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Abstract

Recently, several approximation algorithms were proposed for the uncapacitated
facility location problem (UFLP). We consider the fault tolerant version of this prob-
lem, in which every demand point j is required to be connected to r different open
facilities, where r > 1. For this problem, we first propose a 3-approximation algorithm,
based on the primal-dual technique. Then we show how the performance guarantee
can be reduced to 1.85 by combining scaling with a greedy improvement technique of

the solution.
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1 Introduction

The uncapacitated facility location problem, denoted by UFLP, has been extensively stud-
ied in the OR-literature. In this problem one has information about the costs of building
and opening facilities at a set F' of locations and about the demand of a set D of clients
(demand points). The goal is to decide where to open facilities and how to assign each
client to an open facility such that the total cost of building/opening the facilities and of
satisfying all the demand is minimized.

The uncapacitated facility location problem has proved to be a very useful tool in mod-

eling many network design or location problems, such as location of plants or warehouses



([21], [6], [10]), placement of caches [9] and agglomeration of traffic [3].

However, in many situations, it is required that the system should be resistant to fail-
ures of nodes and links. In this case, the uncapacitated facility location problem cannot
be used, since it does not provide any guarantee regarding the cost of assigning a client
to other facilities.

The fault tolerant facility location problem, denoted by TFLP, differs from the UFLP
in the fact that each demand point j has to be assigned to a number r; of open facili-
ties. We will call the number r; the connectivity requirement of demand point j. The
assignment cost of j is the sum of the corresponding r; assignments. When all the r;’s
are 1, one obtains the uncapacitated facility location problem. We will consider only the
metric variant of the problem, in which the distance function between demand points and
facilities is nonnegative, symmetric and satisfies the triangle inequality.

Throughout this paper, a p-approximation algorithm is a polynomial time algorithm
that always finds a feasible solution with objective function value within p times the opti-
mum. The value p is called the performance (approximation) guarantee of the algorithm.

In recent years, several approximation algorithms for the UFLP ([2, 4, 11, 13, 14, 17,
18, 19]) and for its variants ([1, 15, 17, 20]) ) have been proposed. The currently known
best performance guarantee for the UFLP is 1.52, due to Mahdian, Ye and Zhang [18].
Guha and Khuller [8] and Sviridenko [22] have proved that the UFLP is Max SNP-hard
and that the existence of an p-approximation algorithm for p < 1.463 implies P = N P.

Although a very natural extension of the UFLP, the TFLP did nor receive too
much attention in the literature. The first approximation algorithm for this problem was
developed by Jain and Vazirani [12] and has a performance guarantee of O(logR), where
R = maxjep ;. The first constant approximation algorithm for the TFLP was developed
by Guha, Meyerson and Munagala [9], who proposed a 3.16-approximation algorithm based
on the filtering technique developed by Lin and Vitter in [16] and linear programming
rounding. Combining filtering with greedy improvement, they reduce the performance
guarantee to 2.47. Later on, Mahdian et al. [17] proposed a 1.86-approximation algorithm
based on dual fitting for the special case of TFLP in which all connectivity requirements
are equal.

In this paper, we first propose a 3-approximation algorithm for the TFLP with equal

connectivity requirements, i.e. r; = r, for every demand point j € D. The algorithm is



based on the primal-dual technique end extends the algorithm proposed by Jain and Vazi-
rani [13] for the UFLP. Similar ideas were used by Erlenkotter in the branch and bound
algorithm he proposed for the case » = 1 in [7]. By combining scaling with the greedy
improvement technique in the manner of [4] and [9] we reduce the performance guarantee

to 1.85.

2 The fault tolerant facility location problem with equal

connectivity requirements

Consider a complete bipartite graph G = (V, E) with V. = FUD and E = F x D. The
set F' is the set of possible facility locations and D is the set of demand points. We are
given a service (transportation) cost vector c € R'fl (i.e., the cost of transporting a unit
of demand from i to j is ¢;;) and an opening cost vector f € R‘f'. (i.e., opening a facility
at ¢ € F incurs a cost f; > 0). We assume that c¢ is induced by a metric on V. Every
demand point j € D must be connected to r open facilities. r is called the connectivity
requirement of j. The goal is to decide which facilities to open and how to connect the
demand points to the required number of facilities such that the total cost (the opening
costs plus the connection costs) is minimized.

