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Abstract. Various proposals for combining first order logic with
Bayesian nets exist. Many of these are based on the so-called knowledge-
based model construction method, e.g. probabilistic logic programs by
Ngo and Haddawy, relational Bayesian nets by Jaeger and the more
recent probabilistic relational models by Koller et. al. Upon a first in-
vestigation these frameworks seem different despite the fact that they
attack essentially the same problem. The relationship among these ap-
proaches has so far not been studied. The main contribution of this paper
is, that we clarify the relation among the three existing frameworks. This
is achieved through the introduction of Bayesian logic programs, which
serve as a common kernel to these first order Bayesian net approaches.
Bayesian logic programs are not really new; they are basically a sim-
plification and reformulation of Ngo’s and Haddawy’s probabilistic logic
programs. However, Bayesian logic programs are sufficiently powerful to
represent essentially the same knowledge in a more elegant manner. The
elegance of Bayesian logic programs is illustrated by the fact that they
can represent both propositional Bayesian nets and definite clause pro-
grams (as in pure Prolog).

1 Introduction

A Bayesian net [Pea91] specifies a probability distribution over a fixed set of dis-
crete random variables'. As such, Bayesian nets essentially provide an elegant
probabilistic extension of propositional logic. However, the limitations of propo-
sitional logic, which Bayesian nets inherit, are well-known. These limitations
motivated the development of knowledge representation mechanisms employing
first order logic, such as e.g. in logic programming and Prolog. In this context,
it is no surprise that various researchers in the UAI community have proposed
various first order extensions of Bayesian nets. Many of these techniques employ
the notion of Knowledge-based model construction (KBMC) [Had99] , where first-
order rules with associated uncertainty parameters are used as a basis for gen-
erating Bayesian nets for particular queries. This is especially useful in domains

* A slightly different version of the paper appears as technical report [KDKO00] of the
AAAI-2000 workshop on Learning Statistical Models from Relational Data (SRL).

! For the benefit of simplicity we neglect approaches for continuous random variables.
References to the literature can be founded e.g. in [RN95].



where the number of relevant random variables depends on the specific problem.
E.g. when reasoning about the probability that a person inherits a disease, the
relevant random variables will depend crucially on the available knowledge and
structure of the family of that person.

This paper investigates various approaches to building first order extensions
of Bayesian nets: probabilistic logic programs [NH97] (PLP), relational Bayesian
nets [Jae97] (RBN) and probabilistic relational models [Kol99] (PRM). Despite
the fact that these approaches essentially address the same problem, they appear
to be quite different. These differences are in part due to a different background
(logic programming for Ngo and Haddawy, databases for Koller et al. and model
theory for Jaeger). Furthermore, each of the the various approaches incorporates
features that - in a sense - go beyond first order logic (for instance aggregate
functions, coping with negation as failure, or using hierarchical combination
functions). This makes it hard to understand the relationship among the vari-
ous frameworks and to understand the fundamental primitives of a first order
Bayesian net.

We take a different approach. We tried to identify a formalism that serves as a
kind of common kernel to the above mentioned approaches and that is as simple
as possible. Taking this framework we clarify the relations among PLPs, PRMs
and RBNs. The result is the framework of Bayesian logic programs, which we
introduce below and which is essentially a reformulation and simplification of the
probabilistic logic programs by Ngo and Haddawy. While introducing Bayesian
logic programming we employed one key design principle. The principle states
that since we wish to combine first order logic with Bayesian nets, the resulting
formalism should be as close as possible to both Bayesian nets and to some
well-founded first order logic knowledge representation mechanism, in our case,
“pure” Prolog programs. Any formalism designed according to this principle
should be easily accessible and usable by researchers in both communities. If one
accepts this principle, then it is important to show how “pure” Prolog programs
as well as Bayesian nets turn out to be a special case of Bayesian logic programs.
Furthermore, the formalism should be straightforward and intuitive.

The framework of Bayesian logic programs not only allows us to elegantly
specify first order Bayesian nets, it also allows us to specify the relationships
among the alternative frameworks. Therein the article differs from [KDKO00]
which does not investigate these relationships but stresses an interpretation of
Bayesian logic programs using a Prolog engine and states suggestions how to
support learning them.

The paper is laid out as follows. Sections 2-4 present the authors’ solution:
Bayesian logic programs. Section 5 shows that Bayesian logic programs satisfy
the stated design principle. In section 6 we show how probabilistic logic programs,
probabilistic relational models and relational Bayesian nets can be represented as
Bayesian logic programs. Based on this discussion Section 7 concludes the main
part of the paper with a short comparison of these approaches. The last section
relates Bayesian logic programs to other frameworks for combining first-order
logic with probability theory and states future work.



