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Abstract

In this paper we perform an amortized analysis of a functional pro-
gram for splaying. We construct a potential function that yields the same
bound for the amortized cost of splaying as given by D.D. Sleator and R.E.
Tarjan—the inventors of splay trees. In addition, we show that this bound
is minimal for the class of “sum of logs” potentials. Our approach also
applies to the analysis of path reversal and pairing heaps.
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1 Splaying

Splaying is the central operation in a particular implementation of dictionaries.
A dictionary is an abstract data type involving operations on subsets of an
infinite, linearly ordered set, such as the integers. In [5] Sleator and Tarjan
developed an efficient implementation of dictionaries, called splay trees. Splay
trees are binary search trees, i.e. binary trees of integers whose inorder traversal
is strictly increasing. There is no balance condition imposed on these trees
whatsoever, but it is the particular way splaying is defined that makes the data
structure efficient.

Operation a/ (“splaying at a”) is performed by “rotating” a to the root of
a binary search tree while keeping the inorder traversal intact (see Figure 1). In
cases (iii) and (iv), triangle y stands for the upper part of the tree that remains
unchanged. The symmetrical counterparts of (ii)—(iv), which are obtained by
interchanging the role of left and right subtrees, are omitted. Transformations
(iii) and (iv) are repeatedly applied until (i) or (ii) applies. It is assumed that a
occurs in the tree.

We translate this pictorial description of splaying into the following func-
tional program, in which (¢, a,u) denotes a nonempty binary tree with left sub-
tree t, root a, and right subtree u (again, the symmetrical cases are omitted):
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Figure 1: Splaying at a (cf. [5, Figure 3]).
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Clearly, the root of a/x equals a, and the inorder traversals of x and a/=x
are equal. If the depth of a is even, the program returns the same tree as the
operation described by Figure 1. In case the depth of a is odd, the resulting trees
may be quite different. However, as far as efficiency is concerned, the difference
is not essential, since both versions of splaying can be analyzed in the same way.

2 Analysis

Evaluation of a/ amounts to repeatedly unfolding either (iii) or (iv), followed
by a single unfolding of either (i) or (ii). A useful cost measure is therefore given
by T.z = “number of unfoldings of (iii) and (iv) required for the evaluation of
a/x.” Given cost measure T, we want to derive a logarithmic bound for the
amortized cost A of a/, given by

Az =Tx+ ®.(alz) — D,

where ® is a potential function [6]. For the sake of brevity it it left implicit that
T.x and A.x depend on a.



Setting out for an inductive derivation, we first calculate a recurrence relation
for A. To this end, we take ® of the form:

D.() =0
O.(t,a,u) = Pt+p.tu+ Pu.

Note that a does not occur in the right-hand side of the definition of ®.(t, a,u);
this reflects our decision to let ®.x depend on the structure of x only. More-
over, w.t.u will be defined to be symmetric in ¢ and u, so that the symmetrical
counterparts of (ii)—(iv) can be ignored in the sequel. Now, we calculate for case

(iv):

A.((v,b, ), c,w)
= { definition of A }
T.((v,b,2),c,w) + ®.(al ({(v,b,x),c,w)) — P.((v,b, z), c,w)
= { definitions of a/ and T }
14+ Tx+ ®.((v,b,t),a,(u,c,w)) — P.((v,b, x), c,w)
= { definition of A; a/z = (t,a,u) }
1+ Az+Pax—®.(t,a,u) + ®.((v,b,1),a, (u,c,w)) — D.((v,b,x), c,w)
= { definition of ® }
1+ Ax+Px— 0t —ptu—du
+Pv+ ot + Pt + p.(v,bt).(u,c,w) + P.u+ p.uw+ Pw
—Pv—puvr—dxr—p.(v,br)w—dw
= { simplifying }
Axz+1+put+puw—pur—ptu
+¢.(v,b,t).(u,c,w) — p.(v,b,x).w
= { see below }

Axz+14+pvt+ puw—puvr—ptu.

Let |z| denote one plus the size of z: |( )| =1 and [(¢, a, u)| = |¢t| + |u|. Then, for
the last step, note that [t| + |u| = |z| because (t,a,u) = a/x and |a/z| = |z|.
Hence, ¢.(v, b, t).(u, c,w) = p.(v, b, z).w provided p.t.u depends on [¢| + |u| only.
This proviso will be assumed in the sequel. Similar calculations for cases (ii)
and (iii) then yield as recurrence relation for A:

Alt,a,u) =0

A((t,a,u),b,v) = @uv—p.tu

A.((z,b,v),c,w) = Ax+ 1+ pu(v,c,w) +pv.w—p.zv—ptu
A (v, b,z),c,w) = Ax+1+pot+puw— oz — ptu.