For simplicity, we will assume that each j € D demands exactly one unit from each of
the r facilities to which it gets connected. All the results presented in this chapter can be
easily generalized (by an appropriate scaling) to arbitrary demands. Furthermore, we will
assume that f; > 0 for every ¢ € F. This is not a restrictive assumption, since if there is a
facility ¢+ with no opening cost, we can open it after the algorithm terminates and assign
to it all the demand points for which a reassignment to ¢ would mean a decrease in the
service cost.

One way of formulating the TFLP as an integer program is the following. Let y;
(i € F) be variables indicating whether facility ¢ € F is open and let z;; (i € F,j € D)
indicate whether demand point j is connected to facility i. We let

c(x) == Z CijTij
i€F,jeD
and

FW) =" fuyi.

el
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The TFLP is then equivalent with

(Py,) minimize c(x)+/(y)
subject tOZl‘ij >r, foreachjeD (1)
el
x;j <vy;, foreachie Fandje€D (2)

xij,yi € {0,1}, for each i € F and j € D

Constraints (1) ensure that each demand point j € D is connected to at least r facilities
and constraints (2) ensure that each of these facilities must be open.

We consider the following LP-relaxation of (Pjpt):

(P) minimize ¢(z) + f(y)
subject to (1), (2)
xi; <1, for each i € F and j € D (3)
xij,y; > 0, for each ¢ € F and j € D
Note that constraints (3) are necessary to ensure that for each j € D, the facilities to

which j is assigned are distinct. Denote by Copr and Cp, the optimal values of (Piy),

respectively (P). Clearly, Copr > CLp.

Let vj,t;; and z;, denote the dual variables corresponding to constraints (1), (2) and

(3) in (P). The dual program corresponding to the linear programming relaxation (P) is

(D) maximize Z Tvj — Z Z Zij

jeD i€F jeD
subject to v; — tij — 2ij < ¢, for each i € F and j € D (4)
Z tij < fi, for each i € F (5)
jeD

vj, Zij, tij > 0, for each i € I and j € D.
To derive feasible primal and dual solutions we will use the complementary slackness
conditions for optimal solutions (z*,y*), respectively (v*,t*, z*) of (P), respectively (D).

The primal and dual complementary slackness conditions are:



T1
T2

(T1) If z7; > 0 then v — 17, — 2§, = cij.

(T2) If yf >0 then > t; = fi.
Jje€D

(T3) If v¥ > 0 then ; xi =T

(T4) If ¢, > 0 then z}; = y;.

(T5)

If zfj

T5 > 0 then x;‘j =1.

3 A 3-approximation algorithm

The main idea of the 3-approximation algorithm is to construct, in polynomial time, a
primal integer feasible solution (z,y) and a dual feasible solution (v,t, z) that satisfy the

complementary slackness conditions (T2)-(T5) and a the following relaxation of (T1):

(Tll) If Tij > 0, then %Cz’j <wj—ti; — 25 < Cij-

The cost of such a primal solution (x,y) can then be bounded by

c(z) +3f(y) = Z CijTij + 32 fiyi = Z cijTij + 3 Z tij%ij

i€F,jeD i€EF i€F,jeD i€F,jeD
=D ey +3ti)ay <3 D (v —zg)wiy =30 _rvy— YD zij)
jeD icF jeDicF jED jeD icF

<3Crp <3Copr,

where the second equality is based on (7'2) and (T'4), the first inequality is based on
(T'1") and the last equality on (7'3) and (75).

Before describing the algorithm in detail, we introduce some terminology with respect
to a primal, respectively dual feasible solution (x,y), respectively (v,t, z).

A demand point j € D reaches a facility ¢ € F' if
Cij < Vj.