2 Bayesian Logic Programs

Bayesian logic programs consist of two components. The first component is the
logical one. It consists of a set of Bayesian clauses (cf. below) which captures the
qualitative structure of the domain and is based on “pure” Prolog. The second
component is the quantitative one. It encodes the quantitative information about
the domain and employs - as in Bayesian nets - the notions of conditional prob-
ability table (CPT) and combining rule (cf. below). We assume some familiarity
with Prolog or logic programming (see e.g. [SS86]) as well as with Bayesian nets
(see e.g. [RN95]).

A Bayesian predicate is a predicate r to which a finite domain D, is as-
sociated. We define a Bayesian definite clause as an expression of the form
A Ay,... A, where the A, Ay,..., A, are logical atoms and all variables are
(implicitly) universally quantified. When writing down Bayesian definite clauses
we will closely follow Prolog notation (with the exception that Prolog’s :- is
replaced by |). So, variables start with a capital, constant and functor sym-
bols start with a lowercase. The main difference between Bayesian and classical
clauses is that Bayesian atoms represent classes or rather sets of similar ran-
dom variables. More precisely, each ground atom in a Bayesian logic program
represents a random variable. Each random variable can take on various pos-
sible values from the (finite) domain D, of the corresponding predicate r. In
any state of the world, a random variable takes exactly one value. Therefore, a
logical predicate r is a special case of a Bayesian one with D, = {true, false}.
An example of a Bayesian definite clause inspired on [NH97] is burglary (X) |
neighborhood(X) . where the domains are D, .y = {yes, no} and D, ipmourhoos =
{bad, average, good}. Roughly speaking, a Bayesian definite clause specifies that
for each substitution € (cf. [L10o89]) that grounds the clause the random variable
A6 depends on A46,...  A,0. For instance, let § = {X <« james}, then the
random variable burglary(james) depends on neighbourhood(james).

As for Bayesian nets there is a table of conditional probabilities associated
to each Bayesian definite clause?.

neighbourhood(X) || burglary(X)|burglary(X)
true false
bad 0.6 0.4
average 0.4 0.6
good 0.3 0.7

The CPT specifies our knowledge about the conditional probability distribu-
tion3 P(A46 | A16, ..., A,0) for every ground instance  of the clause. We assume
total CPTs, i.e. for each tuple of values u € Dy, x ... x D4, the CPT specifies
a distribution P(D 4 | u). For this reason we write P(A | A1,...,A4,) to denote

2 In the examples, we use a naive representation as a table, because it is the sim-
plest representation. We stress, however, that other representations are possible and
known [BFGK96].

3 We denote a single probability with P and a distribution with P.



the CPT associated to the Bayesian clause A | Ay,...,A,. For instance, the
above Bayesian definite clause and conditional probability table together imply
that P(burglary(james) = true | neighbourhood(james) = bad) = 0.6.

Each Bayesian predicate is defined by a set of definite Bayesian clauses, e.g.

alarm(X) | burglary(X).
alarm(X) | tornado(X).

As noted, an associated CPT should specify a conditional probability dis-
tribution. But, if there is more than one different ground instance of a rule
with the same ground atom as head, we have multiple conditional probabil-
ity distributions over this atom — in particular this is the normal situation
if a Bayesian atom is defined by several clauses. E.g. given the clauses for
alarm, the random variable alarm(james) depends on both burglary(james) and
tornado(james). However, the conditional probability tables for alarm do not
specify P(alarm(james) | burglary(james), tornado(james). The standard solu-
tion to obtain this probability distribution from the conditional probability ta-
bles is to use a so called combining rule (we closely follow [NH97]). Theoret-
ically speaking, a combination rule is any algorithm which maps every finite
set of CPTs {P(A | Ain,---,4in;) | 1 < i <m, n; >0}, m > 1, over
ground atoms onto one CPT, called combined CPT, P(4 | By,...,B,) with
{B1,...,Bn} CUi%; Ai1s. .. , Ain;. The output is empty iff the input is empty.
Our definition of a combining rule is basically a reformulation of the definition
given in [NH97]%.

As an example we consider the combining rule maz. The functional formula-
tion is

P(A | U?:lAilr .- 7A2n1) = mglfi{P(A | Ail:-- - 7Alm)}

It is remarkable that a combining rule has full knowledge about the input, i.e.,
it knows all the appearing ground atoms or rather random variables and the
associated domains of the random variables.

We assume that combined CPTs still specify a conditional probability dis-
tribution and that for each Bayesian predicate there is exactly one correspond-
ing combining rule. From a practical perspective, the combining rules used in
Bayesian logic programs will be those commonly employed in Bayesian nets,
such as e.g. noisy-or, maz.

