
Solutions

Solution to 29:∫ t

0

A(s)Xsds =
∫ t

0

A(s)
[∫ s

0

Φ(s, τ)G(τ)dBτ

]
ds

=
∫ t

0

∫ s

0

A(s)Φ(s, τ)G(τ)dBτds

=
∫ t

0

(∫ t

τ

A(s)Φ(s, τ)ds
)
G(τ)dBτ

∫ t

0

A(s)Xsds+
∫ t

0

G(s)dBs =
∫ t

0

(
I +

∫ t

τ

A(s)Φ(s, τ)ds
)
G(τ)dBτ

=
∫ t

0

Φ(t, τ)G(τ)dBτ = Xt

because

Φ(t, τ) = I +
∫ t

τ

A(s)Φ(s, τ)ds.

Solution to 30: By Itô formula,

dFt = Ft(−αdBt +
1
2
α2dt) +

1
2
Ftα

2dt

= Ft(−αdBt + α2dt)

d(FtXt) = FtdXt +XtdFt + dFtdXt

= FtdXt +XtFt(−αdBt + α2dt) + (−αFtdBt)(αXtdBt)
= Ft(dXt − αXtdBt) = Ftrdt

FtXt = F0X0 +
∫ t

0

rFsds

Xt = X0F
−1
t + F−1

t

∫ t

0

rFsds

= X0 exp(αBt −
1
2
α2t) + r

∫ t

0

exp(α(Bt −Bs)−
1
2
α2(t− s))ds

Solution to 31:

(a) Yt = lnXt

dYt =
1
Xt
dXt −

1
2

1
X2
t

σ2X2
t dt

=
1
Xt

[k(α− Yt)Xtdt+ σXtdBt]−
1
2
σ2dt

= −kYtdt+ k(α− σ2

2k
)dt+ σdBt

This is Ornstein Uhlenbeck process with extra constant term.

(b) Xt is lognormal. The result follows from standard formula for expectation
of a lognormal random variable.
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