Denote by F; the set of facilities reached by j.
If t;; > 0, we say that j is willing to contribute with t;; to opening facility i. A facility

i is fully paid when

Z tij = fi-

jeD



For every demand point j let the neighborhood N; of j be the set
N; ={j € D|F;NFj # 0 and vy < v;}.

We will call a demand point j saturated when there is a j* € N; such that j’ reaches

r open facilities.

Remark 1 Note that, complementary slackness conditions (T1) and (T2) imply that, with
respect to an optimal primal, respectively optimal dual solution, each demand point reaches
the facilities to which it is assigned by the optimal solution and each open facility is fully
paid.

The definition of a saturated demand point is justified by the following lemma.

Lemma 1 Let j, j/ be two demand points such that j' € N;. For every i € Fj we have

cij < 3vj.

Proof. Since j' € Nj, F; N Fj # ) and vy < v;. Let ¢/ € Fjy N F;. The definition of
the sets F}, respectively F implies that ¢;;; < vj, ¢y < vy and ¢;57 < vjr. The triangle

inequality thus yields
Cij < cirj + cpjr + ¢ < 2v5 + v < 3vj.
|

Remark 2 Lemma 1 is essential for the algorithm. If we connect a demand point j to a
facility i € Fj the service cost can be bounded by v;. Lemma (1) tells us that if we connect j
to facilities in N; the service cost may increase by at most a factor of 3. Hence, a saturated

demand point j has at least v open facilities at distance at most 3v.

A closed facility i is blocked by a demand point j if the following conditions are satisfied
e | {i € Fj|i’ is open and t;; + 2y, > 0} | =7
ot +z;; > 0.

Observe that if a demand point j blocks a facility ¢, then j is saturated, since Fj contains

r open facilities and j € Nj.

Example 1 In Figure 1 we give an example of a saturated demand point. In this example,
r =3, facilities {i1,12,13,15,16} are open, Fj = {i1,12,i3,14} and F; = {i4,15,16,97}. Since
r facilities in Fj are open, demand point j' is saturated. If vy < vj, then j' € Nj and j is

saturated as well. If t;j+ z;j0 > 0 for all © € {i1,42,13,14}, then facility is is blocked by j'.
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]
B are open facilities and [ ] are closed

Figure 1: Example of saturated demand point

As an indirect consequence of the definitions of the neighborhood and a blocked facility

we obtain the following lemma.

Lemma 2 If i is a facility blocked by a demand point j' then any demand point j with

vy < vj that reaches i is saturated.
The algorithm can be described as follows.

Start with v = t = 2z = 0. Initially, all the demand points are non-saturated and
no facility is open. Until all the demand points become saturated, for all non-saturated
demand points we proceed as follows. Increase v; uniformly until j becomes saturated.
For all not-fully paid facilities ¢ reached by j increase t;; uniformly, until either f; is fully
paid or j becomes saturated. For all the fully paid facilities ¢ reached by j, increase z;;
uniformly until j becomes saturated. Open all the fully paid and not blocked facilities.

In other words, the algorithm proceeds as follows:



LETv=t=2=0.

UNTIL all j € D are saturated DO
fi= 30 tij
LET A = min{ =<2~ |i € F,i is not fully paid and not blocked
ED ]
LET AQ = min{cij — ’Uj|cij Z Uj}
LET A = min{Al, AQ}
FOR all non-saturated j € D DO
Vj = Uy + A
FOR all not fully paid facilities ¢ € F' reached by j
ti; =1y + A
FOR all fully paid facilities ¢ € F reached by j
Zij = Zij + A.

Open all fully paid, not blocked facilities i € F'

Fix—= 22 tixj
Remark 3 If in an iteration A = Ay = ﬁ for some i* € F it means that facility
: J

i* becomes fully paid, and if A = Ay = c;xj« — vj=, means that demand point j* reaches

facility i*.

Example 1 We will illustrate the construction of the dual solution on the following
example.
Let |D| = 3 and |F| = 6. The costs of opening the facilities are given by the vector

f = (100, 80,70,110,150,300). The service costs are given in the following table.The

connectvity requirement is r = 2.