3 Semantics of Bayesian logic programs

Following the principles of KBMC each Bayesian logic program actually speci-
fies a propositional Bayesian net that can be queried using the usual Bayesian
net inference engines. This view implicitly assumes that all knowledge about the

* It differs mainly in the restriction of the input set to be finite. We make this as-
sumption in order to keep things simple.



domain of discourse is encoded in the Bayesian logic program (e.g. the persons
belonging to a family). If the domain of discourse changes (e.g. the family un-
der consideration), then part of the Bayesian logic program has to be changed.
Usually, these modifications will only concern ground facts (e.g. the Bayesian
predicates “person”, “parent” and “sex”).

The structure of the corresponding Bayesian net follows from the seman-
tics of the logic program, whereas the quantitative aspects are encoded in the
conditional probability tables and combining rules.

3.1 Structure of the Net

The role of the logical component is to specify the set of random variables. More
precisely, the set of random variables specified by a Bayesian logic program is
the least Herbrand model of the program®. The least Herbrand model LH(L) of
a definite clause program contains the set of all ground atoms that are logically
entailed by the program®, it represents the intended meaning of the program.
By varying the evidence (some of the ground facts) one also modifies the set of
random variables.

Inference for logic programs has been well-studied (see e.g. [L1089]) and var-
ious methods exist to answer queries or to compute the least Herbrand model.
All of these methods can essentially be adapted to our context. Here, we merely
sketch the computation of the least Herbrand model through the use of the well-
known T, operator’. Let L be a Bayesian logic program and 7 a model (cf.
[L1089]) of L.

Tr(Z) = { A€ |there is a substitution § and a
clause A | Ay,..., A, in L such that
A6 | Ai6,. .., A0 is ground and
forallie {1,...,n}: A,0 €T}

The least Herbrand model LH(L) of L is then the least fixpoint of Z =
(. It specifies the set of random variables. For instance, if one takes as a

¥ Formally it is the least Herbrand model of the logical program L', which one gets
from L by omitting the associated CPTs and combination rules as well as interpreting
all predicates as classical, logical predicates. For the benefit of greater readability,
in the sequel we do not distinguish between L and L'.

If we ignore termination issues, these atoms can — in principle — be computed by a
theorem prover, such as e.g. Prolog.

For simplicity, we will assume that all clauses in a Bayesian logic program are range-
restricted. This means that all variables appearing in the conclusion part of a clause
also appear in the condition part. This is a common restriction in computational
logic. When working with range-restricted clauses, all facts entailed by the program
are ground. Also, the pruned and-or trees and graphs (cf. below) will only contain
ground facts. This in turn guarantees that the constructed Bayesian net for any
query contains only proper random variables.



Bayesian logic program the union of all Bayesian clauses written above to-
gether with neighbourhood(james) then LH (L) consists of neighbourhood(james),
burglary(james) and alarm(james). Notice that the least Herbrand model can be
infinite when the logic program contains structured terms. This is not necessarily
problematic for inference as we will show later.

Given two ground atoms A and B € LH(L), we write that A is directly
influenced by B if and only if there is a clause A" | By,... , B, in the L and a
substitution # that grounds the clause such that A = A'6 and B = B;# for some
i and all B;# € LH(L). The relation influences is then the recursive closure of
the relation directly influences. Roughly speaking, a ground atom A influences B
whenever there exists a proof for B that employs A. For instance, alarm(james) is
influenced by neighbourhood(james) and directly influenced by burglary(james).
Using the influenced by relation we can now state a conditional independency
assumptions: Let Ay,..., A, be the set of all random variables that directly
influence a variable A. Then each other random variable B not influenced by A,
is conditionally independent of A given A;,... ,A,,i.e. P(A| A;1,...,A,, B) =
P(A| Ay,... ,An).

So far, we have ignored one important requirement: the relation influenced
by should be acyclic in order to obtain a well-defined Bayesian net. The net
can only be cyclic when there exists an atom that influences itself. However,
when there exists such an atom A, executing the query 7-A (using Prolog) is
also problematic (the SLD tree (cf. [L1o89]) of the query will be infinite and
the query may not terminate). Thus in such cases the logical component of the
Bayesian logic program is itself problematic. Additional simple considerations
lead to the following proposition:

Proposition 1. Let B be a Bayesian logic program and LH(B) the least Her-
brand model of B. If B fulfills the following conditions:

1. the influenced by relation over LH(B) is acyclic and
2. each random variable in LH(B) is only influenced by a finite set of random
variables,

then it specifies a distribution P over LH(B) which is unique in the sense that
for each finite subset S C LH(B) the induced distribution P(S) is unique.

