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lomputation of some parameters of Lie geometries

y

..E. Brouwer & A.M. Cohen

\BSTRACT

In this note we show how one may efficiently compute the parameters of
1 finite Lie geometry and we give the results of such computations in the
1ost interesting cases. We also prove a little lemma that is useful for
showing that thick finite buildings do not have quotients which are (locally)

lits geometries of spherical type.
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. INTRODUCTION TO GEOMETRIES (following Tits [101]).

A geometry over a set A (the set of types) is a triple (T,*,t) where T
s a set (the set of objects of the geometry), * is a symmetric relationonT
‘the Zncidence relation) and t is a mapping (the type mapping) from T into
\, such that for x,y € I' we have (t(x)=t(y) A X*y) &= X = Y.

[An example is provided by the collection T of all (nonempty proper)
subspaces of a finite dimensional projective space, with t: T - A = N the
cank function, and * symmetrized inclusion (i.e., x*y'iff Xcyorycx).l

Often we shall refer to the geometry as T' rather than as (T,*,t).

A flag is a collection of pairwise incident objects. The residue Res(F)
>f a flag F is the set of all objects incident to each element of F. Together

#ith the appropriate restrictions of * and t, this set is again a geometry.

The rank of a geometry is the cardinality of the set of types A. The
sorank of a flag F is the cardinality of A\t(F). A geometry is connected
if and only if the (looped) graph (T,*) is connected. A geometry is
residually connected when for each flag F of corank I, Res(F) is nonempty,

and for each flag of corank at least 2, Res (F) is nonempty and connected.

A (Buekenhout-Tits) diagram is a picture (graph) with a node for each
element of A and with labelled edges. It describes in a compact way a set
of axioms for a geometry I' with set of types A as follows: whenever an edge
(dldz) is labelled with D, where D is a class of rank 2 geometries, then
each residue of type {dl,dz} of T must be a member of D. (Notice that a
residue of type {dl,dz} is the residue of a flag of type A\{dl’dZ}')

In the following we need only two classes of rank 2 geometries. The first

is the class of all projective planes, indicated in the diagram by a plain
edge. The second is the class of all generalized digons, that is, geometries
with objects of two types such each object of one type is incident with
every object of the other type. Generalized digons are indicated in the
diagram by an invisible (i.e., absent) edge.

For example, the diagram




0—0—0

s an axiom system characterizing the geometry of points, lines and planes
f projective 3-space. Note that the residue of a line (i.e., the points
m the line and the planes containing the line) is a generalized digon.
Jsually, one chooses one element of A and calls the objects of this type
6oints. The residue of this type are called lines. Thus lines are geometries
f rank 1, but all that matters is that they constitute subsets of the point
jet. In the diagram the node corresponding to the points is encircled. '

As an example, the principle of duality in projective 3-space asserts

‘he isomorphism of the geometries

O—0—0 =000

jrassmannians are geometries like

0-0—0

(Warning: points are objects of the geometry but lines are sets of points,
ind given a line, there need not be an object in the geometry incident with
:he same set of points.)

.et us write down some diagrams (with nodes labelled by the elements of A)

for later reference.

v 000 —0
Qn
v OO0 90
06
v O—0—0—00

1 2 3 4




Q—QQSQQ

Warning: in different papers different labellings for these diagrams are
ised.)
‘£ one wants to indicate the type corresponding to the points, it is added

is a subscript. E.g. D4 1 denotes a geometry belonging to the diagram

3

4

000

1 2 3

)ne may prove that if I is a finite residually connected geometry of rank
it least 3 belonging to one of these diagrams having at least three points
yn each line then the number of points on each line is q + 1 for some
>rime power q, and given a prime power q there is a unique geometry with given
jiagram and q + 1 points on each line. We write Xn(q) for this unique
zeometry, where Xn is the name of the diagram.

[For example, An(q) is the geometry of the proper nonempty subspaces
>f the projective space PG(n,q). Similarly, Dn(q) is the geometry of the
nonempty totally isotropic subspaces in PG(2n-1,q) supplied with a non-
degenerate quadratic form of maximal Witt index. Finally, Dn,l(q) is an

example of a polar space.]
2. DISTANCE DISTRIBUTION DIAGRAMS FOR ASSOCIATION SCHEMES

An assoctation scheme is a pair (X,{RO,...,RS}) where X is a set and

the R, (0<i<s) are relations on X such that {RO,...,RS} is a partition of

X x X satisfying the following requirements:




i) R, = I, the identity relation.

0 T
ii) WVvili' : R, = R,,
i i i
iii) Given x,y € X with (x,y) € Ri’ then the number ij = #{z | (x,2z) € Rj

and (y,z) € Rk} does not depend on x and y but only on i.

he obvious example of an association scheme is the situation where a group G
cts transitively on a set X. In this case one takes for {RO,...,RS} the
artition of X x X into G-orbits, and requirements (i)-(iii) are easily

erified.

ssume that we have an association scheme with a fixed symmetric nonidentity
‘elation R, (i.e., R? = Rl). Clearly (X,Rl) is a graph.
ow one may draw a diagram displaying the parameters of this graph by drawing
circle for each relation R., writing the number k. = #{z | (x,2) « R.} =

:i where x € X is arbitrary inside the c1rc1e, and joining the c1rc1es for

i and RJ by a 11ne carrinng the number pJ at the (R )= end whenever p # 0.
Note that k. .p i1 = k “P; SO that p i1 is nonzero 1ff p i1 is nonzero. ) When
.= j, one usually omlts the line and just writes the number p%l next to
he circle for Ri' '

For example, the Petersen graph becomes a symmetric association scheme

..e., one for which Rg = Ri for all i when we define (x,y) € Ri = d(x,y) =1

‘or i = 0,1,2. We find the diagram

O O O]

lore generally, a graph G is called distance regular when (x,y) € Ri'==
[(x,y) = 1 (0<i<diamG) defines an association scheme.
hen (X,R

1
Z,A,Az,...,AS are linearly independent (where A is the 0-1 matrix of R

) is a distance regular graph, or, more generally, when the matrices
1,i.e.,

‘he adjacency matrix of the graph), then the p;l suffice to determine all
i
ik’
.s, then clearly not all Rj can be expressed in terms of R

) On the other hand, when the association scheme is not symmetric but Rl

1
. . .. i . .

n this note our aim is to compute the parameters pjk for the Lie geometries
:m n(q) where Xm is a (spherical) diagram with designated 'point' - type n,
ind the association scheme structure is given by the group of (type preserving

wtomorphisms of Xm n(q) - essentially a Chevalley group. In the next section
3




11 give formulas valid for all Chevalley groups and in the appendix
t the results in some of the more interesting cases. Let us do some
xamples explicitly. (References to words in the Weyl group will be

ned in the next section.)

lsually we give only the p}l; the general case follows in a similar way.

E 1.

1

yllinearity graph of points in a projective space is a clique: any two

i are adjacent (collinear). Thus our diagram becomes

1-1 qn—l
E 2.

1 2
» have the graph of the lines in a projective space, two lines being
;nt whenever they are in a common plane (and have a point in common).
1.B.: the Lines of this geometry are pencils of q + 1 projective
in a common plane and on a common point.]

.agram becomes

k 1N/ 2 ? (¢%-1) (q-1)

>\ q ® q_l (q.+1)
n—l_1
k = Q(q+1)s‘a:7—-,
n-2
ords: " "2" "2312" A = q-ltq+qt A1,
. - qn—]_1 qn-2_1 4
2 3 . . q .




or ¢ = 1 (the '"thin' case) this is the diagram for the triangular graph:

‘ _ n+l
2n-2 n-2
n—-1

S i .
Clearly Ay 3= P k Zj#i plj' Often, when Ai does not have a particularly

ice form, we omit this redundant information.]

lotice how easily the expressions for v,k,kz,A can be read off from the
uekenhout-Tits diagram: for example, A = A(x,y) first counts the q-1 points
n the line xy, then the remaining q2 points of the unique plane of typé
1,2} containing this line and finally the remaining q2 points of the planes

f type {2,3} containing this line.

XAMPLE 3,

. O—O- =0~ -0
1 2 i n

'his is the graph of the j-flats (subspaces of dimension j) in projective

—space, two j-flats being adjacent whenever they are in a common (j+1)-flat

and have a (j-1)-flat in common). The graph is distance regular with

iameter j. Parameters are:

n+l_ .. n_ n+2-j_ 2 .
y={a D@Dl Do ™M L k=qb i it
(-1 (-0 (gD 1 q d 4
i 2i41 =i,  n—j-i+l : ;2
byi=pygy = UL T e ety = B

'he parameters for the thin case have q = 1 and binomial instead of Gaussian
oefficients; we find the Johnson scheme (nTI).

'he Weyl words (minimal double coset represintatives in the Weyl group)

.ave the following shape: for double coset i in An i the representative is

H

W, ="j, 341, 342, ..., JHL-1, =1, J, +1, ceey JHI=2, cie e eany

j=i+l, j-i+2, ..., j".




hat W has length iz, the power of q occurring in k;.

E 4,

0—0O— -~ —0O—0O

n-2 n—1

. D is the direct product A x A , 1.e., a (q+1) x (q+1) gri
2,1 1,1 1,1
_.1 _1 -
P Cind DX C ilia D N I Gl DY C
n,1 q-1 ’ “a-1,1 - ¢ q-1.

im:

- #
2n-3 Dn—l,qun—

Q
Jo

q-1+q". Dn—Z,] (q—l).#Dn_1

ase:

v = 2n, k = 2n-2

2n-2 1 2n-2
2n—-4

is K2n minus a complete matching.
syl words are: "' for double coset 0, "1" for double coset 1,

..n-3 n-2 nn-1n-2 ... 1" for double coset 2.

LE 5. n
(::)————{::)-—— ces ——ig%;————(::) (n > 5).
1 2 n-2 n—1

_ _n,1" "n-1,1 _ (qn—l)(qn—1+l)(qn_l—l)(qn_2+l)
1,1 (qz-l)(q-l)

n-
- 4 # - (" "-1)(g~ “+1)
k = q. Al,l' Dn_z’1 q(q+l1) . Py .




m (for n > 4):

e coset 1 contains adjacent points, i.e., lines of the polar space

ommon plane. Shortest path in the geometry: 2-3-2 (unique).)

coset 2 contains the points at 'polar' distance two, belonging to the
ord "2312", i.e., in a polar space A3 9 (I.e., lines of the polar
3
in a common t.i. subspace.) Thus
2n—6__1 n—2_1
k. = # q q

2 = "Dyp pkp(By 5) = Fm— . - (q
q -1 q-1

4

n—4+1) . q .

st path in the geometry: 2-4-2 (unique). Double coset 3 contains
incident with a common l-object, so that the Weyl word is the one

uble coset 2 in Dn—l 1 (relabelled):
5

"23.,..n-3 n-2 n n-1 n-2...2".

. are intersecting lines not in a common t.i. plane.)




2n-4
= # =
k3 Al,l' kZ(Dn-l,l) (q+1) . q .
'st path in the geometry: 2-1-2 (unique).
» coset 4 contains points with shortest path 2-1-3-2 (unique); the

rord 1is
"23...n3n2an1n-2...312",

:duced form of the product of the word we found for double coset -3

wrd "212" describing adjacency in A2 9 Thus
. ?

2 2
- # ~(q+1)-q2 . # -
Ry = Mg, @ - (D g (@ D=a#D 5 y)
n-2
-1 - 2n-
= iq:—l'— o (qn 3+1) B (q+1) . q n 3.

. coset 5 contains the remaining qlm / points (the lines of the pol
in general position). Shortest path in the geometry: 2-1-2-1-2 (not uni
'yl word is

"23...0112...020n-2 ...2 1n1...32"
igth 4n-7.

1in case 1is:

v = 2n(n-1), k = 4(n-2)




E 6.