F
D 1 2 3 4 5 6

1 20 30 20 150 | 70 130

2 120 200 30 20 70 140

3 110 150 120 140 70 130

We start withv=t=2=0.

Iteration 1 All demand points are non-saturated. A; = oo, as no facility is reached by

a demand point, Ag = 20, hence A = 20. The v-vector becomes v = (20, 20, 20). First



demand point reaches facilities F1 = {1, 3}, second demand point reaches Fy = {4} and
the third does not reach any facility, hence F3 = ().

Iteration 2 A; = min{f1, f3, f1,00} = min{100,70,110,00} = 70 and Ay = 10, hence
A = 10. The dual solution becomes v1 = vo = v3 = 30 and ¢17 = t31 = t4o = 10. Demand
point 1 reaches facility 2 and demand point 2 reaches facility 3, i.e., F; = Fy U {2} =
{1,2,3} and F» = Fo U {3} = {3,4}.

Tteration 3 A; — min{ fi—tin, o, 55051 ) —t42,oo} — min{90, 80, 30,100, 00} and

Ay = 40. This implies A = 30, and that facility 3 will become fully paid. The v-vector
changes in v; = vy = v3 = 60 and the contributions of demand points to facilities are
t11 = t31 = tgo = 40 and t9; = t30 = 30. Facility 3 is opened.

Iteration 4 A; = min{f; — t11, fo — to1, fa — ta2,00} = min{60,50,70,00} = 50 and
Ay = {10}. Hence A = 10 and v; = vy = v3 = 70. Clearly, all the demand points reach
facility 5, therefore, F1 = {1,2,3,5}, F» = {3,4,5}, F3 = {5}. Moreover, t;; = tyo = 50
and t91 = 40. Facility 3 being fully paid, z32 = 10 and z3; = 10.

Tteration 5 A; = min {fl —t11, fo — to1, f4 — tas, %,oo} = min{50, 40, 60, 50, c0} = 40
and Ao = 50. Hence, A = 40. v becomes v; = v9 = v3 = 110. The contribution to opening
facilities changes as follows t11 = 90, t97 = 80, t40 = 90,51 = t50 = t53 = 40. The z-vector
becomes z31 = z39 = 50, all the other components being zero. Clearly, facility 2 becomes
fully paid and is opened. Demand point 1 is saturated, because it reaches the fully paid
facilities 2 and 3. Therefore the other facilities in F}, namely 1 and 5 are blocked. Since
demand points 2 and 3 reach the blocked facility 5, they are saturated as well, cf. Lemma

2.

We summarize the properties of the dual solution (v, t, z) constructed in the following

lemma.

Lemma 3 (i) For every demand point j and facility i reached by j, vj — tij — 2zij = cij.
For every facility © that was not reached by j, t;j = z;; = 0.

(17) (v,t, z) is a feasible dual solution.

(i13) Every facility i with ) z;; > 0 is opened.

(1v) For every open facili;gilz)' and demand points j,j' such that i € Fy and j' € Nj, the
following holds

1
gcij S ’Uj — tij — Zij S Cl'j. (6)



Moreover, for every demand point j, there are at least v open facilities i satisfying (6).

Proof. (i) For all the demand points j and facilities 4, first we have increased the
variable v; and maintained ¢;; = z;; = 0 until v; = ¢;;. Then, until ¢« became fully paid,
we increased simultaneously ¢;; and v;, thus maintaining v; —t;; = ¢;; and z;; = 0. If after
i became fully paid, j was still non-saturated, we increased simultaneously v; and z;; and
kept ¢;; fixed.

(79) We have actually proved in (7) that (v,t, z) satisfies (4). Since for every facility ¢
we stop increasing the dual variables ¢;; when ) t;; = fi, (5) is satisfied as well.

(iii) When ¢ became fully paid, j did not becarjri;j saturated otherwise we would not have
increased z;;. Facility ¢ was not blocked as well, otherwise j would have become saturated,
cf. Lemma 2. This implies that facility ¢ was opened.