A proof can be found in [Ker00]. The conditions still allow infinite least Herbrand
models but account for Bayesian nets: they are acyclic graphs and each node has
a finite set of predecessors. Let us have a look at a program which violates the
conditions, more exactly said, the properties of the random variable r(a) together
with the directly influenced by relation violates them:

r(a). s(a,b).

rX) | rX).

r(X) | sX,£(Y)).
s(X,£(Y)) | s(X,Y).

Given this program the random variable r(a) is directly influenced by itself

and by s(a, f (b)), s(a, F(£((b))), -



s(a).

r(X) | r(£(X)).
r(£(X)) | s(£(X)).
s(£(X)) | s(X).

Given this Program the random variable r(a) is influenced (not directly) by
r(f(a)),r(f(f((a))),... though it has a finite proof. In this paper, we assume
that the Bayesian logic program is unproblematic in this respect®.

To summarize, the least Herbrand model of a Bayesian logic program specifies
the random variables in the domain of discourse. These random variables can
then in principle® be represented in a Bayesian net where the parents of a random
variable v are all facts directly influencing v. Any algorithm solving the inference
problem for Bayesian nets can now be applied.

4 Query-answering procedure

In this section, we show how to answer queries with Bayesian logic programs.
We first consider the case where no evidence is given, and then show how to
extend this in the presence of evidence.

4.1 Querying without evidence

First, we show how to compute the probability of the different possible values
for a ground atom (a random variable) ). Given a Bayesian logic program,

lives_in(james,yorkshire).
lives_in(stefan,freiburg).

neighbourhood (james) .
tornado(yorkshire) .

burglary(X) | neighbourhood(X).

alarm(X) | burglary(X).

alarm(X) | lives_in(X,Y), tornado(Y).

the query 7-alarm(james) asks for the probabilities of alarm(james) = true
and alarm(james) = false. To answer a query 7- ) we do not have to compute
the complete least Herbrand model of the Bayesian logic program. Indeed, the
probability of () only depends on the random variables that influence ). These
random variables will be called relevant w.r.t. () and the given Bayesian logic
program. The relevant random variables are themselves the ground atoms needed
to prove that @ is true (in the logical sense).

The usual execution model of logic programs relies on the notion of SLD
trees (see e.g. [L1o89, SS86]). For our purposes it is only important to realize that

8 This is a reasonable assumption if the Bayesian logic program has been written by
anyone familiar with Prolog.
9 We neglect the finiteness of Bayesian nets for the moment.



alarm(james)

P(alarm(james) | P(alarm james))l_
burglary(james)) tornado(yorkshire),
lives_in(james, yorkshire))

[ )
burglary(james) tornado(yorkshire)
f lives_in(yames, yorfcshire)

P (burglary(james
negighbourh(ood(jaznlis))

O
burglary(james)
i tornado %orkshz're

. . P(tornado(yorkshire)
neighbourhood(james)

nez’ghbourhocgd(james)
P (neighbourhood(james))

lives_in(james, yorkshire)
P(lives_in(james, yorkshire))

Fig. 1. The pruned and-or tree (with associated CPTs) of the query ?- alarm(james).

the succeeding branches in this tree contain all the relevant random variables.
Furthermore, due to the range-restriction requirement all succeeding branches
contain only ground facts.

Instead of using the SLD tree to answer the query in the probabilistic sense,
we will use a pruned and-or tree, which can be obtained from the SLD tree.
The advantage of the pruned and-or tree is that it allows us to combine the
probabilistic and logical computations. An and-or tree represents all possible
partial proofs of the query. The nodes of an and-or tree are partitioned into and
(black) and or (white) nodes. An and node for a query ?- Q1,... , @, is proven if
all of its successors nodes 7- Q; are proven. An or node 7- Q is proven if at least
one of its successors nodes is proven. There is a successor node 7- A16,... ,A,0
for an or node ?7- A if there exists a substitution § and a Bayesian definite clause
A'|Aq, ..., A, such that A’6 = Af. Since we are only interested in those random
variables used in successful proofs of the original query, we prune all subtrees
which do not evaluate to true. A pruned and-or tree thus represents all proofs of
the query. One such tree is shown in Figure 1. It is easy to see that each ground
atom (random variable) has a unique pruned and-or tree. On the other hand,
for some queries and Bayesian logic programs it might occur that a ground fact
A occurs more than once in the pruned and-or tree. Given the uniqueness of
pruned and-or trees for ground facts, this actually implies that the subtrees at
both occurrences of A will be the same. It is then necessary to turn the pruned
and-or tree into an and-or graph by merging the two nodes for A'°.