4
1 2 3
ore we find
6 4 6
v = ﬂi—l .-g——l . (q2+1) -9-t . (q2+1)2 and k = q(q+1)3.
q -1 q-1 \ q-1

ime the thin diagram is

. see that the number of classes is one higher than before. This is

| by the facf that we can distinguish here between shortest paths

and 2-3-2, while in the general case (n2>5) both 2-n-2 and 2-(n-1)-2
juivalent to 2-3-2. Thus, our previous double coset 2 splits here

wo halves.

v coset Weyl word Cardinality Shortest path (unique)

) 1 2

I g q(q+1)3 2-11,3,4}-2
2 312" 0 (q+1) 2-4-2

3 "2412" q* (q+1) 2-3-2

4 "2432™: q4(q+1) 2-1-2

5 "34312" O (q+1)°> 2-1-{3,4}-2
6 "231242132" q
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Diagram

(q+1)2(q-1)

EXAMPLE 7.

n,n

1 2 n-2 n—-1

This graph is distance regular of diameter [jzn].

We have

v = (@ 1) (72D, (@), k= atyl,»

24
_ 27 _ 4i+l . n-21 2
ki =q Eiqq’ bi =q L 9 ]q, c; [2 ]q'
Note that when n = 2m,thenkm = qm(Zmrl)- Also, that in case n = 4 these

parameters reduce to those we found for D4 1
H
Two points have distance < i (for 0O<i<n) iff there is a path n-(n-2i)-n in

the geometry. When n is even then two points at distance jn ("in general

position") are not incident to a common object. (Note that k = #An—l 5+ 4
_ 4 _ 1@2i-1) Ty, .
and, more generally, that k. An-l,Zi . ki(DZi,Zi) q . An—1,2i
The values for bi and c; follow similarly. The value for v follows by
induction, and when n = 2m then k_is found from k= v - Z. k..)
m m i<m i

The Weyl word corresponding to distance i is the same one (after relabelling)

as in D2i,2i’ namely:
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"n n-2 n~1 n-3 n-2 n n-4 n-3 n-2 n-1 i

of length
1+2+3+4+ ,..+21i-1=1i(2i-1).

n

In the thin case we have v = 2 _],k.= (2)’ and the graph is that of the

>inary vectors of even weight and length n where the distance is the

Johnson distance, i.e., half the Hamming distance.

EXAMPLE 8 (See Tits [8]).

6
()

W OO N AN

1 2 4 5
This graph is strongly regular (i.e., distance regular with diameter 2).
We have

9 8
vy=94 1 47l g k- q . #D =q . a1 (q3+l).
JA 5,5
q -1 q-1 q-1

The thin case gives diagram

10 8
the Schlifli graph - this is the complement of the collinearity graph of

the generalized quadrangle GQ(2,4). In general we find diagram

7

A
O— O
k A 4,1
where k, = q8 #D, and A = g-1 + q2 #A
2 "D By o

Double coset 1 corresponds to shortest path 1-2-1 and has Weyl word "1".
Double coset 2 corresponds to shortest path 1-5-1 and has Weyl word

12364321", as in D .
5,1




E 9.
6
1 2 3 4 5
raph has
-1 6 .., 4 3
Kl (g +1)(q +1)(q7+1)
2 3 qs—l
= q.# =
k = q. A5’3 q(q"+1)(q +1)q__1 .

in case gives diagram

teral we find

(E:>k

.q6 and k3 = qlok and A = q-1+-q2. (q2+q+1)2.

=#A

: #
“ 5,1° A1

:» coset 1 corresponds to shortest path 6-3-6 and has Weyl word "6".

» coset 2 corresponds to shortest path 6-{1,5}-6 and has Weyl word
n

36" (of Dé,l)'

» coset 3 corresponds to shortest path 6-1-4-6 (or, equivalently,

-6) and has Weyl word "6345 234 1236".

> coset 4 has Weyl word "6345 234 1236345 234 1236".

tamples of type F 1> see Cohen [6].
2

4

13




Ip to now all our computations were easy and straightforward, mainly because
f the limited permutation ranks (number of classes of these association

ichemes) and the fact that A 17 Dn 1 and E6 1 have diameter at most two.
E] 5

lontinuing in this vein we qulckly encouter difficulties. E7 1 is still
3

listance regular with diameter 3 and E7 6 and E8 I have diagrams like
H b

E6 6 (and these three cases are easily doable by hand) but for instance
3

7,4
n the next section we describe how the parameters for these Lie geometries

has 149 classes (double cosets) and all geometric intuition is lost;

:an be mechanically derived by means of some computations in the Weyl group.
‘n a way, this means that it suffices to consider the case q = 1. Now
wwerything is finite and a computer can do the work.
in the appendix we give computer output describing E , E , E , E .
7,1 7,6 77,77 78,1
and E 8? in other words, the geometries belonging to the 'end nodes'

‘8,7 8,
»f the diagrams E_ and E8. For E7 we also computed the parameters on the

remaining nodes, gut listing these would take too much room. We therefore
rontent ourselves with the presentation of permutation ranks for the
thevalley groups of type F4, En (6<n<8); to each node r in the diagrams
velow is attached the permutation rank of the Chevalley group of the

relevant type on the maximal parabolic corresponding to r.

5 17

—
~
(9, ]

Q

O

@)
OO0

5O

O

T

13 149 27 5
v 00 Q—o—%—o—o
5 26 47 1437 134 10
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UCTION TO THE WEYL GROUP

n this section, G is a Chevalley group Xn(q) of type %nover'a finite
Fq. We shall heavily rely on Carter [4], to which the reader is
ed for details. Though with a little more care, all statements can
pted so that they are valid for twisted Chevalley groups, too, for
ke of simplicity, we shall only consider the case of an untwisted
ley group G. To G we can associate a split saturated Tits system
WR), cf. Bourbaki [1], consisting of subgroups B, N of G such that
enerated by them, and of aCoxeter system (W,R) with the followiﬂg
ties

H=Bn N is a normal subgroup of N and W = N/H.

For any w €¢ Wand r € R

(i1) " BwBrB < BwB U BwrB

(ii)" "BcB

(split) There is a normal subgroup U of B with B = UH and U n H = {1}.

(saturated) n WB = H.
ind below, WAWZtands for wAw_1 if A is a subset of G invariant under
:ation by H. Notice that YB and Bw are well defined. We shall briefly
. how the Tits system may be obtained. Start with a Coxeter system
where W is a Weyl group of type Xn. Let & be a root system for W. A
‘ mutually obtuse roots corresponding to the subset R (of fundamental
'tions) forms a set of fundamental roots. Now, any root o € ¢ is an
‘al linear combination of the fundamental roots such that either all
.cients are nonnegative or all coefficients are nonpositive. In the
- case a is called positive, notation a > 0, in the latter case a
.led negative, notation o < 0.
100se a Cartan subgroup H in G, and denote by Xa for a € & the
subgroup with respect to a (viewed as a linear character of H). Thus
nalizes each Xa’ Next, let N be the normalizer of H in G. Then W = N/H
:es the Xa(ae®) according to WXa = Xwa (weW).

= aEO Xa is a subgroup of G normalized by H, so that B = UH is a
>up of G with B n N=H. This explains how B,N,W,R,U occur in G.
»d some more subgroups of G. Given w € W, set

= X .
Uw a§0 o

=
w a<0
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This is o subgroup of U. In fact, if £(w) for w € W denotes the length of

7 with respect to R, there is a unique longest element w, in W; this element
7, is an involution satisfying U n Yoy = {1}, and U; = U n "oy,

Notice that our definition of UW differs from Carter's in that our Uw
coincides with his U -1- It is of crucial importance to the computations
>elow that

- qIC(W)

v, !

- , for every w e W.

Fix r € R and write J = R\{r}, W, = <J>, the subgroup of W generated by J,
and P = BWJB. Then P is a socalled maximal parabolic subgroup of G
(associated with r). We are interested in the graph I' = I'(G,P) defined as
follows:

its vertices are the cosets xP in G (for x € G), two vertices xP, yP being
adjacent when y_lx € PrP.

In this graph, xP and yP have distance d(xP,yP) < e if and only if

y_]x € P <r> P <r> ... <r> P (a product of 2e + 1 terms).
Let us first compute the number v of vertices of this graph.

LEMMA 1. Each coset xP has a unique representation xP = uwP where u ¢ U;

and w is a right J-reduced element of W, t.e.,

welLy:={ve W|LGmw') = £(w) for all w' e Wil

PROOF. xB has a (unique) representation xB=uwB with w ¢ W, u € U;, see

Carter [4], Thm. 8.4.3. Thus XP = uwP and obviously we may take w € L

3 (cf.

Bourbaki [13], Exercice 3, §1). Suppose uwP=u'w'P. Then w'e BwBWjB so that

w'=ww'" with w'"e¢ WT’ but since w,w' eL_ it follows that w'=w. Next, since

N J
Pnw ’legB and w 1UWW_C_WOU and Bn"°U=1 (cf. [5), Proposition p. 63,

Carter [4], Lemma 7.1.2), it fecllows that u = u'. [

PROPOSITION 1. The graph T(G,P) has v vertices, where

v= 7 W,

weLJ

qﬂ(w)

PROOF. A straightforward consequence of the formula |U;| = for w e W,

and Lemma 1. [J
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JEMARK 1. Of course, we also have the multiplicative formula

v=lo/p] = 1 (%-1)/(g%-D),

1

[[=1=]

1

vhere dl""’dn are the degrees of the Weyl group W, €ys...,€ are the

Jegrees of the Weyl group Wy, and e, = 1, (cf. Carter [4]).

Next, we want to put the structure of an association scheme on this
graph. The group G acts by left multiplication on the cosets xP, and clearly
this action is transitive. Thus we find an association scheme. The ‘
collections of cosets in a fixed relation with a given coset, say P, are
the double cosets PxP. The pair (xP,yP) has relation G(xP,yP), labelled
with Px—lyP. We see that a relation PxP is symmetric iff PxP = Px—lP,

and this holds in particular for x = r.

LEMMA 2. Each double coset PxP has a unique representation PxP = PwP where
w 78 a both left and right J-reduced element of W, t.e.,

we D= {w e W|w is the unique shortest word of wawJ}.

PROOF. See Bourbaki [1] Chap. IV §1 Exercice 3. [

PROPOSITION 2. The assoctiation scheme T(G,P) has valencies L (belonging

to relation PiP) for i € DJ, where

k, = .
weLJnWJl

PROOF. Obvious. g

) -1 B
REMARK 2. If i € DJ, then 1W31 n WJ = WiJi—an by Solomon [7], so

substitution of q = 1 in the above formula for ki leeds to the equation

ILynwil = Iwyl /AW 5i-1 5

. i . .
Finally, we come to the parameters pjk' It is ‘more convenient to label

the relations (such as i,j,k) by elements from D_ than by 0,1,...,s as in

J
Section 2. Therefore, we shall use these new labels; 1 now stands for the
"old 0", and r for adjacency, i.e., the "old 1". We shall confine ourselves

. . 1
to giving Pjr'
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THEOREM 1. Let i,j € D_. Then the number of points (i.e., cosets) in

J
iPrP n PP is
P%r _ ) qK(w) N ) qK(wr) . ) qﬂ(wr)‘
J weLnA weLnA weLnAr
£ (iw)>L (iwr) £ (iw) <L (iwr) £ (iw) <l (iwr)

, I
where L := L;n er and A := i WJJWJ.