(iv) If j reached facility i, v; —t;; —2;; = ¢;; and (6) holds. If j did not reach i, t;; = z;; = 0
and (6) follows from Lemma 1. The second part of (iv) follows from the definition of a

saturated point. [

Now we proceed to construct a primal solution (z,y). For every facility i € F,

1, if facility 4 is opened
Yi =
0, otherwise

From Lemma 3 we know that there are r facilities satisfying (6) for each j € D. Assign
each j to them and set
1, if j is assigned to i.
."L‘Z'j =
0, otherwise

Example 2 Consider the dual solution constructed in Example 1. The corresponding

primal solution is given by y = (0,1,1,0,0,0) and by z3; = z9; =1, for all j € 1,2,3. All

the other components of z are zero.

It is easy to see that the primal and the dual solution constructed satisfy (T1’) and
(T2)-(T5). Since every demand point j is assigned to facilities for which (6) is true, we

conclude that (z,y) and (v,t, z) satisfy (T1’). (T2) is implied by the fact that only fully

10



paid facilities are open. (T3) is verified for each j € D. (T4) follows from the fact that
every demand point j was assigned to all open facilities ¢ to which he was willing to con-
tribute. Finally, since every j € D was assigned to all open facilities i« € F' with z;; > 0,

(T5) is true as well.

Tight example

The following infinite family of examples shows that the analysis of our algorithm
is tight. There are n + 1 demand points and two facilities 1 and 2. The connectivity
requirement is 7 = 1. The costs of opening the facilities are f; = % and fo =1+ % The
service costs are as follows: c¢;; = 1 and ¢1; = 3 for j € D,j > 1 and cy; = 1, for each
j € D. Clearly, in the optimal solution facility 2 is opened and all the demand points
are assigned to it. The cost of the optimal solution is then n + 2 + % The primal dual
algorithm, however, will construct the following dual solution: v; = 1+ %, tij = %, 25 = 0,
for each i € F,j € D. Facility 1 is fully paid, demand point 1 reaches bothe facility, hence
facility 2 is blocked. All the other demand points reach the second facility. Hence, the
primal solution will open facility 1 and will assign all the demand points to it. The cost
of the primal solution will be 3n + 1 + % For n large, the ratio between the solution

constructed by the algorithm and the optimal solution approaches 3.
Running time

The analysis of the algorithm is similar to the one in [13]. Let ng = |D|, ny = |F| and
n = ng+ny. Sort all the edges by increasing cost. This gives the order and the time when
demand points reach facilities. This operation can be done in time O(n?logn).

For each facility ¢, we maintain the number of demand points that are currently willing
to contribute towards it, and the anticipated time, T;, at which it would become fully paid
if no other event happens in between. Initially, all the 7}s are infinite and the contribution
of each demand point to each facility is equal to zero. The T}s are maintained in a binary
heap so that we can update each one and find the current minimum in O(logny) time.
Two types of events happen and they lead to the following updates.

e A demand point j reaches a facility ¢

11



-If 7 becomes saturated, for all the facilities that had j as contributor we need to
decrease the number of contributors and recompute the anticipated time at which it will
become fully paid.

-If j does not become saturated, then if facility ¢ is not fully paid, it gets one more
demand point willing to contribute towards its cost and we update T; accordingly. The
new T; can be calculated in constant time.

e A facility i becomes fully paid. For all the demand points that become saturated we
will execute the first case of the previous event, i.e., update the not fully paid facilities
towards which they were contributing.

Note that every edge (7,j) is considered at most twice. First when j reaches i, and
then when demand point j becomes saturated. For each consideration of this edge, we

will do O(logny) work. Hence, we have proved that

Theorem 2 The algorithm presented above constructs in time O(n?logn) a solution (z,y)

of cost c¢(z) + 3f(y) <3CLp < 3Copr.