A logarithmic bound on A follows if we are able to define ¢ such that, for
instance,

(1) Az <log, |z|



with @ > 1. Inspired by [5, Lemma 1], however, and in view of Theorem 1
(Section 3), we will prove the following stronger bound:

x
(2) Az <log, LUI
a
Here |z|, denotes one plus the size of a’s subtree in x.
In case (i), (2) evidently holds. In order that (2) follows by induction in the

other cases, the following requirements are imposed on ¢:

t|+|ul+|v
Y.u.v — .ty < log, %
1+ pau(v,c,w) + pvw —p.zv—ptu < log, WW
1+ pvt+puw—puvr—ptu < log, W

The last requirement corresponds to case (iv), and results from the following
calculation:

A.((v,b,z), c,w)
= { above recurrence relation }

Az + 14+ vt +puw—pvr—eptu
< { induction hypothesis (2) }

log,, % + 14+ pot+puw—pvr—ptu

a
< { last requirement on ; |z| = [t| + |u| and |z|, = [((v,b,x),c,w)|, }
b, z),c,w)|
10 ‘<<Ua ) s &y .
B (. ,2), ¢, w)l,

The important observation is now that these requirements are not only suf-
ficient but also necessary for (2) to hold. This is clear in case (ii), since in
this case the requirement on ¢ is just a reformulation of (2). To see this for
the other two requirements, we reason as follows. Consider case (iv) and take
z = (t,a,u). Then Az =0 and |z| = ||, = |((v,b,z), c,w)|, = [t| + |u|, and—as
may be gathered from the above calculation—the last requirement on ¢ is then
equivalent to (2) in this case. The same reasoning applies to case (iii).

Next, to remove log, from the above requirements, we define p.t.u as the
following function of [¢| + |ul:

.t = Blog, ([t| + |ul),

with 8 # 0. On account of the monotonicity of log,, for a > 1, the requirements
on ¢ then reduce to the following requirements on « and J3:
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Figure 2: Maximum at g = %

Summarizing, we have as sufficient and necessary constraints on « and  to
guarantee (2):

D <1 P —
l+m+n m+n m-+n
4 k,l > <1
@k bmon::alEm=m =7 s 15
k+m l—l—nﬂ m-+n
i < .
) Tk bmn:aGmm=mn o) S %)

Under these constraints, we now maximize « so as to minimize bound (2).
We distinguish three cases, using that o > 1 and g # 0.

Case (§ < 0. Instantiation of (3) with I, m := 1,1 yields that (k—il)ﬁ <1+ k%rl
for all k. But this is false if 3 < 0.

Case 0 < B < % In the appendix it is proved that in this case:

(3) = true (Lemma 1)
_3)1-8

4) = a< W (Lemma 2)

5) = a<4’ (Lemma 3) ,

so, taking the conjunction of the requirements on o and (3, we obtain:

(1-p)"7
LS B

To maximize «, we determine the maximum of its upper bound over all 3 sat-
isfying 0 < 8 < 3. This yields a = v/4 (= 1.59) as maximal value at 3 = % (see
also Figure 2).

Case 3 > 3. Instantiation of (4) with k,l,m := 1,1, 1 yields that (242 241)5 <
@ n+3

2 (n243n42)0"
decreasing in (3, so to minimize it we take § = % Taking n — oo, we then get

3
ag\/;

min 4°.

"TJF?’, for all n, which is equivalent to o < This upper bound is



Since \/g < /4, we conclude from this case analysis that the maximal value for
o is given by oo = v/4 (for 8 = 3).

3 Result

The analysis in the previous section constitutes a proof of the following theorem.

Theorem 1 Let potential ® be of the form

®.() — 0
¢.(t,a,u) = ®@.t+ Blog,[(t,a,u)l+ P.u

with o > 1 and 3 # 0. Then A satisfies

(Va,z :: Az <log, ‘i—|) = 3) A (4) N (D),

[l

and this bound on 4 is minimal for o = V/4 (and 8 = 3). O

In other words, 3 logy(|z|/|z],) is the minimal bound for A.z for the class of “sum
of logs” potentials. A better bound for A.x of this form can only be obtained
by using a different type of potential function.

To obtain the bound of Sleator and Tarjan [5, Lemma 1], we define 7".2 =
24 2T.z. Then T'.x corresponds to the cost measure in [5], which counts the
number of integer comparisons required for the evaluation of a/ x. Furthermore,
we define A'.x = T2 + ®'.(alx) — ®'.x where ®'.x = 2.z, Since Az =
2+ 2 A.xz, Theorem 1 now yields

a
as bound on the amortized number of comparisons used by splaying. The cor-
responding potential is given by

() =0
' (t,a,u)y = P'.t+log, |(t,a,u)|+ P u.