PROOF. Clearly,

WJrWJ = U WWJ.
wel

Consequently,

iPrP = iBW BrP = iBW,rP = U iBwP.
wel
Now we want to write each set iBwP as a union of cosets uwP as in Lemma 1.
For g € G and K a subgroup G define Bx .= gKg_1 and K# = K\{1}. It is
well known that for any u € W we have Zf £(iu) = £(1) + L(u) then i(U;)CZU;u.
(See Cohen [5] Lemma 2.11.) Notice that w = vr for some v € Wj with
L(iv) = £(1) + £(v) and £(vr) = L(v) + 1.
Distinguish two cases:

If £(iw) > £(iv), then
iBwB = iU wB = (U )iwB
w w

and we have l(U_) < U. as desired.
w iw

If £(iw) < £(iv) then
iBwB = iBvBrB = i(U;)ivBrB = i(U;) .[iwB U iW((U;)#)iB]

and we have 1(U_) c U, 5 l(U_) .lW(U_) c U. as desired.

veoL v v r iv
(For the inclusion (Uv) c Uzw note that v cannot change the sign of the
root corresponding to r since v € Wj.)
Now in order to count how many of the cosets uwP fall into a given double
coset PjP we only need observe that uwP c PjP iff w ¢ WJjo, and that

distinct w € L lead to distinct cosets iwP. 0O
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! ,P of T at mutual distance d, the

wmber of vertices at distance d-1 to xP and adgjacent to x,P 18 congruent

COROLLARY 1. Given two vertices x,P, x

to 1 (mod q), and the number of vertices at distance d to x,P and adjacent
to x,P is congruent to -1 (mod q). Also, the valency k is congruent to 0
(mod q).

PROOF. From "'w € er <> £(w) 2 1" and the expression given for k = k_we
see that k = 0 (mod q). Next, from the previous theorem we obtain that
i

pjr = §(ir ¢ WJJWJ) + (q-1) . 8(1 € WJJWJ) (mod q)

where 6(T) for a predicate T denotes 1 if T is true and 0 otherwise. Thus,
all p}r are congruent 0 (mod q) except p;r which is congruent -1 (mod q)
and pi which is congruent 1 (mod q) - where i is defined by ir ¢ W iv_.

1r 3 . J
Clearly d(P,iP) = d(P,iP) - 1. [

REMARK 3. This corollary is motivated by Lemma 5 in [2] which is a crucial
step in the proof that if T is finite and q > 1, then the building
corresponding to the Tits system (B,N,W,R) does not have proper quotients
satisfying the conditions in [10], Theorem 1. The above corollary shows
that the conditions are satisfied for the Chevalley groups of type An’ D

n
or E_ (6<m<8). For another application, see [3].

REMARK 4. It is possible to compute the parameters P;k for arbitrary k in
a similar way. Again one starts by writing iPkP as a disjoint union of the
form iBwP. Next by induction on £(w) this is rewritten as a disjoint
union of cosets uvP, where u € U; and v € LJ. As an algorithm this works
perfectly well, but it is not so easy to give a simple closed expression

i
for pjk'
4. COMPUTATTION IN THE WEYL GROUP

We shall briefly discuss the way in which several items in the Weyl

group have been computed.
(i) The length function £.

The only essential ingredient in our computations is the length




(ii)

(iii)

(iv)

function; all other computations can be done by general group theo
routines. But given the permutation representation of the fundamen
reflections on the root system ® and a product representation

SyeeeS (not necessarily minimal), we find £(w) from

1°72°

L(w) = #{a € @ |a > 0 and wa < 0}

(see e.g. Bourbaki [1] Chap. VI, §1 Cor. 2).

Canonical representatives of the cosets WWJ.

Let ¢ be the coroot perp .ndicular to all fundamental roots except

one corresponding to r. Then ¢ bas stabilizer W_ in W, and the ima

J
of ¢ under W are in 1 -1 correspondence with the cosets WWJ.

Equality in W.

Similarly, let p be the sum of all positive roots. Then wp = w'p

iffw=w'.
Double coset representatives.

Given a suitable lexicographic and recursive way of generating the

cosets wW., the first of these to belong to a certain coset Wi

J’ J
have w € DJ. All cosets in the same double coset are generated by

premultiplying previously found cosets with reflections in J. Howe
the set DJ of distinghuised double coset representatives can be fo
without listing all single cosets w 3¢ given w ¢ DJ, one can deter
all elements from DJ n wL, where L = LJ

right and left J-reduced words from wL (compare (i)). In view of t

n WJr, by simply sieving a

fact that W is generated by J u {r}, iteration of this process wil

eventually yield all of D_ (one can start with w = 1). We have don

J
so for the Weyl groups of type F4, E6, E7, E8. The cardinalities o
DJ, i.e. the permutation ranks, have been given above.
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1¢13

64321
101
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161

urs o

£11d
101

+ Qx*2 + Qq**3
*xQ**E + 2xqrxT

**x8 + q**G + Qqw
*%x13 + g*x*14 +
oint in 0:

+ g**2 + Qg**]

xQr*x6 + 2xkqg*x*xT
oint in 1:

1 + ¢ + g*x*x2 +
*xQq*kx5 + 2*xqr*p
[*%7 + QqQ*x*%8 + Qgx

oint in 23

+ Q + g**2 + o
[**5 + g*x*6
'l = ax*3 + Qgx*kyg
kQikx] + 2hQqxx8

*k4 + 2%Qqr*x5 +
kX8 + qx*xG + Qg

gx*x1l + 2%xq*x=*]
+ g*x16

kx4 + 2xkgx kD +
|*%8 + Ggx*x9 + Qg*

+ Z2xQgrx4 4+
7 + g**x§
g**1C + qg#**11l

o+ Qk%x4 4+

*5 4+ gxx6 +
S + g**x10 + Qqx»




+ gQx*2 + 2%Q**x3 + 3xqrk4 + Jxqgrx5H +
Qx*E + JHRGRkxT + ZHxQE*E + grF*G 4+ qrx10

*6 + ZHxGr*T + JrkQgrk*x8 + 4xgrk*x9 + S5+«g**x10 +
gx*1l1l + 4xQik*x, 2 4+ Z2xqx*x13 + 2xQr*x14 + qx*x1S

*1l + g**x12 + Zxg*x13 + 3kqgrrl4 + Jxqrxr15 4+
Qx*16 + Jxkqgrxyi T + Zxqgx*18 + g**x19 + qx*x2(
12341236)

*21

int in 02

+ qQ**2 + 2xq*xx 3 + Zxqgrx4g + Txqxx5 +

qQ**6 + Jxq*xxT + 2*%q*x*xE + Gg*x*x9 + gxx10

int in 13

+ G + QF*Z + 2x(Qg*xx3 4+ 3Ixqrx4 +

q**5 4+ Gg**xb

XS + 2xGxx6 + 3xGAiT + ZrGrAE + Qr*9
*10

int in 23
+ Q + CHRQR*D o+ gQrxI o+ gxx4
= Ox*Z + GErREAk + ZAQAR*4 4+ JxgrxH +
qQr*6 + 2xqx*xT7
*6 + g**x] + 2=xQg**8 + qg*x9 + (g*x=x10

(€Y

dnt in

+ 2*xQrk*x2 + 3*q**3 + Z2*xCcx%x4 + qaxx%x5
= Q%% 2 = QOQ*%ky + Qr*4 + 2*xqQx*xE 4+
Qr*6 + J3*xGrxT + 2%xgx*x8 + (gx*9

*10

int in 42

+ g + 2%xQ*x¥2 + 3Ixxk*x3 + Jkqrx4 +
q**5 + 3xqr*p + 2xqr*T + g**8 + Qq*x*x9
- gQ**¥2 = Qg*xk_ + Q**7 + gx*x8 + gx*x10




kkk T g9l *kkkw

y cosets
agouble cosets
zZes.
)
{11 1
(1)
[273 g + Qg*%2 + q**3 + Qq**4 + 2*xQ*x*5 +
2*xg*xxp + 2xqQ¥*xT + 2xq**8 + Ixkqg*x*x9 + «10 +
2xqxx1]l + 2xq*x*,2 + 2+Qq**x13 + q*x*l4 k15 +

gx*x16 + g*x*17
(1234754321)

2713 q**10 + g**11 + g*x12 + g*x*x13 + 2*xQq» +
2xqx*x15 + 2*xqgrxx,6 + 2*xqx*x]17 + Jxgrx; 2k QK K
2xqr*20 + 2rQqErr .l + 2xqgrx22 + qR*x23 k24 +
qx*25 + Qq**26
(123475645347234512347654321)
[11] qx*27
:ighbours of a point in O3
1: €271 Q + Q**2 + Q*x*3 + Q**4 + 2xg**5 +
2xqxx6 + 2xQI*T + 2xkgx*E + Ixgx*x9 + *10 +
2xqrx]l]l + 2%xqFx,.2 + 2xQq¥*x13 + q**x14 x15 <+

g**1l6 + q*x*17

>yghbours ot a point in 1:

o0: (11 1

1: (€161 =1 + g + qx*2 + Q**x3 + QqQx*4 +
2*xQq*x*5 + 2xqxx6 + 2*Q**x7 + 2%xqgx*x8 + *9 4+
q**x10 + g**x11 + g*xx12

2: (101 g**3 + q**x10 + y**11 + Qg*x12 + 2*xQq*

g**14 + qg*x1E + qg*x*x1& + qg*x*x17

sighoours of & point in 23

1: (101 1 + g + q*x*2 + y**3 + 2xqx*x4 +
g**3 + Q**x6 + Qgxx7 + (g*x*x8

2: [16] =1 = g**4 + Qq**y + qx*6 + QgxxT +
Q**8 + 3*xgx*9 + 2%qx*x10 + 2xqgxx1]1 + *xl2 +
2xq**13 + q**x14 + qQ**15 + qg*=*16

3: (113 gx*x17

sfghbours of a point in 2:

2: [271] 1 + g + Q**%2 + (*x*3 + 2xQ**4 +
2*xQq**5 4+ 2*xqrxp + 2*xCx*T + Ixq*x*8 + *9Q +
2xq*x*x10 + 2xqgr*x,1 + 2xq*xx12 + g**x13 *14 +

qQ**x15 + gq**16
3 (] =] = Qg**x4 = qgrxkpy + Q**x9 + g*x*x13 +




kk 7 ¢6 **kkhx

cosets
ouble cosets
2s.
)

{113
(6)

321

(65473456)
[e0]

1

Q + q*x*x2 + @
Jxqxkp + J*xQ
Jxqrx]ll + 2%

g**8 + Qg**9
4xqg*x*x13 + S«
S5xq**18 + 5=
2xQ*x*x23 + Qgx*

(65472452347123456)

321

qx*17 + g**x1
Ixq*r*x22 + 3%

IxQx*x27 + 2%

(654734562345123474563452

£13
ghbours of a
1: (321

Q

ghbours of
0: (11
1: C151]
2. [151
33 13

ghbours of a

1: (81
2: L1161
3: [81

ghbours of a
1: [11]
2: [151]

3: [151]
4 [11]
ghbours of a

3¢ L321

4: (01

gq**33

point in 02
q + q**2 + @
Ixqgqrxxb + 3*%(Q
Jxqgrex]]l + 2%

point in 1:

1

=1 + g + qg*x
2*xqg**5 + 3%xq
gx*7 + q**§8

2xgq**x12 + 2%
qx*16

point in 2%
1 + g + g*x*x2
g**5 + g*x*x6

-1 = qg**x3 +

Ixqx*x7 + 3*%q
Q**10 + qg*=*x1
g*x*15 + g*x*]

point in 3:

1

g + g**x2 + 2
2xQ**6 + 2%Q
-1 = q**3 -

2*xQ**8 + 2%Q
2*xqg*x*x13 + Qgx*
g**16

point in 4:
1 + g + g*x=*2
3xq**5 + 3*xq
Ixq*xx10 + 2%
-] - qj**3 -

*4 +
*8 4+
g*x*13

+ 2*q
g**15
q**20

+ 2%Q
q**x24
g**x29

*4 +
*8 +
q**13

2*q*
*7 +
2*xq*x
*14 +

+ QX%

5 + 2
*G +
+ 2*q

g*x*4

+ Qgx*
€E + @
*10 +

+ 2*q
*x7 +
q*xx12
11 +




eT g7 **xkkx

ysets
ible cosets

€11
)
£351

$15347)
L1051

1563452347)
£1401

45347234512
£73

45347623451
L1401

45634523474
£71

45634523474
L1051

45347623451
£351]