4 Improved approximation algorithm

In this section we reduce the performance guarantee of the algorithm presented in Section
3, by using scaling and the greedy improvement technique in a way similar to [4] and [9].
We will use the term adding a facility ¢ to a solution for opening 7 and assigning to 4
all the demand points for which the assignment cost decreases by this operation, while
maintaining the property that each demand point is assigned to r different facilities.

Define the Gain(i) of a facility ¢ to be the decrease in total cost (i.e., decrease in
assignment cost minus f;) of the solution if facility i is opened. The gain ratio associated
to facility ¢ is G%ZZ(Z)

Denote by (Z,7) the optimal solution to (Piy). First we describe the greedy improve-

ment technique.

The greedy improvement technique
The greedy heuristic proceeds iteratively. Start with a solution (x,y) to (Piy). Reas-
sign, if necessary, the demand points to facilities such that each demand point is assigned

to the r closest open facilities. As long as there are closed facilities with positive gain, add

12



to the solution the facility with the biggest gain ratio.
The following Lemma is proved in ([9]), though in a slightly different way.

Lemma 4 Let (x,y) be a solution of (Pjy;) such that each demand point is assigned to the

r closest open facilities. There exists a facility with gain ratio larger than W

Proof. For every demand point j, let S, respectively 3; denote the sets of facilities
to which j is assigned by (z,y), respectively (Z,7).
Let o; : TS’; — S; be a bijection with the property that o;(i) = i for each i € §; N TS';
Suppose we add a facility ig € F opened by (Z,y) (i.e., with y;; = 1) to the set of the
facilities opened by (z,y). The gain is obtained by assigning to ig demand points j for
which this modification is profitable. Hence,
Gain(io) = —fiy + Y _(Co(i0)j — Cioj)Fiog> (7)
JjE€D
since the second term on the right hand side represents the assignment gain that is obtained
by connecting all j € D to i instead of ;(ig), if they are connected to ig by = (even though
this may increase the current assignment cost for some j € D). Note that the gain might
be negative. Furthermore, note that (7) also holds in case iy is opened by (z,y), since
Gain(ig) = 0 and for every j with Zig; = 1, ¢5,(i5); = Cioj if G0 € Sj O 5 (i); < Cigj if
io ¢ S, due to the fact that j is assigned to the r closest open facilities.
Summing the gain obtained by adding to (z,y) all facilities opened by (Z,y), and
taking into account that since (Z,y) is integral, (so, Z;;y; = Z;;), we obtain
> Gainlio)giy > = Y figlio + O Y (Coy(i0)j — Cioj) Tios-
i0EF i0EF i0EF jED
Since
Y Coslio)iTiod = Y Coglioli = X Cioi = D, Ciojiog
i0EF ines; i0€S; i0EF
the total gain is equal to
> Gain(i)gi > c(x) — c(@) — £(7)- (8)
iEF

Suppose now that for every facility opened by (Z,7), G(}i(?)(i) < f@))_f @) This

would imply that

Z Gain(i)y; < ()

1eF

S" i = ela) — c(@) — /().

1eF

— () — f®)
f@)

13



contradicting (8). Hence, there is a facility ¢ opened by (Z,y) with gain ratio larger than

() =c(@®)~F (@)

7@) "

Lemma 5 ([/]) The solution obtained by the greedy improvement will incur a total cost

of at most

ﬂw+<ﬂ@+c@w+ﬂ@nmx§und@&5*”}.

Proof. Denote by C] respectively F; the assignment cost, respectively the facility cost,
associated with the solution obtained in the [ — th iteration of the greedy improvement
procedure. Initially, Cp = c(z) and Fy = f(y). If Cyp < ¢(Z) + f(¥), the lemma is true.
Suppose Cy > ¢(Z) + f(7).

Since in every iteration [,I > 1 we add the facility with the best gain ratio,

Ci1—C— (F — Fi) S Ci—1 —c() = f()

F-Fa = @
and therefore the cost of a facility ¢+ added in the I-th iteration can be bounded by f; <
Cc;l%:c%)f (y). Furthermore,
Ci1 —c(7) Cr1 — (@) G o)

where the last inequality is derived from the fact that for all 2,0 <z < 1, 1 —x < In(1/z).

