.ea¢h.A {7) is obtained in this way. : -
Since there are 6 ways to colour a: KE tha:e are- b ﬁ {7) with & given center,;.
and 42 A (7) in all. .'

Two centered A (?) with the same canter have exactly one pair (with

intersectionnr 3) in common; glven an A (?) with center {i} and a point
j # i then there is exactly one A (7} with center {j} disjoint from the
given one. Two such disjoint centere& A (?) determine a unique C(Sy,i (70N
the third ﬁ {7} simply consisting of 311 STS(7) not occurring in the first
twe. This th1rd one is of the second k1nﬂ, with associated pair {i,i).
Therefore there are 6 A (7) of the second kind associated with a given pair .
£i,j}, and 126 A {7) in ail.

Given an A {?) associated with the pair (i,j] then an A, (7} of the
second kind 613301nt with it must be associated with a pair {1 k}
or {3,k} with k 4 {i,}}. Indeed, given an Az(?) sssociated with {i,j} and a -
point {k} there is exactly ome AZ{?) associated with [i,k} disjeint with it.
Two such disjoint Az(?) of the second kind determine a unique C(S?.Az{?)),
the third Az(?} being associated with {j,k}. Therefore there are two differ-
ent C(S (?)), the first containing 2 centered A {(7) and the second con-
taining no centered A (?), there are 126 of the fzrst type and 210 of the

second type.
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