45347623451
[11
bours of a
[353

pours of a
£13
£1z21

(181
L4l
bours of a
el
(121
{121

£11
£41

rx2 + 2xQ*x3 + Jhkqgxx4 + 4xrxqgxr5 +
5+ SxqrxT 4+ 4xgxx8 + 4xgi*9 4+ Fxqaxl10 +
l1 + g**12 + qg**x13

P 2%xQrxxT + 4XQi*E + Exqx*x9 + Gxqxx10 + '
k11 + 13*qxx12 + 123*xg*x*13 + 13xqg**x14 + 11xg*x*x15 +
16 + 6rg*x*x7 + 4*%qx*18 + 2*xq*x*x19 + q**x20

+ 2xqx*12 + Gxqxx12 + Txgx*x1l4 + 10*g*x*x1% +
k16 + 16*qx*17 + 1T7xq**1& + 17*+q*%x19 + 1lexgx*x20 +
k21 + 10*xqge*22 + Txq**x23 + L4Hqx*x24 + 2xex*25 + (gx*26

+ gx*x16 + q**x17 + g**18 + g**x19 +
+ gxx21

+ 2*xqQr*x17 + 4xQgx*18 + Txg**x19 + 10*qgx*20 +

x21 + le*xqgx*x22 + 17*xqg**x22 + 17*g*x*x24 + 1Exg*%x25 +
26 + 10xqx*27 + T*Q*x*28 + 4xqg*x*x29 + 2%¥q*x*30 + (gx*31
2347)

+ q*x22 + Qqx*x23 + Qq**24 + Q**25 +

+ q**27

12347) ,

+ 2xqQx*x23 + Grqrx*x24 + Exqgr*x25 + gxqxx26 +

*27 + 13xqx*28 + 13%xQq**29 + 13xqx*30 + 1lxqx*31 +
32 + 6xQx* 3 + 4xqgix34 + 2xqrx*x35 4+ qQ*x*36
45623451234 7)

+ q**30 + 2*Qq*x*x31 + 3xqx*x32 + 4rqrx32 +

34 + Bxrqrx;5 + 4xQrx36 + GxQxx37 + J3kqxx28 +

39 + g**40 + qgx*x41

4562345123473456234512347)

in 0:
*%k2 + 2x(Q*xx3 + Jxqrx4 + L4xqxxD +
6 + SkQX*T + 4*xqrx§ + 4xgx*xg + 3J*xqguxx10 +
11 + g*x*12 + g**13

in 1:

Q + Q**2 + 2*xQg*x*3 + 3Jxqirx4 +
3 + 2xq**6 + Qqr*7
+ 2+Qg*k*6 + 4xqQE*T] + 4xgix8 + 4xqr*T +
10 + g**11
+ q**x]]1 + qg**x12 + g**x13

in 2:

+ 2*Q**2 + Q*x*x3 + Qxx*x4
Qx* 2 + Qrky + 2hk(grkx4 o+ 4xqg**x5 <+
& + 3*q**7 + qx*§
+ 2xQq*x*7 + 3*xq**x8 + 3xq**x9 + 2*qx*x10 + g**11

]+ q**x11 + qx*x*x12 + g*x*x13




eighbours

1: (11
2: (N
3: [121]
5: (9]
€: [11
7: (33
eighbours
2: L1951
4: ([C]
5: L2012

eighbours

2: 2]
3: LS]
4: (11
5: [12]
7: [91]
8: [11
eighbours
3: C201
6: LO0O3
7: [15]

efghbours

3: [4]
5: (123
6: (11
7: (121
8: (61l
ieighbours
5: [43]
7: C181]
8: (1217
S: (13
teighbours
8: [351]
g: (01

of

of

of

of

of

of

of

point in 3:-

1

q + 2*xq**2 + 3Jxy*x*3F + 2%qrx*k4 + gxk*D

=1 = Qg*x2 = Qq*x*ky + (g**4 + 3Ixkqx*5 +
4rgx*x6 + 4xqgrxT + ZhCoxxE + q**9

Q**7 + 2%qg**xE + J*xqgx*x9 + 2*qx*x10 + g*x11
qx*x10

gx*x1ll + g**x12 + qg**123

point in 41

1 + g + 2*%qg**x2 + 2xq**3 + 3*qg*rx4 +

2*xq*x*xS5 + 2xqx*xb6 + QqQ*x*] + Qq**§

=1 = Qg**2 = Q**xg + Gg**5 + Qx*x7 + QqQ**9

g**4 + Qq**5 + 2axQgr*p + JrkQqrkkT + JkQxkx8 +
Ixqx*x9 + Bxgxxly + 2xgr*x1]1 + q*x*x12 + Qg*x*x13

point in S:

1 + g + g*xx2

Qx*2 + 2*xQg**x3 + Jxqrx4 +
qQx*3

-1 - g*¥*xy + 2*Q*x*5 + JxkqrxE6 4+
Sxqxx7 + 3xq**x8 + 2xq**G

Q**8 + 2xqg**9 + 3xqr*x10 + 2*xg**x11 + gx*x12
q**13

Sxkg**x5 4+ qQr*6

Q**2 =

point in 6:

1 + g + 2xq**x2 + Zxq**x3 + 3*xq*xx4 +
3xqrx + Jrqrkb + 2*gr*xT + gr*8 + q*rx*§
-1 = g**2 = Q**xy + Q*x7 + g*x*x§ + gx*10
gQ**5 + qQ¥*6 + 2xQ¥*x] + 2*xkQqQ**E + 3xqrA*x9 +
2*xq**10 + 2*xgx*x,1 + g**x12 + g**x13

point in 7:

1 + g + a*x%x2 + (**3

g¥*2 + 2*xQxk*x3 + 3xqrx4 + JkqrxD + 2xqgrxb + grx7
g*x*4 ’

-1 « Qg*%x2 = Q**y = Qqx*4 + g*x*x5 +

2xq**6 + 4xqrx] + 4xqgxx8 + Jrgrkx9 + 2xqr*10
q**9 + qgx*x10 + cxgxx]l]l + Q**12 + q**13

point in 8:

1 + g + g**2 + **3

qQ**2 + 2*xQ*x*x3 + 4xQqrr4g + 4xqrxT + 4xgrxx6 +
2xq*x*7 + Qq*x*8

-1 = QgQ**%2 = Q*xy = QqQ**4 + Jkqxx] +

Ixg**8 + 4xq*xG + Ixgxx]10 + Z2rgr*x]1l + q**x12
qx*13

point in 9:

1 + g + 2*xq**2 + 3J*xg*x*3 + 4xq*x4 +

4xqx*35 + Skqrxh + 4xgik*rT + 4rgx*x8 + Ixqx*xG +
2xGg*xx10 + qg**x11 + qg*xx1Z2

=1 = gQ¥*2 = QgQ**y = Q**x4 =~ Qq**kE +

Qx*7 + qg**9 + gxx10 + q**x]11 + g*=*13




* %k k k

ysets

»54321
]

575645

375645

of a

of a

of a

qQ + g*%2 + gq**3 + Qx*4 + qg¥*x5 +

2*xqxxb6 + 2xQgExxT + 2xqkx8 + 2xQqx*9 + Jxqx*x10 +
Ixqexll + 3Jxgxxiz + Ixqr*x13 + 3Ixqxxl4 + 3Ixgux]1S
3xgx*x16 + JIxqgrxi T + Ixq*x*18 + 3*xg*x*x19 + 2xq*x*x20
2xq**21 + 2%Qr* .2 + 2xQq*x %23 + Qg*x*24 + qg*¥*25H +
qQ**26 + q**27 + Q*x*x 28

)

Q**x12 + qg**%x13 '+ qg**x14 + gx*x15 + 2*xqrx*x16 +

2xq*x*x17 + 3*xgx*, 8 + 2xqx*19 + 4rqx*x20 + Grqrxzl
S*q**x22 + S*Qr*_3 + £xQ*x*24 + E£Exqrk*x25 + 6xkQr*26
Erq*x27 + Txqgx* . & + Txq*x*29 + 6xq*x*x30 + Exq**x3]
Ergx*xZ2 + 6*xqQ*x*x53 + Sxqrxx34 + Sxgxx35 + 4xg*xJ6
Grqxx 37 + Jxgr* 8 + IxQ**3G + Zxqrx4( + 2xqgrx4]
gQ**42 + g**43 + Q**x44 + Qgx*45
834562345876543c1)

q**29 + q**x30 + ax*3]1 + q*x*x32 + q**33 +

2xQq**x34 + 2xqr*x05 + Zx(qxxIH 4+ 2%qx*x37 + 3xq**x38
3xq**39 + 3xqgr*xq0 + Zxqrx4]1 + IxqQ**42 + 3xqrx43
Ixqx*x44 =+ Jxqrxq5 + 3rqx 46 + Jkqrx47T + 2*xqQ**x48
2*xq**x49 + 2xgx*x 0 + Zxqxx51 + g**52 + g**53 +

q**54 + q**55 + g**56
834567234561234,65674563458234561234587€54321)
qQ**57

point in C:

Qg + Q**2 + q**3 + Qqr*4 + a*x*5 +

2*xqgx*6 + 2xg*x] + 2xQrrE + Z2xqx*x9 + 3*0**10 4+
3xgrx1l + 3Jxqr*x,2 + Jxgr*x13 + Zxqxxl4 + 3Ixq*xx15
Ixqg*rx16 + 3xqrx,T7 + 3xgx**x18 + Ixqx*19 + 2xga*x20
2xQ*x %21 + 2xQRkko2 + kR X233 4+ Q**24 + Qg**25 +
qQ**26 + q**27 + gx*28

point in 13

1

-1 + g + Q**2 + Cc*%x3 + Q**4 +

Q**S 4+ 2¥Q¥*6 + ZxQr*x] + 2%xQqQ*k*§ + 2*xQq*xk*9 +
3xqrx10 + 2xqgx*x,1 + 2%q**x12 + 2+«qgx**x13 + 2*xq**14
g**15 + q**x16 + g*x17 + Gg**18

g**11l + Qg**12 + gx*x13 + qg**x14 + 2+g*x*x15 +
2xQ*x*x16 + 2*xQq*rx, 7 + Z*xqx*18 + 3*q**x19 + 2*xq*x*x20
2%xq**x21 + 2%xqr*x.C + 2*xqQ*x*23 + QqQ**24 + qQx*25 +
qx*26 + q**27

q*x*28

point in 2:

1 + g + qg**z + (*x3 + q**4 +

2xqgx*x5 4+ Gx*6 + Qgr*xT7 + q**8 + q**9 + q**10

-1 = Q**5 + Q**u + Q**T + Q*k*x& +

g**9 + 2xq*x*10 + 3xqxx11 + Ixkqrx*x]12 + 3Ixg*x13 +
3xqgxxl4 + Jxqrx5 + Jrqrxlpe + JxgAx]1T + 2*q**x18
2xq**x19 + q**x20 + q**21 + g**22

q**181+ g**19 + q**20 + Qq**2]1 + Qgx*x22 +

2xQq**23 + Qq**24 + q**25 + Qq**26 + Q**27 + aQ**28




sjghbours o

1: [113
2: 2713
3: [272
4: [13
2ighbours
3: [5¢1]
4: [01]

oint in 233

+ Q**2 + (
kQxk*xH6 4+ 2%Q
kqr*xl1]l + 2%
kx]16 + Qg*rxl
1 = g*+*5 =
kx]12 4+ gxrx]
kQxx17 + 3%
kQxk* 22 + 2%

