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§1.1.2 Metric spaces
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metric space (M, d) with set M and distance d: M x M — R-q

d(x,y)=0 <= x=y (M1)
d(x,y) = d(y, x) (M2)
d(x,y) < d(x,z) + d(z,y) (M3)



metric space (M, d) with set M and distance d: M x M — R-q

dx,y) =0 <= x=y (M1)
d(x,y) = d(y,x) (M2)
d(x,y) < d(x,z) +d(z,y) (M3)

ultrametric space (M, d) also satisfies

d(x,y) < max{d(x,2), d(z,y) } (M4)



truncation w|n| w(0]
eln+1]
(a- )l +1]

a-(v[nl)

0 ifv=w

Baire distance  dp(v, w) = { 27" if v[n] = w[n] and v[n + 1] # w[n + 1]

lemma 1.21
. da(v,w) S 27 <= [l = wl

o dg(a-v,a-w)=3dg(v,w)



product space My x My = {(x,y) | x € My, y € My }
dp((x,y), (X', y")) = max{ di(x,x'), da(y,y) }

disjoint union My + My = ({1} x My) U ({2} x Mp)

dl(X/ayI) if x = (]-axl)a Yy = (17yl)
dU(X7y) - dZ(XI7.y/) if x = (27X/)7 y = (2,_)//)
1 otherwise

function space X — M for 1-bounded M
dr(f,g) =sup{d(f(x),g(x)) [ x € X}



lemma 1.24

e if My and M, 1-bounded, then also M; x M, and My + M
o if My and M, ultrametric, then also My x M> and My + M
o if M 1-bounded, then also X — M

e if M ultrametric, then also X — M



complete metric space

sequence (x,), convergent to limit x iff

Ve > 03iVj > i: d(xj,x) <€

sequence (x,), Cauchy iff Ve > 03iV), k > i: d(xj,xx) < ¢

metric space M complete if

every Cauchy sequence converges to limit in M

lemma 1.28

if My, My, M complete then also My x My, My + My, X — M

theorem 1.29 (A* dg) 1-bounded complete ultrametric space
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My, M> two metric spaces, f: My — M,
f is non-expansive iff Vx,y € My : do(f(x), f(y)) < di(x,y)

for «« < 1, f is a-contractive iff

Vx,y € My: da(f(x), f(y)) < a-di(x, y)
notation M; — M, and My % Mo

if M5 is complete, then so are M; L M> and M; S M,



complete metric space M, f: M — M contractive

e f has a fixed point: Ix € M: x = f(x)

e f has at most one fixed point:
Vx,y e M: (x=Ff(x)ANy=Ff(y))=x=y

o forany xo € M, if x = lim, f"(xo) then x = f(x)

notation fix(f)