The resulting and-or graph compactly represents the dependencies between
the random variables entailed by the Bayesian logic program. E.g. the tree in Fig-
ure 1 says that burglary(james) is influenced by neighbourhood(james). Further-

10 This can actually be achieved by storing all ground atoms proven so-far in a look-up
table, and using this table to avoid redundant computations.



alarm(james)

/

O tornado(yorkshire)
burglary(james)

lives_in(james, yorkshire)
neighbourhood(james)

Fig. 2. The dependency structure of the resulting Bayesian net of the query 7-
alarm(james).

more, the and-or graph reflects the structure of the quantitative computations
required to answer the query. To perform this computation, we store at each
branch from an or node to an and node the corresponding CPT (cf. Figure 1).
The combined CPT for the random variable v in the or node is then obtained
by combining the CPTs on v’s sub-branches using the combining rule for the
predicate in v. It is always possible to turn the and-or graph into a Bayesian net.
This is realized by (1) deleting each and nodes n and redirecting each subnode
of n to the parent of n (as shown in Figure 2), and (2) by using the combined
CPT at each or node.

4.2 Querying with evidence

So far, we have neglected the evidence. It takes the form of a set of ground
atoms or rather random variables {E1,... , E,} and their corresponding values
{e1,...,en}. The Bayesian net needed to compute the probability of a random
variable @) given the evidence consists of the union of all and-or graphs for
the facts in {Q,e1,... ,en}. This Bayesian net can be computed incrementally,
starting by computing the graph (and the look-up table as described above) for
@ and then using this graph and look-up table when answering the logical query
for e; in order to guarantee that each random variable occurs only once in the
resulting graph. The resulting graph is then the starting point for e and so on.
Given the corresponding Bayesian net of the final and-or graph, one can then
answer the original query using any Bayesian net inference engine to compute

P(Q'El = €1y... ,En:en).

The qualitative dependency structure of the resulting Bayesian net for the query
?7-alarm(james) is shown in Figure 2. Normally the resulting Bayesian nets are
not optimal and can be pruned.

Having regard to proposition 1 we can say that a probabilistic query 7- Q |
El=el,..., EN=eN is legal if the union of all and-or graphs of Q, E1,..., EN
is finite. In other words, the SLD trees of Q, E1,..., EN must be finite.



A ... AL | A A

true false
true ... truef| 1.0 0.0
iee vve ... ]|0.0 1.0
false ... falsel| 0.0 1.0

Table 1. CPT which is associated to a “logical” clause.

5 Special cases of Bayesian logic programs

In this section, we illustrate the representational power and elegance of Bayesian
logic programs by demonstrating that both Bayesian nets and definite clause
programs (as in “pure” Prolog) can directly and straightforwardly be encoded
as Bayesian logic programs. Furthermore, we also give examples of the use of
Bayesian logic programs that involve structured terms (and have an infinite least
Herbrand model).

5.1 Bayesian nets

Any Bayesian net (over finite domains) directly translates to a Bayesian logic
program in the following manner. Any node n in the Bayesian net will be defined
by a single Bayesian clause of the form n | py,... ,pn, where {p1,... ,pn} is the
set of all parents of n. The CPT associated to the node in the net becomes
the CPT of the predicate n. As an illustration, consider the famous standard
example of [Pea91] about burglary alarms at home. It translates to the following
program:

burglary.

earthquake.

alarm | burglary, earthquake.
johncalls | alarm.

marycalls | alarm.

where the associated CPTs are identical to the CPTs of the Bayesian net.
It is easy to see that any program which get using is the described translation
fullfils the conditions of proposition 1.

5.2 Pure Prolog programs and structured terms

Another interesting subclass of Bayesian logic programs are “pure” Prolog pro-
grams. The Bayesian logic program

father (jef,paul).
mother (an,paul) .
parent (X,Y) | father(X,Y).
parent (X,Y) | mother(X,Y).



defines the parent predicate in terms of father and mother. Let us now define
the domains of all predicates as {true, false} and associate to each clause A |
Ay,..., A, the CPT of Table 1 which assigns a probability 1.0 to A = true
only when all of the A; are true, otherwise A = false with probability 1.0.
If one then uses a combining rule like max or moisy-or one obtains the same
semantics and behaviour as for “pure” Prolog. This also motivates us to use
Prolog’s notation :- instead of | (and the CPTs) as a short hand for these
assumptions. Consider the following Bayesian logic program:

even(0) .
even(s(X)) | odd(X).
odd(s(X)) | even(X).