**x28

oint in 4:

+ g + q**2
kQxxS + 2%(Q
kqxx10 + 3%
kgxx15 + 3%
kq**zo + 2%
kx2S + Qqx*x2
1 = g*x*x5H =

Q**x4 + 2%Qq
cxg*x*x8 + 3
+ cxkQqx*x13

+ q**x10 + @
kQ*x14 + 2%
+ 3xg**x19
+ Ggx*x24 +

3 + Qx4 +
2*xqg*x*x7 + 2
+ 3xqg*x12
+ 3xqgxx17
+ 2w(Qrx22

xx 27

¥ g*x19 + q

+ 2*xq*x*x10
l4 + g**1%S

+
+ 2%xQx*x16
kx20 + 2%xQg*
+ g*x*26 +

+ 3xq*x*x9 +
k%13 + 3Ixqgxk
k%18 + 2*xQq*
23 + qx%24

+ Gxx28




e8e¢7 *xhkkx

cosets
uble cosets

£113 1

[ey ] - g + gx*2 + Qgx*x3 + 2*qx*4 + 2xg*rxH +
Ixqrxb + Grg*x*] + LGrgxxE + 4*q**9 + Sxqxx10 +
Sxqrx]1]l + Skaxk, 2 + S5xqgxx13 + Gxgxx14 + 4xqx*x15 +
4xrxqrxlb + Ixqrx T + 2*xq*x*x18 + 2*q**x19 + g**x20 +
q**21 + q**22

6584567)

[28C 1] q**g + q**x9 <+ 2xqg**x10 + 3I*xqgx**11 + 5xgxx12 +
Erqr*]13 + SxGrx 4 + 1U*q**15 + 13xg*x*x1l6 + 15xqg»x*x17 +
17*q*x*18 + 18*qx*19 + 20%q**20 + 20%g**x2]1 + 20*qg**x22 +
DOxqx%*23 + 18%qa*24 + 1T#q**25 + 1S5xqx*26 + 13xqr*x27 +
10*q*x*28 + 9*xgx=29 + Exq**x320 + SHxgrx31 + Ixqx*x32 +
2*xq**x 33 + Qq**34 <+ q**35

£584563458234567)

[448] Qx*17 + 2+q**18 + 3Zxc**1G + Sxg**x20 + Txqxx2]1 +
10%g##*22 + 14%qu%xZ23 + 17*xq**24 + 20xq**235 + 24*xq¥*26 +
D7xqx*27 + 30*qx*28 + 32%q¥*x29 + 324qx*30 + 3I2+gx*31
32%xQ%x%x32 + 30%xqx*33 + 27T*xq¥**34 + 24xqx*35 + 20%q*x*36 +
17xg**37 + 14*qx*38 + 10*xqx*x39 + 7*q**40 + Sxqgrx4] +
Ixqgxx42 + 24xQikq 3 + ag*x*x4 4

"65845€6T73456234531234567)

[560] Qx*24 + g*x*25 + 2*Qr*26 + q*q**27 + 6*q**28 +
Bxq*x*x29 + 12xq*x= 30 + 15*q**31 + 19%xqrx32 .+ 24*q**33 +
27xqx%x34 + 31xqx%35 + 35xqx*36 + J3Txqx*37 + 38xqx*x38 +
40%gqx*39 + 38xqx*40 + 3T7xqgxx41 + 35xqr*42 <+ Jlrxg*x*x43 +
27T*xqx*x44 + 24xqQx*435 + 19*xgx*x4€ + 15xq*x*47 + 12*q*x*x48 +
3xg*x*49 + 6*xq**u 0 + 4xqx*x5]1 + 2xq*x*S2 + qx*53 + Qq*x*54

"65845673456234585674563458.34567)

[1473] qx*33 + Q**34 + q**x35 + q**}ﬁ + q**37 +
qr*38 + 2xqQ*%x33 + Q**40 + qg*x*x4]1 + qQ*x*x42 +
a**43 + ax%x44 + Qx*45%

165845673456234585674563458.2345€7)

(448137 qQx*34 + 2*xCG*¥%x35 + Ixqr*3E + Sxgrx37 + T*c*%x38 +
10*q**x39 + 14*gx*40 + 17xqx*41 + 20*xqxx4z + 24xqr*x43 +
27xqx*44 + Z0*xqx*45 + 32¥xqrkx46 I2xqg*x*x47 « 3J2*xqxx48
32%xq**49 + 30xq=x50 + 27+q**51 24%q**52 + 2C0*xq*xx53 +
17*g**54 + 14*xqg=*355 + 10xcx*56 T*g*x%x57 + SExgxx58 +
Ixgx*H59 + 2xqgr*xu( + [PEEXNY

716584563458723456123458456704562345E812345€7)

[2801] q**43 + q**qq + 2%xQq**x45 + 3*q**46 + 5*q**47 +
Exq*x*48 + Ixqr*x4 G + 10xg**50 + 13xqx*xH1 + 15xg*x52 +
17*g#*53 + 18*g=x*54 + 20*%q**55 + 20*gx*5€ + 20%c**57 +
20%q**58 + 18%xqa*59 + 1T7xq**&0 + 15xqgrxx6l + 13xq*x*x62 +
10xg*x*63 + 9xg*xx64 + b*q*x*x65 + Sxgxwbe + Irqr*67 +
2xQq*x68 + q**eg + q**x70

765845€3858723456123458456704562345845672456234581234567)

[643 qQ*x*56 + q**57 + gq**58 + 2*q**59 + 2*xq*x*x60 +
Ixqxx6l + 4rgrrpl + 4xgx*x63 + 4xqxx64 + DrQr*ED +
5*q**56 + Sxqx*a (| + Sxqx*68E + 4*q**69 + 4xqgqxx70 +
q*q**71 + 3xQ*x (2 + Z2k(Qrx*xT3 + 2*q**74 + (q**x75 +
qx*xT76 + ox*77

7658456 734562345856 74561234086672345612345834567234561234584¢5
£73456234581234567)

£11 gx*xT78

+

+ + +
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leighoours of a point in C:

1: [64]
.efghbours
6: (11
1: [211]

2: [23]
2: [71]
eichbours
1: (81
2: L2441
3: [24]
4 [8]
Jeighbours
1: (11
2: [151]
3: (211
4: (201
5: [113
e: (el
Yeighbours
2: L[41]
3¢ L1613
42 [247]
6€: [161
7: [41
Neighbours
3: [321]
5: (01
6: [32]

of

of

of

of

of

Qr

q + Qx*2 + g**3 + ZHA(Q*x*4 + 2xkq*x*5 +

IxqrxE + 4xqixT 4+ 4rcrkxE + 4rgrx9 + Saxqg¥xl0
2 + S5xqgx*x13 + q*q**iq + 4xqgx*

4rqxx1p + 3xqrx, 7 + 2xqxx18 + 2*q*%x19 + Qg**2

q**x21 + Qg¥**22

point in 1:

1

-1 + g + gQ¥*2 + (g**3 + 2*xqr*x4 +

2xq**xS + Jhkqr*b + Ixgx*xT + Ixqr*ry + 2*xqQ*x*G 4+
2*xqx*x10 + q**ll + gx%x]12

Gx*x7 + Qg**x8 + 2xq**9 + Ixq¥x10 + Q*Q**ll +
Grxqxrxx12 + Skax* 3 + 4xqgx*x14 + 4xqrxx]15 + Ixqg*
2*q**17 + q**18 + q**x19

qx*x16 + gx*x17 + g**16 + q**19 + qg*x*x20 +
q**21 + Q**22

point in 2:

1 + ¢ + g*x*x2 + chkQRAD o+ qQF*4 4+

gx*5 + Q**6

-] = q**3 + Q*r*q + (q**5 + 2*q**6 +

GxrqrxT] + Gxqgx*8 + 4xrcx*x9 + 4rqgu*x10 + 3Zxqrx]ll
2*q**12 + q**13

qQ**13 + 2xq*x*x1]1 <+ Ixrx]12 + 4xgxx13 + 4rgxx]l
4xqx*15 + 3J*xqr*. 6 + 2xgrx*x17 + q**18

gx*16 + g**x17 + g*x*x18 + 2xqg**19 + qg*x*x20 +
g**x21 + Q*x*22

point in 3:

1

q + qQ**x2 =+ 2xQqrkx 3 + ZxQr*4 + IxgrxS  +

2*xqxk*x6 + 2xqx*x7 + Q*x8 + Qq**9

=1 = gQ**2 = Qq**xy + q¥*p + 2*xQqQ*x*xT +

Ixq*x*x8 + 3*xq*r*x9 + Grgrx]l0 + 4rgrx]l]l + Ixqgrkx]l
2xq*x*13 + q**x14 + q*x15

q**lg + g*x11 + 2*q*xx12 + 3*q**13 + Ixqxx14
Ixqr*x15 + 3xqr*xL6 + 2*xq*x*17 + qg**x18 + q*x*x19
qx*x16

q**17 + gx*x18 + gx*x19 + q**20 + g*x*21 + Qg**%*2

point in 4:

1 + g + g**2 + (*%3

gqx*x3 + 2xQgrk*x4 + JxrgrAxD + 4xQrA*6 + JxqgrxT +
2*xa**x8 + Qq*x*x9

=1 = Gg*¥*3 = QgxX*ky = Q**6 + QqQ**k7T +

2*xqx*8 + 2xqg**9 + Sxgaxx10 + Sxgrx]1ll + Sxkqgxxl
Grgrxld + 2xg**, 4 + q**x15

G**13 + 2*q**x14 + 3xqg**x15 + 4*qg*xx16 + JrQgrxl
2*xq**18 + q*=*19 :

ax*19 + g**20 + qg**21 + Qg**22

point in 53

1 + g + gx*x2 + c*xQ*x*x3 + 2%kqix4 +

Ixq*xxH + JxkQqr*E o+ Ixgxx] + Jxqx*x8 + J3xq*x*xG +
Ixqxx10 + 2*QqQx*x, 1 + 2¥*qxx12 + q**13 + gx*14 15
-1 = g**x3 = Qg*xy + g**x11 + gx*x12 + Gg**16

Q**7 + q**8 + QqQx*xG + 2xq*x*x10 + 2*q**11 +

Jxqr*12 + 3Ixqrx*x,3 + 3xqrx*x14 + Ixqxx15 + JrgH
3xqxxlT + 2*xqx*x 8 + 2xg*x*x19 + qx**20 + gxx*x21 22
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point in &:

1 + ¢ + g*x%x2 + (**3 + Qq#*=*x4

q**3 + qx*4 + 2aq**x5H + Jkgx
Ixqxx8 + 3xgx*x3 + 2xq*rx10 +
qx*g

-1 = gx*x3 = Qgx*xy = QqQ**6 + Q
qx*8 + g**9 + 3Bxqgrx]10 + 4xq
Grgwx]13 + JxrQgrri b + exq*x*15
gr**x13 + g**x14 + cxkQx*x19 + 2
2%xQ*x*18 + Z*xg**x, S + q**x2(0 +
gr%x22

point in 7:

1 + g + g*x*2 + *Q*x*3 + qgh*
q**5 + g**6

Q**4 + 2xgx*xS + Jxgr*xE + 4%
4xrgx*x9 + 3xgxrrxly + 2xawxxll
=1 = g**3 = Q**y = ax*x6 + 2
Ixqrxl]l + fxgrxr,2 + Sxgrx13
Jxqx*x1l6 + 2*q***7 + g**x18
ax*x1l6 + g**17 + g**x18 + Zxg
Q**21 + g**22

point in 8:

1 + g + q#*#*2 + (**x2 + Qq*x*4
n**5 + q**x6

Q**3 + q**4 + 2% QqQx*5 + FxQgx
Grqx*8 + Sxqgxx9 + 4rqgxx10 <+
2«q**x13 + Qg*x*x14 + g*=*15