Hence,
Ci—1 —c(T)
C,—c(z) (9)

Note that, as we open facilities in each step, eventually, C; < ¢(Z) + f(¥) must occur.

i < f(H)In

(If all facilities are opened, the assignment cost is at most ¢(z). Assume Cy, < ¢(7) + f(9)
happens for the first time after m iterations. Since in all subsequent iterations the cost

decreases, it is sufficient to bound the total cost after m iterations.

Con + Fop = Coy + Fo + (Fy — Fo) + . + (Fop — Fin_1)

Cnt — ¢(F) Oz — ¢(F)  Co — ()
Crm — (@) Cm_1—c(2) " C1 — (@)
Co — (@)

Crn — c(3)

< fly)+c@)+ f@) + f@) 1nc(ff?f(—@c@'

<@+ fH)+ )+ @)

=) +c@) + fu) + fH)In
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The improved approzimation algorithm for the TFLP can be described as follows:

e Scale the facility costs by a factor of §
e Run for the scaled instance the algorithm proposed in Section 3

e Scale back the solution and apply greedy improvement

The following Lemma was proved in [4] for r = 1.

Lemma 6 The solution obtained by the improved approrimation algorithm is within a

factor of ming max {2 — %, 1+ %, 1+ ln(36)} the optimum.

Proof. Denote by (Ps.) the integer program corresponding to the problem with scaled
opening facility costs.

Let (Z,7) be an optimal solution for (Pjy) and (2’,%’) the feasible solution for (Pg.)
obtained in the second step.

Since (Z,7) is feasible for (Ps.), the optimal solution of (Pg.) will have a total cost of
at most ¢(Z) + 0 f(y).

Being obtained by applying the primal-dual algorithm described in Section 3, (2/,y’)
satisfies

(o) + 38F (') < 3(c(@) + (7). (10)

Clearly, (2,1') is also feasible for (Piy) and incurs a total cost of c¢(z') + f(y/).

If ¢(2") < ¢(Z) + f(y), then (10) implies

(@) + f(y) = c(z’) ‘gg(sf(y,) +(1- i)c(l‘,)

36
< DTG 4 (1 2 (ela) + @)
< (14 )@ + 2~ 39 (D) (1)
Suppose now that c¢(z’) > ¢(Z) + f(¥). Since
ola’) < 3e(7) + 35£(5) ~ 357

from Lemma 5, the cost of the solution after the greedy improvement can be bounded by

P+ @) +of@) + @y 2D ERTD =),

15



This expression, as function of f(y'), is maximized for f(y') = %C(/.T\) Choosing f(y') =

%c(ﬁ:\), we obtain the following upper bound for the total cost

(1+ 2)el@) + (14 (30) £(7). (12)

Thus, from (11) and (12) we conclude that the solution obtained is within
ming max {2 — %, 1+ %, 1+ ln(35)} times the optimum. [ ]
Note that ming max {2 — 3*16’ 1+ %, 1+ ln(35)} is attained for § = 0.7192 and is equal

to 1.85. Hence we have proved

Theorem 3 The improved approrimation algorithm has a performence guarantee 1.85.

5 Discussion

In this article we have first presented a 3 approximation algorithm for the fault tolerant
facility location problem with equal connectivity requirements. Then we have shown how
the performance guarantee of this algorithm can be reduced to 1.85 by using standard
scaling and greedy improvement. For the 3-approximation algorithm we could find a tight
example to show that the analysis of the algorithm is tight, but for the 1.85 approximation
algorithm we were not able to do that.

There are several open questions related with the fault tolerance aspect of facility
location problems. For the case with arbitrary connectivity requirements, there is still
no combinatorial approximation algorithm known and no approximation algorithm with a
performance guarantee better than 2.47. In particular, it is not clear whether an algorithm
with the same bound as for the case » = 1, namely 1.52, can be designed for the fault

tolerant facility location problem. Acknowledgements The authors are grateful to the

referees whose insightful comments led us to a significant improvement of the paper.
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