It is easy to see that we can compute the probability distribution of any
ground atom for the predicates even and odd with or without evidence. First,
consider the case where there is no evidence. Then the SLD tree for the query
will be finite and as a consequence also the and-or graph will be. This should
allows us to compute the desired answer. Second, consider the case where there
is evidence, e.g. even(s(s(0))) = true and we want to compute the probability
of odd(s(0)). Then we need to compute the Bayesian net, which is even(0) —
odd(s(0)) — even(s(s(0))), feed it into a propositional Bayesian net engine and
compute the result. One can easily see that despite the presence of structured
terms and an infinite number of random variables, the required computations
are finite. This will - of course - only be the case when the corresponding Prolog
program behaves well w.r.t. the query and evidence. In other words it should
fullfil proposition 1.

6 Relationship to other frameworks

In this section, we investigate the relationship of Bayesian logic programs to three
other first-order extensions of Bayesian nets: probabilistic logic programs (PLP),
probabilistic relational models (PRM) and relational Bayesian nets (RBN).

6.1 Probabilistic logic programs

PLPs [NH95, NH97] follow the KBMC technique and also use a least Herbrand
model to specify the relevant random variables. An example probabilistic logic
program (inspired by [NH97]) is

P(neighbourhood(X, average)) = 0.4
P(neighbourhood(X, good)) = 0.3

P(burglary(X, yes) | neighbourhood(X, average)) = 0.4
P(burglary(X, no) | neighbourhood(X, good)) = 0.7

It consists of four so-called probabilistic sentences. Each such a sentence states



a probabilistic dependency between random variables, e.g. in the above example
the a priori probability of the neighbourhood of any person X to be good is 0.3
and the a posteriori probability of a burglary given that the neighbourhood is
good is 0.7. The example shows five main differences between PLPs and Bayesian
logic programs, apart from which both approaches result to be equal:

First, instead of writing neighbourhood(james) = average as in Bayesian
logic programs, PLPs use meighbourhood(james,average). This means that
ground atoms in PLPs not only specify random variables but also the states
of the variables. One side-effect of the first difference is that PLPs em-
ploy a more complicated and less efficient inference procedure. Indeed, to
query 7-burglary(james) the PLPs inference engine would construct one
proof tree for all possible values of all possible random variables influencing
burglary(james).

Second, to guarantee that each random variable yields at most
one value, PLPs need so called exclusivity constraints, such as <«
neighbourhood(X, average), neighbourhood(X,bad). This is not needed in
Bayesian logic programs, which also use a more compact notation.

Third, in PLPs the qualitative information (the logical component) is mixed
with the quantitative information (about the CPT), whereas in Bayesian logic
programs this information is - as in Bayesian nets - nicely separated. This is due
to the fact that a probabilistic sentence specifies an entry in a CPT. But this
separation is considered an important advantage of Bayesian nets by [RN95],
who write that Bayesian nets “are a natural way to represent conditional in-
dependence information. The links between nodes represent qualitative aspects
of the domain, and the conditional probability tables represent the quantitative
aspects.”

Fourth, in PLPs it is possible to employ partially defined CPTs (as in the
example above), i.e. some entries in a CPTs are undefined. Though Bayesian
logic programs could - in principle - be extended to also allow for such partially
defined CPTs'!, we prefer not to do so. Reasons for this are that it complicates
the notation and also that it is unclear whether there are any advantages of
partially defined CPTs!2.

Fifth, probabilistic sentences are essentially typed definite horn clauses (cf.
[L10o89]) augmented with probability values. As long as the types are finite (and
[NH97] give only for this case an implementable query-answering procedure) any
typed definite horn clause can be transformed into an untyped, range-restricted
horn clause as is shown in [Fla94, p. 112].

A further extention of PLPs is the use of context information. Context in-
formation is used to filter away clauses that do not apply to the current query
from the knowledge base. Consider e.g. the following PLP (inspired by [NH97])

11 Alternatively, we could handle partially defined CPTs using the combining rules.

12 There is a discussion on the question whether there is need for partially CPTs (see
[NH97, Jae98]). From the point of view of Bayesian nets we don’t have to consider
partial CPTs.



P(neighbourhood(X, bad)) = 0.2 + live_in(X, yorkshire)
P(neighbourhood(X, bad)) = 0.4 « live_in(X, vienna)

This PLP states that we have different CPTs depending on whether
live_in(z, yorkshire) or live_in(x, vienna) is true or false, given some external logic
program L'3. Whereas context information may be important for efficiency rea-
sons, we believe it is more natural to view this information as deterministic
knowledge that can be specified using a “pure” Prolog program (a subset of
Bayesian logic programs) although the filter process used in [NH97] can be eas-
ily incorporated into our framework. Using this approach, the last PLP would
be written as the following Bayesian logic program

neighbourhood(X) | live_in(X,yorkshire)
neighbourhood(X) | live_in(X,vienna)

where we assume the existence of some “pure” Prolog clauses defining
live_in. Though most of the above mentioned differences are merely syntactic or
cosmetic ones as they do not really affect the expressive power of the formalisms,
we believe these differences are important. One reason is the above mentioned
design principle. From this perspective, it is a lot easier to write Bayesian logic
programs and to understand their behaviour than with PLPs. This is easily seen
by trying to write down and execute a “pure” Prolog program or a propositional
Bayesian net as a PLP.