=1 = g*x3 = Qg*x_, = Q*xfH = Q
gx**10 + qgxx11 + 2Z2*xqg*x=x12 + 3
3xqxx]1lS + 4xqgrr 6 + FIxqrx17
q**20 + q*x*21

qQx*22

point in 9:

1 + g + g**x2 + c*xQxkrd + 2%Q
Ixq*x*5 + f4rqrxp + Grgrx] +

Sxq**x10 + HxqQ#rxyl + Sxrgrx12
4rqx*15 + 3rgrxib + 2wqx*l7
q*x*20 + qgx=*21

-1 = Q#%%3 = Gg**x_, = Q¥*xE& = (
Qx*13 + gx*1l6 + qg*x*x17 + Qgxx*

)
IR N
| + qg*

3 4*q*
y**1€
4+ 3%

prqQrxT
r11l +

3o+ 3
Jxx18

I+ 5%
J**13
1x*18

Jx*22




coset
Jble ¢

£11
)
[5613]

564358)
2801

367456
L5601

564583

[5€¢1]

364587

1120

367456

£281

364583
£2&ec3

367456
£2eo01

567456
£8461

256745
C1e80

156458
£2&01

1 + g*
yXkQ*x*6
yxQqrx ]

1*X%k6 +
[S*xqgr*
Y9x QR

Jlxgrx

1**x11
22k QK *
YR GX *
S1xqxx
Jhqgrx3
158)
1**15
YR Qhkx2
PR Qx k2
5458)
1**16
ST xq**
.09*xqgx
"0*xq*x=*
Txqx*x3
>74563
**21
Shqex2
drqrx 3
545612
1x*22
[Sxg*x*
23k gk
Llxqgrx
545612
1x%x22
L5xqxx
29k gx *
[1*qg*x*x
374562
1x%x22
53xqgx *
3ISkqgr*
te*xQqQx*
Sxqrxy
367234
1%*%25
poxg* *
[56*xqx
L17*xqgx*
Le*qgx*
234584
1**29
[5*qg*x*
29 % g *
L1xg*x

12

'kQrkx 3 + JZxQRk k4 + L4AQgEx
|**7 4+ 6*xQ**8 + H*xQq**9
QEkL2 + 3xqxrx13 + 2*xQgx*

T + 4xqg*x*x8 + Txq*x*9 <+

'Oxqx %12 + 24*xqxx13 + 2
'Txgr*17 + 24%xq*x*x18 + 2
"kQrRx 22 + 4xRq**23 + 2x(Q

*x12 + S*qg*x*x13 + Gxqgrx]
lxgx*17 + 39%xqg**x18& + 4§
.6*q**22 + 53xq**x23 + 4
12*Qqx*27 + 15xq*x*x28 + 9
"* 32

*16 + JIxax*17T + 4xqgrx]
»q**‘l + 7*q**22 + 6*Q*
vq**ge + Z2HxCx*2T + Qq**2

*17 + Txqxx]18 + 14*qgxx
13xgax22 + TO*xg*x*x23 + 8
112xqg#*»#%27 + 109*q**28

13xquex32 + ITxqrx*x33 + 2
qQ*x*07 + q**38

12 + 2xqrx23 + 2xQqx*x24
Qxxc T + dxqx*x28 + JxgH
%32 + Qq*x%*33

k23 4+ 4rqgEx24 + ThQrkr2
'0xQqr*26 + 24*qx*x29 + 2
'Txqu 33 + 24%qx*34 + 2
"*kQxx 38 + 4xq*x39 + 2%xq

k23 4+ 4hkqrx24 + Thqri2
'0*xqx*x26 + 24*xq**2S + 2
'Txqax33 + 24%qx*34 + 2
"kqxx 38 + 4%xqx*xI9 + 2x(Q

%23 4 Txa*x*x24 + 13xqgrx
6xqx*28 + 59xqgx*29 + 7
IS5*¥qx*33 + 80*q**x34 + 7
y3xqx *x38 + 22*%q**x39 + 1
x4 3

t58)

%26 4+ B8FQx*x27 + 1EkqgHrr
8xgx 31 + 9Z2xqx*x32 + 1
165xg*x*36 + 165xqg**37

GRry**41 + 6RAQH*42 +

;*q*xqe + 3*kqQ*F*4T + QgQxx
16234 58)

t*30 + 4xqxx3] + TxQ*r#3
'0xqu*35 + 24%q¥x*x36 + 2
2Txqx x40 + 24*xqx*41 + 2
"¥q*¥x 45 + Lrxqrx46 + Z2xq

cex]10 +
a**15

vr10 +
L4 + 2
L9 + 1

P GQRk%x2

rgx*x19
S*xq*%x

24 % gk K
2 o+ 1
tQ*%x29
34 + 1

txgS o+
2*xQ**

Lxqg**2
30 + 2
35 + 1
P Qx4

Lxq#x?2
50 + 2
35 + 1
Qx4

12k QX *
530 + 8
35 + 5
t0 + 7

29 % Qi
£33 +
rQ**x3E
t43 4+

l*qg*x%x3
357 + 2
e + 1
FoQ¥r x4

o
+

+

10
4]

+

25 +
rq**30
35+

51+
56 +

51+
56+

56+

rx34 +
Ixqrx3
t44 +

58 +
13+




(§56458734562345845673456120458)

16801 qx*30 + 3xqx*x3Z1 + Brqgx*x32 + 1Exq**33 + 29+Qq**34 +
46*xq**x35 + 6B8*gx*x36 + G2*q*x*37 + 117xq**38 + 139xqg*x*39
156*%g*x*40 + 165xqg**4]1 + 165*xq*x*42 + 156*xq**x43 + 139xqg*x*
117+g*%x45 + 92x **46 + E€8*q**x47 + 4E6*xqx*x48 + 29%xq*x*49 +
16*q**50 + 8*q*x5l + 3*xq*x*x52 + Gg**x53

(85674563458567456345823456.23458)

[1e68] Q**32 + 2xq**33 + 4xgrx*34 + E£*xG*x*35 + 9xqr*x36 +
12%xg**37 + 15*qa %38 + 17*q**25 + 18+xq*x*40 + 18*xg**x4]1 +
17*xg*x*42 + 15*xqx*43 + 12*xq**44 + 9G*xqx*x45 + E*xC**46 +
4*q**47 + 2*%Q**q8 + (g*%x49

(85645834567234561234585674063456)

[168] gq**32 + 2*xq*x*33 + 4xgx*x34 + 6£xgx*35 + GrAqxxI6 + -
12*xq**37 + 15*xqga*38 + 17*q**39 + 18xq*x*40 + 18xax*x4]1 +
17xq*x*x42 + 15%qx*43 + 12*xq**44 + Gxqx*x45 + Exqrx4p +
Grqrx4] + 2xqx*x4 8 + g**x49

(B56745634585674562345867234561234568)

£11203] gx*35 + Ieq*x36 + Txq*x*x37 + 14%g**x38 + 24*xqx*3C +
IT7*xq*x*40 + 51*q**41 + TO*xq*x*42 + B6*qx*x43 + 100*q**4q +
109*a**4S + 112xg**4€e + 109*q**x47 + 100*qg**x48 + B6*qg*r*4
T70xg**x30 + 53xgx*51 + 37*xq**52 + 24%xq*x*53 + 14*xqgx*x54 +
Txq**355 + 3xkqxk, 6 + Q**x57

(85645834567234561234584567545623458)

11203 gx*33 + Bxgrx36 + Txg*x*37 + 14%xg**x38 + 24xqx*3G5 +
37*qg**x40 + S3xqa*4]1l + TO0*xq*x*x42 + 86xq**x43 + 100*xg**x44 +
109%xg*x*x45 + 112xq**x46 + 109*q*#x47 + 100*g**x48 + 86*xqr+4
TO0xg*x*x50 + S53*gx*51 + 37*xqg**52 + 24%xqg*x*x53 + 14*qg*x*x54 +
7*q**55 + Jxkqgrryp + q**57

(8567456345823456123458345612345€123458)

£C703 g**38 + Qq**39 + 2xq**x4(0 + Ixgrxgd]l + 5*q**42 +
Sxqgx*x43 + Trqgrxg 4 + TxQqr*x45 + B8rg*x*46 + Txqx*x47 +
Txq*x*48 + Sxq**xq9 + Sxqgx*50 + 3xq*x*51 + 2*xq**52 +
q**53 + Gg**54

(856745634585672345612345850b72345€123458)

(168013 G**39 + 3xqwx#*40 + 8rqx*41 + 16%q**x42 + 29%qgax43 +
46xqx*x44 + E8*xQx*45 + 92xgr*46 + 11Txgr*x47 + 139%q**x48
156*xq**49 + 165=q**50 + 165*q**51 + 156%xq**52 + 139*axx*
117*g**54 + 92*xy**55 + 68*q*x*56 + 46*q**57 + 29*xq**58 +
16xq**59 + Bxqg*xx60 + 3*xqg*x*61 + QqQ*x*x62

(856458734562345845673456234584567345623458)

£83 Q¥*42 + Qg*x*43 + Qq**44 + q**45 + g**x46 +

qQx*47 + qQ**48 + Qq**49
(85645834567234561234585674,6345823456123458)

£8] q**43 + gQ*x*44 + qqx*45 + gx*46 + qrxx47 +

qQ**48 + q**49 + Qq*xx*x50
(8564587245623458456734562345845673456123458)

[168] Q*x*42 + 2xQr*44 + 4xqr*x45 + GRQA*4H + GrgrRA4T +
12xq**48 + 15%xqa*x4G + 17*q**50 + 18*xqx*51 + 1E+g**52 +
17*g**53 + 15%qa*54 + 12+q**355 + 9*xq**x56 + 6*xqx*57 +
4xqx*58 + 2%qQ*¥*059 + g**60

(8564587345623458456734561204584567345623458)

[1e8] Q**43 + 2*Q**x44 + 4xkCx%x4S5 + LGxgrk*x46 + 9rqgrA4T +
12*g**48 + 15*xqgx*49 + 17xg**50 + 18xqx*51 + 18*g*x*52 +
17*q**33 + 15*xQgx*54 + 12+*q**55 + 9xqg**x56 + Hra**57 +
4*q**58 + 2%xq**,9 + qx*x60

(85645873456234584567345612545845673456123458)

[16801] Q**44 + 3xqa*x45 + Brgrx46 + lEexgrx47 + 29*xq**x48 +
46%xq¥*x49 + 68xqx x50 + 92xq*x*51 + 117xg**52 + 139xqx*53
156*xGg**54 + 165xq**55 + 165*xq*x*56 + 156*xq**57 + 139*xqxx*
117%xg**59 + 92x *%60 + 68*xqQ**61 + 46*q**x62 + 29%xqa*x63 +
l6xg*x*x64 + 8*q*t65 + 3xqr*H66 + qr*x67




356458
C2&01

356458
£ea4o1

156745
L2801

356745
2801

156743
L1120

356458

Lz2el

35645¢&

(5601

356745

[5¢1]

156745

fzeol

156428

£561

3156458

11

234561
Jx x4 4

[D*xg*x*
29k qx*
l1*xg*x*
234561
1k %43

33*xqx
3I5%kqx %
PE*xgx %
IxQrxb
367456
1*%51

LS5*xqgx**
29k Qqrk
l1*xg*x=x
234561
1xx5]1

L3xqgx*
29k Kk *
L1*xgxx*
367234
1% %54

3T *Qq**
L09*g=*
TOxg**
fxq*=*x7
234584
1* %59

Ixqr*6
2 QR xE
234584
1**60

22*x Q%
YE* QXX
3lxq*x
Jrgrxf
567456
23458)
1**%6 4

SXQR*6
prqri7
367456
361234
1**67

LS*xg**
29x R x
L1*xqg*x*
234584
134567
1**T76

S q*x§
YA Qe k8
2345384
334567

1% *92

14

67140634568 723456123458)
%45 + 4xqrx46 + 7*q**4
'0*xgx x50 + 24*xg*x*51 + 2
T*xgx*55 + 24 %xgx*E6 + 2
"*q¥x 60 + 4xg*x6l + 2*Q
E6To456234585672345612
x50 + Txygxx5]1 + 13x(¢xx%
texqx *55 + 59xqg**xTe + 7
sOxgxxe0 + KO0xgxx6l + 7
13xqu*6H + 22*qr*66 + 1
r*70

