
Itô’s Formula

Exercise 26: Let B and B̄ be two independent 1-dimensional Brownian mo-
tions. Show that

d(BB̄) = BdB̄ + B̄dB.

Exercise 27: Show that the following stochastic processes are {Ft}-martingales:

(a) Xt = e
1
2 t cosBt

(b) Xt = (Bt + t) exp(−Bt − 1
2 t)

Exercise 28: Define the n-th Hermite polynomial, n = 0, 1, . . . , by

Hn(t, x) ,
(−t)n

n!
ex

2/2t d
n

dxn
(
e−x

2/2t
)

Show that ∫ t

0

Hn(s,Bs)dBs = Hn+1(t, Bt), n = 0, 1, . . . ; t ≥ 0

or
dHn+1(t, Bt) = Hn(t, Bt)dBt.

(Hn(t, Bt) plays the role that tn

n! plays in ordinary calculus).

Hint:

dn
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dxn
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⇒ dn

dλn
(
eλx−

λ2t
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)∣∣
λ=0

= n!Hn(t, x).

⇒ eλx−
λ2t
2 =

∞∑
n=0

λnHn(t, x).
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