6.2 Probabilistic relational models

Koller et. al. [FGKP99, Kol99] define Probabilistic relational models, based on
the well-known entity/relationship model. Figure 3 shows an example given
in [FGKP99]: “it is a genetic model of the inheritance of a single gene that
determines a person’s blood type. Each person has two copies of the chromo-
some containing this gene, one inherited from her mother, and one inherited from
her father. There is also a possibly contaminated test that attempts to recognize
the person’s blood type.” In PRMs, the random variables are the attributes.
The relations between entities are deterministic, i.e. they are only true or false.
To represent this within Bayesian logic programs we use the following normal
form: each attribute a of an entity type E is a Bayesian predicate a(E) and each
n-ary relation r is a n-ary logical predicate n. PRMs consist of a qualitative
dependency structure over the attributes and their associated quantitative pa-
rameters (the CPTs). [FGKP99] distinguish among two types of parents. First,
an attribute a(X) of X can depend on another attribute b(X) of X, e.g. the

3 This external logic programming may employ negation, its clauses are so called nor-
mal logic programs. We cannot deal with negation as failure or completion semantics
but we could use Bayesian logic programs to define negated predicates explicitly.
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Fig. 3. PRM of the genetic model. We use the standard graphical notation of en-
tity /relationship models: ovals represent attributes and boxes entities. Dashed lines
indicate aggregations as parents, solid ones indicate attributes as parents.

blood type of a person depends on the chromosome inheritated from the father
(p-chrom). This is equivalent to the Bayesian clause a(X) | b(X). Second, an
attribute a(X) of X possibly depends on an attribute b(Y") of a related entity Y,
e.g. the chromosomes of a person depends on the chromosomes inherited from the
mother (m-chrom). The relation between X and Y is described by a slot s(X,Y)
which is either a projection of a relation, i.e. s(X,Y) :- r(X1,...,X,), or a com-
position of slots, i.e. s(X,Y) :- 1(X, X1),82(X1,X5),--- ,8m(Xm_1,Y). Given
these clauses in a Bayesian logic program, the original dependency is represented
by a(X) | b(X),s(X,Y). Thus the example in Figure 3 can be represented by

m_chrom(X) | mother(X,Y), p_chrom(Y), m_chrom(Y).
p-chrom(X) | father(X,Y), p_chrom(Y), m_chrom(Y).
blood_type(X) | m_chrom(X), p_chrom(X).

contaminated(X) | blood_test(X).

result (X) | test_of(X,Y), contaminated(X), blood_type(Y).

One original feature of PRMs concerns the way they deal with multiple in-
stantiations of a single clause. To this purpose Bayesian logic programs employ
combining rules. PRMs however use aggregate functions (as in database lan-
guages) to map multiple values of a relevant attribute onto a single value. E.g.
consider the above clause for m_chrom and assume that there are multiple pos-
sible values for Z. Then the PRM would apply an aggregate function to these
values and use this derived attributes in the corresponding CPT. Let us first note
that aggregate functions as well as combining rules do not belong to first order
logic, they are typically considered second order. But in contrast to combining
rules they first aggregate the states of some random variables and then specify a
probability. If one would desire to use aggregate functions within Bayesian logic
programs one has to simulate this calculation by moving the aggregate function
inside the combining rules. We gather all relevant random variables thus a set
of ground clauses, compute the aggregate of each joint state of them and finally



specify the probabilities according to the original aggregate function. Indeed,
the CPTs of a Bayesian logic program not only specify the distribution but also
list the involved random variables as well as their values. Because the combining
function combines the relevant CPTs it could implicitly employ the aggregate
functions to realize the same effects. At this point it should be clear that PRMs
employ a more restricted logical component than the other frameworks but a
powerful mechanism to specify combined CPTs. Is should also be noted that
PRMs are the only framework for which learning algorithms are known (see
[FGKP99]).