1 71234561234582456723456
*52 + 4xGxxH3 + Txqg*xxH
'0xqexET7 + 24%qx*58 + 2
1THQx*62 + 24*Qq**63 + 2
"kQxx 67T + 4rqgExpE + 2%xQq
14564234561 234584567245
%52 + 4xgx*53 4+ Trqg*xH
'0*xqx x57 + 24*xg*xx58 + 2
YT gx*b2 + 24*%qg**xE£3 + 2
"«gxx 67 + 4*xq*x*¥68 + 2%qg
15850 723456123458456723
%55 + Txgx*x56 + 14*xq*xx
1 3*qx*x60 + T0*xq*x*x6l1 + 8
112xg**6E + 109*q**66
y3*%quxT0 + 37xqgr*x71 + 2
'q**15 + qQ**x76
16120458456734562345834
10+ Z2xqx*x61 + 2xq**62
Q¥ xu D + 3xqgirxE6 + 3*q*
%70 + qxxT71
16120458456734561234583
x61 4+ DroRX62 + GHQIA¥E
Jlxqrx6b + 39xq*r*x67 + 4
yoxqa*xT7T1 + S53xq**x72 + 4
'2xqxx76 + 1S5*xqx*x77 + 9
%81
»12345€6123458345€6723456

x6S 4+ JxgrABE + L4AQRkp
rqr¥ (0 + TxgxxT71 + E*Qgx
QqFx (S + 2xqrxT6 + qFxT
»7234561234583456723456

x68 + 4xqxx69 + 7*q**7
0xqu*73 + 24%xqgx*xT74 + 2
'Txgxx78 + 24%xg*x*79 + 2
"¥q*x 83 + 4xkQ**x84 + 2*q
16120456456724561234583
.23408)

'T + 2%xqx**78 + Jxqxx79
rQkko 2 + 6*q**83 + 6*Qgx
tQxk*xo ] + 3xq*x88 + 2%Qgx
16120458456734561234583
.234,586345€723456123458)

Lxgxxg
32 + 2
37 + 1
P oQx*6
zZe*xqx
57 +
52 +
57 +

~N JT o %

3)
L*xgx*5
36 + 2
54 + 1
QR xT
1)
L*xg**x5S
59 + 2
54 + 1
t gxx7
3458)
24%q¥*
2 + 1
kQx*ET
2 + 1

t5€e123
kX633 +

2HxQh*x

345612
SAQ*x*6
38 + 5
13 + 3
2 + 5%

345673

kQ** 68
Skgx*

334567

Lxgxx7
15 + 2
30 + 1
F Qx*x8
345612

tx 80 +
Exqg*x*
q**50
345612

33 0+
38 +

38 +
33 ¢+
3+

0 +

>0 +
55 +

r63 +
rQ**68
13 +

9 +
T4 +

6 +
31+

91
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in 0:
%2 + 2xQ*xx]3 + AdrQgrx4 + Grxgx*xS +
6 + 6*xqQx*T + brC**E + H*xQr*I + H*
11 + 4xqgxx,2 + 2xqx*13 + 2*g*x*x1l4

in 1:
G + q¥%x2 + 2%Qq**3 + JIxqrxk4 +
5 4 3*Q**6 <+ 2*q**7 + q**8
+ 2*Qx*6 + 4rQrAxT + DxgrxB + HHFQH
10 + 4xqgxxyi ]l + 2xq**12 + g**13

I+ g*x*x11 + 2xQqxk%x]12 + 2xC*x*x]13 + 2%
o+ Q**le

in 23
Lo+ 2%Qx%2 v Q**x3 + Qg**4
gQ**2 + Q**, + 2xqgr*x4 + L4rgRx5H +
b o+ 4rquxT + Zxgx*8 + Qq**9
+ 2%Q**x7 + 4rgxrxE + 4xqgux9 + 4xQgH
11 + qgx=x12
+ G**x10 + q**ll
i+ 2xqExll + 3xgrxl2 + 3xqErx13 +

3
in 3:

'rQa k2 + Ju wwx3 4+ Z2ugxk4 + gr*5
QFx2 = Qg**xy + QqQ¥x4 4+ JrgrxDH +
6+ SrqgrrT 4+ Jwrqgurl + qQ**9

+ Jxqgxx8 + Hxqgx*9 + S5xq**x10 + 3*q
)

+ G*%x12 + g*x*13

+ 2%Qq*x*x]12 + ZxQgxx13 + a**x14
b+ gx%x1C + qx*16

in 42
)] + 2xQqEx2 v+ 2%Qx*x3 4+ Jrkgrx4f +
5 + 2*%QExXH + q**7 + gx%8
Q¥*2 = Q¥*%x4 + Q%5 + Qgrxf +
7 + gx%x8 + 2xq**x9 + gx*x10 + gxwll
+ g¥*5 + 2aquxp + JxkqQuxrk] + JxQqr*§
3 + 3xqgrxly + Zxugxrxll ¢+ gx*12 + aq
+ gx*S + Z=wqx*x10 + 2*q**11 + JxQgx
€13 + 2xQqxx. 4 + g*x%x15 + g**x16

: in 52
3+ gqx*x2
+ 2%kQq**3 + Jrqrx4g + 2*¥QqEAD + g*F*6

qQ¥*2 = Q**y + ZxQ¥*5 + 4xqrr6 +
v7 + 4xqg**x8 + 2xq*x*9

+ q#**10 + y=#*=x11l

+ qx**x9 + Qgu=x10

+ 2%xQg**9 + 3xqrx10 + 2%qg**11 + qg*
) + Zxqgxxll + Jxquex]l? + 2xqrx13 +
3

4 + g**15 + g*=%x1l6
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12: [121
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hNeighbours
2. [11

47 (2]

5: [121]

8: (121
10: [181
13: (61
15 [43
Neighbours
3: [41

5: [1213

6: [11]

9: L1212
10: [&]
11: [é3]
12: (61
14 (21
16: [41

hNeighbours

3¢ 113
5: [613
7: [33]
8: (2]
9. L[413
10: [141]
1z2: L1213
13: (113
14 (13
15: [61
l6: (21
187 [31]

16

2oint in 6:

1L + g + 2xQx*2 + JIxQguAx3 + Ixqgrkry +

IxgxxD + Brqr*b + 2%kgr*] + g**8 + Qq**9

=l = g*%x2 = Qg¥*y, + Q**x7 + Q**x8 + q**x10

J**5 + 2xQr*E + JrQgrxT] + 4rgr*x8 + 5xq*x*9 +
dxqQx*x10 + 4rqgrx ]l + 3Jagr*x12 + 2%qxx13 + g*x*x14
3*¥*11 + g**12 + q**13 + cx*14 + g**15 + QgrxlE

>oint in 7

L + g + 2*xq**x2 + qg**x3 + Qg*x4§

1*%3 + 2*xQq¥*x4 + 3xgrxdH 4+ Ixqx*6 + 2xQx*xT + q*
=1l = gxx2 + Q**, + Qgx*6 4+ 2%qgxrxT +

3**x8 + 2xg*x*Q + gxx10 + q*x11]

JXRE + 2xqgxxT 4+ 4rQgEAx§ + 4xq**9 + 4xqgxx10 +
Thkgrxll + g*x*x12

1*¥*10 + 2xqg**11 + 3xgx%12 + 3xqrx]13 + 2*xqg**x14
I**16

»oint in 8:

L

1] + Q**x2 + Qg**3

1¥*2 + 2%xg¥*3 + Zxqix4 + Ixqrx5H + 2xQr*E + Qg
-l - g*x2 = Q**, + qx*5 + IxqgxxE +

bxgrxT + 4xqrx8 + 2*xg**9 + Qg**x1(

IX*T + 24Q¥*E + 4AqxxS + 4xcgrx]10 + L4rqgrxll +
kQrx]12 + Qqxx13

1**%10 + g*x11 + 2xqgxx12 + q**13 + qg*x14

**13 + g*%x14 + gr*15 + gx*16

voint in 92

+ g + g**¥2 + (*%3
%2 + 2xqgx*x3 + 3JxqQxr*4 + Ixgxx5 4+ 2*¥qQx*x6 + Qx
[ * %4
'l = QF*2 = ko = Qqrr4 4+ q**5 +
A QREXE + 4AQrXT + 4EHQrA*E 4+ JIxgxk x5 4+ 2*xq**10
j**7 + 2*%xQq*xx8 + 2xQ**9 + 2xqx*x10 + gxxl1l
[**9 + qg**]10 + _*xqgrx11 + qg**x12 + q**x13
|*%*10 + qg*xx11 + 2xq*x12 + qQ**13 + g*xx14
%11 + qx%12
x*x13 + gxx14 + g¥x15 + q**16

oint in 10:

+ 2kgr*xZ2 4+ 2x*x*x 3 + gx*4
**x3 4+ qxx4 + qx *5
**k4 + gxx5 + qQx *E

*%k4 + 2xq*xx5 + qxx6

1l = q*%2 = q¥*xy = Qgx*x4 + Ixqrxp +
Q¥ *7 + Sxqu*x8 + 3Jrkqr*9 + grAx10
*%8 + 3xqQ*¥*9 + 4xQgxx10 + Jxqrx]]l + qxx12
*%x10
*%x11
*x]1 + 2xQqrx12 + 2*xqa*13 + Qgr*14
*%x12 + qx*x13

**x14 + g**x15 + qgxx]6
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in 113
| + Q¥*2 + **3
+ 2%qQ**3 + 4xgxx4 + 4%
7T + g**8§
Gx*2 = Qg*x*xy = (Q**4 + 3
8 + 4*qg*xx9 + 3Ixgxaxx]10 +
+ Gg**7 + 2xQg**8 + Qq**9
+ 2*xqgx*10 =+ Jxgxxll +

+ ag*x*x15 + q*xle
in 12:

+ g**3
+ g**3 + Qqx*4
+ 3xqgxr*x4 + 4xqgxx5H + 3Fx

Q**x2 = Q**xy = Q*x*4 = @
6+ Sxqx*T + HHRQGF*B +
+ 2xqx*x10 « 2xQq*x11 +
+ 2*xq**x]10 + 2*qgxx11 +
|

+ 2%Q¥*12 + 2%xQ*x%x13 +

+ q*x*15 + gx*xlée

in 13:
HE 4 2*q**2 + 2xqQ¥*3 + 2
+ qQ**6
+ g**4 + 2xqgu*S <+ 2xQg*
+ Q*x*9
Q%2 = Qxxy + Q**x5 + 2
T+ 3*q**g + 2*xQ**x9 +
+ 2%Q**8 + 3*xgx*xG + 4
$12 4+ 2xqg*x,L 3 + gx*x14

L qurl3 s qrelé + grs
in 14:

