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fixed point construction




§1.2.1 Syntax and operational semantics
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v € IVar individual variables e € Exp  expressions

seStat:=v:=e|skip]|s;s |
if e then s else s fi | while e do s od

€ L, = Stat



v € IVar  individual variables e € Exp  expressions

seStat::=v:=¢e|skip|s;s|
if e then s else s fi | while e do s od

m € L, = Stat

characteristic equivalence
while e do s od = if e then (s; while e do s od) else skip fi



o € Val  values tt, ff € Val

o € Y = I|Var — Val states
o if v=yv

variant of o with o for vi:  o{a/v}(V') =
ta/vitv) {U(v’) if vV

V: Exp — ¥ — Val evaluation function



re Res::=E|s:r resumptions

r,o2] = [r,o
[r1,01] —0 [r2,02]  short for [r2,02] = [r, ]

[r1,0'1] - [r’U]



o [(vi=e):r,ol = [r,o{a/v}] where a = V(e)(0)
o [skip : r,0] — [r, o]

o [(s1;%2) :ryo] —o[s1:(s2:1),0]

o [if ethen sy else s, fi: r,0] —q [s1:r,0] if V(e)(o) =tt
o [if ethen s; else s, fi: r,o] —¢ [s2: r,0] if V(e)(o) = ff

o [while e do s od: r,0] —¢
[if e then (s; while e do s od) else skip fi: r, o]



fixed point transformation ®: Semp — Semg
where Semp = Res x ¥ — ¥

O(S)(E) = e
&(S)(s:r,0) = o -S(r'0") if[s:r,a] = [, 0]

operational semantics © and O[]
O:Resx X — X> given by O = fix(P)
O[]: Luh — X=X givenby O[s](c) =0(s: E,o0)



weight wgt on Res and Stat

wgt(E) = 0
wgt(s:r) = wgt(s)
wgt(v:=e) = 1
wgt(skip) = 1
wgt(si;2) = wgt(s) +1
wgt(if e then s; else s, fi) = max{wgt(sy),wgt(s2) } +1

wgt(while e do s od) =
wgt(if e then (s; while e do s od) else skip fi) + 1

lemma 1.61 ® is 1-contractive
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weight wgt on Res and Stat
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wgt(skip) = 1
wgt(si;2) = wgt(s) +1
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v e Cont =% — X°° continuations

empty continuation 7. such that v.(o) = ¢

denotational semantics D: L, — Cont — ¥ — ¥

D(skip)(7)(0) =
D(s1; 2)(v)(0) =
D(if e then s else s, fi)(7)(0) =

D(while e do s od)(y)(0) =

D[-]: Lwn — X — £ given by D[s] = D(s)(7e)
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v e Cont =% — X°° continuations
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D(v:=e)(")(o) = ofa/v}-y(o{a/v})
where o = V(e) (o)

D(skip)(7)(c) = o -7(0)
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v e Cont =% — X°° continuations

empty continuation 7. such that v.(o) = ¢

denotational semantics D: L, — Cont — ¥ — ¥

D(v:=e)(7)(o) = of{a/v}-y(o{a/v})
where o = V(e) (o)
D(skip)(7)(c) = o -7(0)
D(sii2)(7)(@) = D(s1)(D(s2)(7) ) (o)
D(if e then s, else s, fi)(y)(0) = D(s1)(7)(0) if V(e)(o) = tt
= D(2)(n)(0)  ifV(e)(o) =ff
D(while e do s od)(v)(0) =

D[-]: Lwn — X — £ given by D[s] = D(s)(7e)



continuation semantics for L,

v € Cont =% — X°° continuations

empty continuation 7. such that (o) = ¢

denotational semantics D: L, — Cont — ¥~ — >°°

D(v:=e)(7)(0) = ofa/v}-y(o{a/v})
where o = V(e)(0)

D(skip)(7)(0) = o-7(0)
D(s1;22)(v)(0) = D(s1)(D(s2)(7))(o)
D(if e then s else s, fi)(v)(c) = D(s1)(7)(0) if V(e)(o) = tt
= D(2)(v)(o)  ifV(e)(o) =

D(while e do s od)(v)(0) =
D(if e then (s; while e do s od) else skip fi)(7)(0)

D[-]: Lan — £ — X given by D[s] = D(s)(7.)
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V: Semp — Semp where Semp = Stat — Contl/—%Z — Y®

V(S)(v:=e)(M)(o) = o{a/v}-y(o{a/v})
where oo = V(e) (o)
V(S)(skip)(v)(e) = o -7(0)

W(S)(s1i2)(N(0) = W(S)(s1)(S()(7))(0)
V(S)(if e then s; else s, fi)(7)(0) = Y(S)(s1)(7)(o) if V(e)(o) =tt
= V(S)(2)()(e)  ifV(e)(o) =1t

V(S)(while e do s od)(y)(c) =

W(S)(if e then (s; while e do s od) else skip fi)(y)(o)

lemma 1.63 V is %—contractive



extended semantics £: Res — ¥ — >
5(E) = e
E(s:r) = D(s)(&(r))

extended semantics £*: Res x >~ — >°° such that
E*(r,o) =£&(r)(o)

lemma 1.65 (E)=¢&F

theorem 1.67 O[x| = D[] for 7 € L,