4 Concluding remarks

In a systematic way, we have analyzed a top-down version of splaying. We have
shown that using (2) (or (1)) as induction hypothesis leads relatively straightfor-
ward to a “sum of logs” potential. The corresponding bound on the amortized
costs matches the bound of Sleator and Tarjan. By carefully deriving require-
ments on ¢ that are sufficient and necessary for (2) to hold, we showed in
addition that this bound is minimal for the class of “sum of logs” potentials.



Along the same lines, path reversal [2] and the two-pass variant of pairing [1]
can be analyzed (see [4]). In all these analyses a “sum of logs” potential arises.
As the authors of [2] note, this is easy to explain for splaying and pairing, since
there is a clear connection between these operations (see [1, p.121]). But they are
at a loss to explain that such a potential can also be used to amortize the cost
of path reversal, because they cannot discover a connection between splaying
(and pairing) on the one hand, and path reversal on the other. Our analyses,
however, show that “sum of logs” potentials can be derived systematically as one
sets out to prove logarithmic bounds for the amortized costs of these operations.
Another example of such a derivation is the analysis of top-down skew heaps in
[3], in which an asymmetric variant of a “sum of logs” potential arises.
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Appendix

Lemma 1 For 5 > 0,

l B8
(kL (;—J:D <1+ ) =<1

Proof By mutual implication:

.. (l+m m

k+1
< {p>0}
(VE,l,m : (kilflm)ﬁ < kzl_:rlm)
= { algebra }
B <1



(VE, L (B3P <14 2)
= {takek=1landl=1}
(Vm (mT'H)ﬂS mT"’Q)
= {takem — oo }
<1

Lemma 2 For0< (< %,

+
|
o
A\

l+m+n m—}-n)ﬂ <1 m+n, (1-8)1—8

Vi, Lmyn o o I S S/ N
(Vk,I,m,n a(k—i—l—i—m k+l ~ pO(1-28)1-%

Proof By mutual implication:

(Vk,l,m,n : o(EmEn min)f <1 4 min)

Fritm k) S R+
< {p>0}

(Vk,I,m,n a(kﬂrl:fﬁw %)ﬂ <1+ 54
= {p="727

(Vp:p>0:a((l+p)p)’ <1+p)
{ simplifying }

1-8
V- 0:a< (1+p)
(Vp:p>0:a<—="5—)
1—
= { minimize W;i%ﬁ, using 0 < 3 < 3 (see below) }
1-pl=h
*= AP (1-2p)1-28"

(Vk,l,m,n : a(% VZI;@)B < 14 mny
= {takek=m=1}

(ViI,n o o(Endl ndl)s < 7 4 ntl)

+2 I+1
= { algebra }
i< (4 B 24)
= {take%eﬁandl—>oo(%>0,sin060<ﬂ<%)}
a<(1+ 1_525)(1+117L2B 1_,826)6

1—
{1+ 55 = 135 )
1-3 /1-28 1-28
o< i95(5 5’
= { simplifying }
a-p=-8
*= BB o8-




1—
To complete the proof we minimize f(x) = (Hz;%;ﬂ over all z > 0, for 0 < 8 <

. Then f'(z) = 0 is equivalent to (1 — 3)z = (1 + 2)3, and f turns out to be
minimal at %, which is positive because 0 < 8 < % So the minimum of f

(1+%)17ﬁ A (1-p)1—8 8 _ 1-8
equals W, which in turn equals 3B(1_23)1=25 as 1+ T =135 U

Lemma 3 For0< (< %,

(Fk Lo a( k+m l—l—n)/6 m+n

Y o Y o < 48,
il ) ST ) = o

Proof By mutual implication:

(Vi,l,m,n = o fm LG < q 4 min)

k+lm k) = Tt

< {p>0}

kL s i )0 <1+ )
= {p:%andq:%

(Vp,g:p>0 A g>0 A p+qg>1:a(pg)’ <p+q)
= { algebra }

(Vp,g:p>0 A g>0 Ap+qg>1l:a< 2y

(pq)

= { minimize (Z;r)yﬁ, using 0 < 3 < 3 (see below) }

a§4f8;

(Vk,l,m,n::a(lf;{—ﬁn lk—%)ﬁ < 1_1_72_1?)
= {takel:kandm:nzl}

Wk adh 57 <1+ 3)
= { simplifying }

(ko< (1+DEE EDY)
= {take k — o0 }

a <48,

We determine the minimum of (z;r)yﬁ over all positive x and y satisfying x+y > 1,

when 0 < § < % To this end, we first observe that this function takes on its
minimal value only if z = y because (xy)” is maximized by taking = equal to y
(8 > 0), and this can be achieved without changing the value of z +y. We thus
minimize 221727 over all x > % Since this function is increasing in z (8 < %),
it attains its minimal value of 4% at & = % O



