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5-des

Brouwe:

ACT

We co t some 4-(11 and 5-

ORDS & ES: t-design




iking 3 disjoint copies of S(4,5,11) since the maximum number of disjoint
(4,5,11)"s is two. KRAMER & MESNER [3] showed by computer search that a
3(4,5,]1) cannot have a cyclic group of. order 11 so that in particular its
itomorphism group is not transitive on the points. Let us compute some

1
PRELIMINARIES
In DOYEN's table [2] the smallest unknown design is a 4-(11,5,3), or,
1 the other notation, a S3(4,5,11). Such a design cannot be obtained by
irameters of the design. First of all A4 = 3, A3 = 12, 12 = 36, Al = 90,

= AO = 198.
Next look at the number of times a given pattern occurs at given

>sitions:

1 90 1111 3 11111 1

0 108 1110 9 11110 2

1 36 1100 15 11100 7

10 54 1000 15 11000 8

)0 54 0000 9 10000 7

11 12 00000 2

10 24

J0 30 where in the case of patterns of size 5 we assumed that the
J0 24 positions of the patterns form a block of the design.
rom b = 198 we infer that the automorphism group cannot contain elements of

rder 5 or 7. Indeed, if a 7-cycle acts then the four points not in the orbit
f size 7 are either in 0 or in at least 7 blocks, contradicting A4 = 3.

lso, if a 5-cycle acts and has two orbits of size 5 and one fixed point,

hen the number of blocks is congruent to 0,1 or 2 (mod 5), but 198 = 3 (mod 5).
inally if a 5-cycle has 1 orbit of size 5 and 6 fixed points then at least

ne of the blocks covering four fixed points must intersect the orbit of

ize 5 and the fourtuple is covered at least five times. (The design we con-

4')

We saw that given a block there are two others disjoint with it, and

truct below has automorphism group S

hose two others intersect in 4 points:




1111 000000
Jooo 111110
0000 111101

ence we have a mapping ¢: blocks =+ 4-tuples and since each
overed 3 times we have a mapping ¥: blocks - blocks mapping

nother intersecting it in one point:

1111 000000 B

0000 111110

0000 111101

0001 111100 ¥ (B)
1111.. # (B).

Suppose for some B  we have WZ(BO) = B_.. This means tha

0 0

ontains six blocks looking like

1111000000 B,
1110100000 B,
1110010000 B,
0001001111 ¥(By)
0000101111 ¥(B,)
0000011111 ¥(B,)

From the nine blocks with pattern 0000...... , we know

he remaining six must intersect B., B, and B, so that they a

0° 1 2
000 111 (0011) B'

ith two other zeros and two ones in the last four positions.

ence all these blocks ‘are in the design. Likewise we have al

0011) 111 0000 B".

The blocks disjoint from the B' are twelve blocks

le is

lock 1

design

alread
k like




0111) 000 (0011)

here each pair on the right occurs exactly twice, and likewise we have 1

locks
0011) 000 (O111).

These are all 24 blocks with pattern .... 000 ...., but we have yet
o decide in what way the two triples are choosen that go together with a
air on the other side. Unfortunately this is not determined uniquely, bu
fter making a few reasonable assumptions one soon finds so many blocks t

he remaining blocks of the design are determined uniquely.
. THE DESIGN

Seeing that the resulting design induces a natural division of its
oint set into parts of size 4, 3 and 4 we asked our computer for all suc
esigns invariant under some reasonable group. [The assumption of a non-
rivial automorphism group seems essential - in fact the incentive for
his reasearch was a talk by DRIESSEN reporting on an attempt to prove
he nonexistence of the design, essentially by brute force, that had used
lready many hours of computer time.] To this end the pointset was chosen

o be the set of expressions
vV = {a,b,c,d,ad+bc,ac+bd,ab+cd,bed,acd,abd,abc}.

With the symmetric group S4 acting on the four letters (and hence o
he points of the design) exactly one design was found (up to isomorphism
The method used to obtain the design resembles the methods of KRAMER &
ESNER; note however that using a set of expressions as pointset is more
eneral than using the edges of a hypergraph - this method proves useful
lso in other contexts. ]

We list its base blocks as characteristic funcitons, the set V bein
rdered as listed above. Each base block B is provided with a name and an

rbit size, and we list the name of the base block of the orbit containing Y¥(




name block orbitsize ¥ (B)
0: 0000 001 1111 3 34
2: 0000 111 0011 6 15
4 0001 001 0111 24 20
9: 0001 011 1001 12 27
10: 0001 011 1010 24 25
14: 0011 000 1101 12 25
15: 0011 001 0011 6 2
17: 0011 001 1100 6 26

20: 0011 010 0110 24 25

22: 0011 011 0001 24 10

25: 0011 110 0100 12 14

26: 0011 111 0000 6 17

27: 0111 000 0011 12 9

30: 0111 001 0100 12 14

31: 0111 001 1000 12 9

34: 1111 001 0000 3 0

198

ne sees that

j‘o 4,22,30,31
|W—1(B)| J ' for the blocks 0:2210,15,17,20,26,27,34
9,14
5 25

Obviously [W_](B)| can never be larger than 5, since for each p € B there

an be at most one block B0 such that W(BO) = B and IBOnBl = {p}.) Since we

lready know that the automorphism group does not contain elements of order
or 11 and moreover the orbit of block 25 is determined uniquely, S4 is the
ull automorphism group of the design.

If we require somewhat less we get more: while in the case of S, we

4

ound 2 isomorphic solutions, in the case of imposed group A, we find 18

4

olutions (among which 2 nonisomorphic ones), and in the case of D, we find

8

2 solutions (among which 4 nonisomorphic ones).




For the five designs found we list some characteristics connected with

te Y-function:

ame group # of blocks B with IW-I(B)I =] cycle characteristics
j=0 1 2 3 4 5
S4 72 90 24 - - 12 15%[1 1]
(Al}) ' 12x[1 2]
(D8) 12%[2 9]
A, 72 72 36 18 - -= 3x[11]

3x[11131113]
4x[321732173217]

D 64 106 4 12 12 - 7x[11]
4x[1 2]
4x[132]
2x[11171117]

D 80 74 12 28 4 - 7x[11]
4x[215]
4x[7 16]
2x[11131113]

D 72 82 16 28 - - 7x[1 1]
4%[2 3]
4%[233]
2x[11131113].

ere eg. 4*[2 3] means that in the directed graph on 198 vertices with the
locks of the design as verices and edge (B,C) if ¥(B) = C there occur 4
ycles of length two such that its vertices are roots of trees of cardinality

and 3 respectively:
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. EXTENSION TO A 5-DESIGN.

As shown by ALLTOP [1] any t-(2t+3,t+1,)) design with t even can be
ctended to a (t+1)-(2t+4,t+2,)) design by adding a point = to the blocks
> the given design and adjoining the complements of the old blocks. Hence
-om each 4-(11,5,3) we get a 5-(12,6,3) design.
In this way we get three 5-(12,6,3) designs:
o) a design of which all 12 derived 4-(11,5,3) designs are of type A
B) a design with all derived designs of type B.
y) a design with 4 derived designs of types C, D and E each.

In all cases we only looked at the ¥Y-characteristics of the produced
ssigns but did not exhibit explicit isomorphisms between designs with the

ame Y-characteristics.
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