‘rqAk2 + 2*4**3 + 2% QR *
+ qQ**5 + 2xQ**6 + 2*xQq¥*
+ q*x*x10

g**x 2 + qQ**yu + Q*x*6 + 2
+ q**9 + gu*x11

+ 2*q**7 + 3xqx*§E + 4
rll + 2%xQq*x*,2 + gxx13

) + g**11 + 2+xqQ**12 + 2
) + a**16

in 152

drQEx2 + Jr A3 4+ 24 QqQrK
+ 2%Qq**x5 + 3JxQr*6 + 2%
+ g*x5 + Qgx*6

gx*2 = Q*x, = Q**4 +
7 + 4xgx*x8 + 4*xQrAxS +
i+ 2%q*xG + 3xqgrx]10 + 2

L + g*x*x12 + qg=**x13
> + gx%x13 + qx*14
[l + g**12 + q**13
b+ gx*x15 + g**x16

4xQqg*

rll +
*10
2+ 2

FogExT

+
JrqgrrT
+

L0
+ 4*xq

1x%16

kQrxH
2xQAxy

+
b 4RQgw

3o+ 2%

kx5

P gQx*8

L0 + @
L + qg*
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L4]
£2413

(c3l
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13
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[03
(213
yours
[211]

Lol
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18

voint in 162

+ g + Qq*xx2
1X*2 + QqQ**3 + (gwx*4
1**3 4+ gx*x4 + gx*5
1**x4 4+ 24qgrkxD + Jxqgrkb
1*x*%3 + q**4 + gx*5
'l = gx*2 = Qgxk, = QX4
pRkQx k] + 4xQERx8 + L4xgkhx
1**8 + 2xq**9 + 3Jxqxx]10
;**10 + g*x*x11 + qgxx12
x*11 + 2*xqr*x12 + Jraguxr
1*%x16

yoint in 172
+ g + g**2 + (**3

1*%x2 + 2*xgrkx3 + 4uqgrrg
pRQx*xT + 2*xq*x*x8 + Qq*r*G
1l = gx%x2 = Qg¥x*xy, = Qqr*4
1* %7 + 2*xq*x8 + Qq**x9 +
1**%7 + 2*%gx*x§ + 4xq*x9
PxQrxk12 + 2xgHrx, 3 4+ QR
1**13 + g*x14 + g*xx15 +

yoint in 18:

+ g + g*x2
;**2 + 2%Q*xxJ + 2xQqrxg
1* %3
1*%4 + 2*xQg*x%H
1*%4 + 2xq*xx5
1**6
1l = gx%x2 = Qg*xy = Qx4
pxQrkx7 + ExQ*x*x8 + Srgr*
1**9 + 3xqxx10 + 4rcrx]
pxx11
1**12 + g*x13 + gxx1l4
j**x13 + q*x14
1**15 + g**x16

+

CHRQHrKRE
2*kQr*p

+

yoint in 192

L+ g + 2*qg*x*2 + 3*qx*3
bxqx*5 + Dxqgx*H + GrQgrx
> qxx10 + g**x11 + qg»x=*x12
sl = Ggx*2 = Qg**xy - Qq**4
1**7 + qg**x9 + qgx*x10 + q
1**6 + Q*x7 + 2xQg*x*x8 +
Sxqxx1l]l + 3xqrxx,2 + 2*(Q

yoint in 203

L+ Q + 2*xq**x2 + zxQqx*J
Sxqx*5 + Jxgrxb + 2*xQ0*x %
"l = Qg**2 = Qg**xq + Q*x7
1*%4 4+ g**¥5 + 2xQq*x*x6 +
PxQ**xY + Skgxxly + 4xQx
Jxqxkx14 + g*x15 + qxxl6

kx7 +

I*XkE +
kqrx10
axx]1]

2xqgrx]

k5 +
kqxx10
kGgr k]2

ax*4 <+
kC*x * 8

k6 +

t qx*]
2+ 3%
+ 2%Qx

Jxk*x4 4+
kQ*x %8

k9 + Qq
I + 4=

4% Kk *

11

L2
ex15
3+
t]11 +
€13
r*G 4+
+
q**15
3 + Qg%
»

Txque k]
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in 21:
[ 2%Q*x*2 + Z2xQx*3 + 2¥QgRrx4 +
+ q**6
+ 2*xQx*4 + 3JxQgxx5 + L4xQgi*E 4+ 4xQgr
‘8 + 2%q**9 + qgxx]10
Q%2 = QQFk, = Q*A*4 = qgrxE6 +
+ q**8 + 2xqg**x9 + 2%xkgx*x]10 + 2xQgr*
L+ gr*13
+ q**x7 + 2=xqg**E + 2xqg*x*G + 2xgux]
+ qx*x12
+ 2xqgrx]ll + 2xQqx*12 + 2xqgxx13 +

in 22:
P akx2 4+ q**3 + Qg**4
+ 2*xQ**3 + BxQrxkg + L4xqgxx5 + 4HrQgw
7 4+ 2xq**x8 + Qq*x%9

g¥*x 2 = QgQ*xy = Q¥*4 = Qqr*5 +

+ 2xqx*xT + 3J*xqgrxb + Ixqx*G + 3JxQgx
11 + g*=*12

+ Q**8 + 2xgx*9 + 2xq*x10 + 2*Qgrx*
'+ gq*x*13

I+ q**11 + 2%xQ*%x12 + Zxqgrxx13 + 2%
y + gx*16

in 232
1+ gx*2
+ Q*r*%4
+ 2%Qx*x3 + ZHxqQrx4 + q*x*x5
+ 3xq**5S 4+ 4xqgrxp + Jxqikx] + Qq¥x*x§8

Q**2 = (g**y = Q**4§ = Qgx*x5 +
T + S5*¥q**x8 + 6*xgx*xF + 4xgx*x10 + q

| + 2xg**x11 + g**x12

.o+ gxx12 + g**13

) + g**1l + Qgxx12

P+ 2%xqx*x13 + 2xqExx14 + q**15
>

:in 248

o+ qQF*2

+ 2%xQq**3 + Jxqrx4 + JkQg*RX5 + 2x(Qgn
+ q*x7 + 2xQ*x*8 + Qq**x9 + qg**x10

qx*2 = Qg¥x*, + Q**5 + 2*xQx*6 +

7 + Ixqxx8 + JxQqx*G + q**lO + qQ*x*
+ 2*xg**9 + 4xgx*x10. + 4xgxx1l + 4
v13 + g*x=*x14

J + g**x14 + gx*x15 + qg*x*1lé€

in 25:
30+ QFx2 + *x*3
+ Q**3 + 2xQx*x4 + QQ*x5 + Qq**p
+ g**5
+ 2*Qr*6 + ZxQRx] 4+ HxQrxE 4+ Qqx*x9
i+ g*¥*4 + 2xg**xS 4+ qQx*6 + qQx*7
G**x2 = Q¥**xy = Qrx4 = q**5 +
+ JIxgr*xT + 4agxx8 + 4xqx*x9 + 4xQx
+ 2xqx*x10 + Jxqxxll + Jxgxx*x12 + 2

N

+ qxx14 + 0%xx15 + Qqx*16

1%%7

2*Qqh*

3+ ox
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>oint in 26:

1

3+ 2*xQgx*2 + Bx **x3 + Ixqiky
J*x*4 + 2xqF¥x5 + 4xgrAxp + 4%g
2xgexS + Q**lﬂ

=1 = g**x2 = QqQ¥*xy = gx*x4 + 2%
J**8 + 2*q*x*9 + 2xqgrx10 + 2%
J**8 + 2%xq**9 + 3Jxgr*10 + 3%
qQx*12 + q**x13 + 2xq**x14 + Qq*

cooint in 27:

1 + g + g*x*2 + (*%x3

Q**2 + qQ**x3 + 2xQgx*x4 + Qq**5

J*x*3 + 2xqQ**x4 + 4xqrx5 + 4xq
2xGx*x8 + qQ**x9

=1 = Q%*2 = Qq**x, = (Q**4 - Qgx
2*q**7 + 4xq**x8 + 4rq**§ +>4
Q**9 + Z2xqxx]10 + 3*xqg¥xx]11 + 3
g**13 + qgq**x14 + g*x*x15

gq**16

point in 28:

1 + g + g*x*2

gQ**x2 + 2%Q**3 + JxkQqrx4 + 2*Q
gq**3

qQx*x4 + 2*q**5 + 3xqgx*xb + Z*Q
gq**5 + Qq**x6 + qx *x7

Q%6 + Qq*x*x7 + q:*s

=1 = Q**%2 = Qg**xy = Qg*x4 - Q¥
2*xqQ**7 + 4xkq*x*x8 + Exq**9 + 5
agx*x10 + 2*q*%x11 + 3xqgx*x12 +
g*x*x13

g*x*x14 + q*x15 + qgx*1¢€

point in 29:

1 + g + Q**2 + y**3 + Qgx*4 +
Qx*2 + 2%xQq*x*x3 + J*xqg*r4 + 4xQq
Sxq*x7 + 4xgxx8 + Ixqr*xG + 2
=1 = g**2 = Qq**xy = QqQ**x4 = Qqgx*
q**8 + q**9 + qgxx10 + qx*x11
gqx*7 + Qq**8 + 2xq**x9 + JTkqi*k
Ixqrx12 + 3xqgrx*x, 3 + 2xQq*x*x14

point in 30:

1 + g + g**2

qQx*x2 + 2*xQ**3 + 2xQqi*x4 + Qgr*
g**3 + Qg**4 + Qqgx=x*E

Q**4 + 3*xqgx*x5 + Sxqxrxxp + 5*Qq
Q*x*6

=1 = g**x2 = Q*x*y = Q*x*x4 - Qg*
q**x7 + 3xqQ*x*x§ + 5xq*x*9 + 6%q
Qx*11 + 2*g**x12 + 3Jxq**x12 +
q**x16 .

point in 31:

1 + g + 2%q*x*2 + 2%q**3 + I
2*qQ**5 + 2*xQqQ*x*x6 + gq**7 + Qg*x*
q**3 '+ gx*x4 + 2xGxk*5 + Jxqgix
Ixqx*x8 + 2xqr*xG + ZxQqxx10 +
=1 = q**2 = Qg*x*gy = Q**4 + 2%
qQ**8 + 2xQq**x9 + 2%q*x*x10 + 2%
g*x*8 + q**9 + 2xqgxx10 + 2*Qgx
2%q*x*x13 + Z2xqgrx, 4 + Qqrx15 +

| **5 + Qq**E
4xgxxf +

+ gx*x12 + g*%x13
+ 2xq*x*12 + q**x13
gx*x16

4iqrxT +

| + 2%qxx11 + agx*x12
P4+ 2%gxx13 + qx*x14

q**x6

qQ**8

1**xE +
J + 3xqxr*xl]l + gq*x12
.3+ g**14

S5%xqQx*xE +
b+ ax*x11

.2
fhkgrxll +
.5 + qgx*16

Ixqx*x8 + Qq**9

1**6 +
P 4xgrx]ll + 2xqrx]12
.4 + q**15

rqxx7 4+

+ q*x*x12

»

+ gx%x13
JxCxx]12 +



of

ot

of

a

in 323

*Qrx2 + Jxg
+ 2*xQqQxxH +
9 + q*x*x10

+ qQ**6 + Qgx
Q** 2 = Qg*kg
+ 2*xQx*8 +
12 + 2xg*x*y
+ q**13 +

in 333

+ 2xQgQx%x2 =
+ qQ**6
+ 2*xq**4 +
8 + 4xqg*%x9
qQxx2 = QqQ**ky
+ 2*Qq**x9 +
13 + 2xqxx,

in 234:
|4+ 2*%Qxx2 &
5 + b6xqx*6
10 + 4xqgeexy
QX% 2 = (Q*xQ
C+ o g¥x]11 +

IxQqx*
; + 4%

; o+ 5%

3+ 2

) + Bx%
%10 +
4 - q
L0+ 4

rx]1%

£33 o+ 4
tx7 o+
rqrxl2
I o}
+ QqQ**

Q*x*3 + Q**€
4rqgxxd +

qQ¥*x6 +
+ Sxqxxl11 +

gx*x16

6xqxx7 +

lQ**6 +
+ 4rxqxxl2

<+

i + bxqx*9 +
12 *13 + qg*x]
gQ**6 +

1 **14 + qgx*]

xx15