6.3 Relational Bayesian nets

Jaeger [Jae97] considers Bayesian nets where the nodes are predicate symbols.
The states of these random variables are then possible interpretations of the
symbols over an arbitrary, finite domain (here we only consider Herbrand do-
mains). Then random variables are set-valued. On the other hand, the inference
problem addressed by Jaeger does not ask for the probability of a ground atom
A belonging to any specific interpretation, but only for the probability that an
interpretation contains A. Under these conditions, RBNs are viewed as Bayesian
nets where the nodes are the ground atoms (over the domain) and all random
variables have the logical domain, i.e. {true, false}'*. The key difference between
RBNs and the other frameworks is that CPTs are represented by so called prob-
ability formulae (PF). These PFs employ the notions of a combination function
as well as that of equality constraints'5. A combination function is any function
that maps every finite multiset with elements from [0, 1] into [0, 1]. The interest-
ing point about PFs is that nested combination functions are allowed. [Jae97)
gives the following example. Let F.,...(z) be

noisy-or{combr{exposed(x,y, z) | z;true} | y; true}

This PF states that that for any specific organ y, multiple exposures to radi-
ation have a cumulative effect on the risk of developing cancer of . But develop-
ing cancer at any of the various organs y can be viewed as independent causes.
As shown in [Jae97] a PF not only specifies the CPT but also the dependency
structure. [Ker00] shows that it is - in principle - possible to also model these hi-
erarchical PFs as Bayesian logic programs, e.g. cancer(X) | exposed(X,Y,Z).
with the right combining rule and CPT. We refer for a detailed discussion to
[Ker00].

' 1t is possible, but complicated to model domains having more than two values.
15 To simplify the discussion, we will further ignore these equality constraints here. For
details we refer to [Ker00].



7 Conclusions

We have introduced Bayesian logic programs and compared them to well-known
related frameworks. We have argued that Bayesian logic programs can actually
serve as a kind of common kernel to these other approaches because Bayesian
logic programs can essentially be used to represent the same knowledge. We
have also listed distinctive features of the other approaches (such as aggregate
functions and hierarchical probability formulae), which are not easily modeled
by Bayesian logic programs and which could require extensions to the basic
Bayesian logic program framework. On the other hand, by investigating the re-
lation of Bayesian logic programs to PLPs, RBNs and PRMs, we have also -
implicitly - investigated the relationships among these other frameworks. From
this comparison, it is intuitively clear that there exists a positive inclusion chain
for what concerns the expressive power of the various formalism. More specifi-
cally, PRMs can be represented by RBNs which in turn can be represented by
PLPs if we assume finite domains for the random variables. A formal proof of
this claim can be found in [Ker00]. Another point concerns our design princi-
ple. PRMs certainly satisfies this principle. However, instead of using first order
logic, PRMs work with the more restricted formalism of databases more specific
entity /relationship model. We believe this feature of Bayesian logic programs is
important because it should allow people familiar with both Bayesian nets and
“pure” Prolog to use them.

8 Related and future work

Besides the mentioned papers our framework is motivated by the formalism
given in [Had94]. Furthermore by simplifying PLPs it also extends the work
of [P0093] because PLPs do so [NH97]. The idea of associating CPTs to clauses
is also noticed in the work [FL98], though they see a ground atom as a random
variable over {true, false} and give a quite different query-answering procedure
which e.g. does not incorporate the concept of combining rules. Instead, all
clauses which have the same consequence are ranked according to a user defined
value. For initial queries, the system will backward chain on the rules with the
highest order value. Should the user wish to know whether there are any other
chains of reasoning, alternative rules are expanded according to the order in
a backtracking fashion (cf. [FL98]). The use of combining rules may be more
appropriate than this proposed selection rule. In any case the selection rule can
be easily incorporated into our formalism by extending the notion of combining
rules.

We focused on first-order extensions of Bayesian nets. Also other combina-
tions of first-order logic and probability theory are known, such as the work
of [NS92] who introduced a probabilistic characterization of logic programming.
The article [Par96] gives a survey. Stochastic logic programs [Mug96, Cus99]
are another interesting approach. They are programs of labeled and unlabeled
definite clauses. In contrast to Bayesian logic programs, probabilities are defined



directly on the proofs of atomic formulas. But in doing this they are also related
to Bayesian logic programs because both are using SLD trees. In the notation of
Halpern [Hal89] the stochastic logic programs concern probabilities on the do-
main where as Bayesian logic programs as well as the other discussed extensions
of Bayesian nets concern probabilities on possible worlds.

In the future Bayesian logic programs should be applied to some real-world
problems. In this regard learning Bayesian logic programs has to be investigated.
We believe the elaborated features of Bayesian logic programs will be advanta-
geous. Some suggestions about learning can be founded in [KDKO00]. Furthermore
exploring of the relations between Bayesian logic programs and stochastic logic
programs is interesting because of: (1) both are using SLD trees and (2) trans-
formations between probabilities on the domain and probabilities on possible
worlds exist as Halpern [Hal89] noted.
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