Chapter 2

Finite Automata
and Regular Languages

In this chapter we introduce the notion of a deterministic finite automaton, of a non-
deterministic finite automaton with silent steps and of a regular expression. We will
show that the class of associated languages, the class of regular languages, is the same
for all these three concepts. We study closure properties of the class of regular languages
and provide a means to prove that a language is not regular.

2.1 Deterministic finite automata
We start off with the simplest yet most rigid concept of the three main notions mentioned.

Definition 2.1 (Deterministic finite automaton). A deterministic finite automaton
(DFA) is a tuple D = (Q, %, J, qo, F') with @ a finite non-empty set, the set of states,
> a finite set, the alphabet, § : Q x X — @ the transition function, go € @ the initial
state, and F' C (@) the set of final states.

We sometimes write ¢ —p ¢ instead of § (¢,a) = ¢, and call it a transition of D from
state ¢ to state ¢’ on input or symbol a. We may write ¢ — ¢ if the automaton D is
clear from the context. Intuitively, when automaton D is in state ¢ and the symbol a
is the first symbol on input, the automaton D moves to state ¢’ while consuming the
symbol a. Unlike for non-deterministic finite automata or NFA that we encounter in the
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Figure 2.1: Finite automaton of Example 2.2
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next section, for a DFA in each state ¢ € Q) and for every symbol a € ¥ the next state,
which is the state d(q, a), is determined by the transition function §.

Example 2.2. Figure 2.1 gives a visual representation of a deterministic finite automa-
ton, D say. The set of states is {qo, q1, g2, g3} with go the initial state as indicated by the
small incoming arrow. The alphabet ¥ consists of the symbols a and b. The §-function
is indicated by the arrows between states. E.g., for gy there is an arrow labeled a to ¢1,
thus 0(go,a) = q1. There is also an arrow labeled b from ¢ to itself, so d(qo,b) = qo.
The self-loop of g3 labeled a, b represents two transitions, one for a and one for b. Thus
0(g3,a) = g3 and 6(g3,b) = g3. There is one final state, viz. g3, as indicated by the
double boundary of the state. Thus, the set of final states is {g3}.

Formally, D = (Q, X, J, qo, F') where Q = {qo, q¢1, q2, ¢3}, ¥ = {a, b}, F = {g3} and
d: @ x X — (@ is given by the table below.

al|b
qo | 41 | 90
q1 | g2 | 90
q2 | 92 | 43
g3 | 43 | 43

Note, since § : Q x X — @Q is a function, for each state ¢ € Q) there is exactly one state,
viz. the state 6(q,a) € @, for each symbol a € X.

A configuration of a finite automaton D = (Q, X, 6, qo, F) is a pair (¢, w) of a state ¢ € Q
and a string w € ¥*. The configuration (¢, w) indicates that D is in state ¢ with the
word w on input. We write (¢,w) Fp (¢,w’) if automaton D in state ¢ moves to
state ¢’ when reading the first, i.e. leftmost, symbol of w. More specifically, the relation
Fp C(Q x ¥*) x (Q x ¥*) is defined by

(¢,w) Fp (¢ ,w') iff w=aw and §(q,a) = ¢, for some a € 2

We say that (¢,aw’) yields (¢/,w’) with respect to D, or that D derives configura-
tion (¢’,w’) from configuration (g, aw’) in one step. By definition, for each ¢ € @ there
exist no ¢’ € @ and w’ € ¥* such that (¢,¢) Fp (¢, w’).

Note Fp C (@ x ¥*) x (Q x X*) is a relation on @ x X*. We denote by k7, the
reflexive and transitive closure of Fp . Thus

(¢,w) Fp (¢, w') iff
dn > 03wy, ..., w, € X*3q0,...,qn € Q:
(q,w) = (qo,wo), (gi-1,wi-1) Fp (g, w;), for 1 <i < n,
and (gn, wn) = (¢, w’)
In the above situation we say that (g, w) yields (¢’,w’) with respect to D, or that D

derives configuration (¢',w’) from configuration (¢, w) in a number —zero, one, or more—
steps.
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Example 2.3. Continuing Example 2.2 involving the DFA D given by Figure 2.1,
we have for the relation Fp that (q1,aaaba) Fp (g2,aaba), (q2,aaba) Fp (g2, aba),
(q2,aba) Fp (g2, ba), (g2,ba) Fp (g3,a), and, (g3,a) Fp (g3,€). For the relation F7,
we have (qi,aaaba) Fp (g3,e), but also (qi,aaaba) Fp (q1,aaaba), (¢2,aaba)
(q2,aba), (g2, aaba) F}, (g3,€), and (g2, aaba) b} (g3, a).

To facilitate inductive reasoning it is technically advantageous to have a slightly more
precise formulation of the ‘derives’ relation +3,. Assume D = (Q, X, 6, qo, F). We
define, for n > 0, the relation K7, C (Q x X*) x (Q x ¥*) as follows: For ¢,¢' € Q,
w,w' € ¥ we put (q,w) F (¢, w) iff ¢ = ¢ and w = w’, and (q,w) }—%H (¢, w')
iff (¢,w) F% (g,w) and (q,w) Fp (¢,w’) for some state ¢ € Q and string w € X*.
If (¢g,w) F'% (¢,w’) then there are n input symbols processed. So we expected the
following property to hold.

Lemma 2.4. Let D = (Q, %, 9, qo, F) be a DFA. For all ¢,¢' € Q, w,w’ € ¥* it holds
that
(¢,w) Fp (¢ ,w') <= (qw) Fp (¢',w') for n = [w|-|w'|

Proof. (=) By definition of 7}, we have (¢, w) F}, (¢/,w’) iff

(¢, w) = (g0, wo), (¢i—1,wi—1) Fp (gi,w;), for 1 <i< n, and (gn,wy) = (¢, w')

for suitable n > 0, qqo,...,q, € Q, and wy, ..., w, € ¥*. By definition of Fp we have
w;—1 = a;w; for some a; € 3, 1 < ¢ < n. Therefore,

(¢,w) = (q0,wo0) Fp (q1,w1) Fp -+ Fp (g, wn) = (¢', ')

and w = wy = ay -+ apwy, = ay - - apw’. Thus, |w| =n+ W'
(<) One can show by induction on n: if (¢,w) Fp (¢/,w’) then (¢,w) Fp (¢, w),
the details of which are omitted here. ]

A special case of the lemma above is when w’ = e. Since |e| = 0, we have n = |w| and
obtain (q,w) Fy (¢.¢) <= (q.w) 5 (¢.2).

For a DFA, given a state ¢ and an symbol a on input, the next state is determined.
It is the state d(q, a). Also, if it takes the string w to be read off from input to get from
state ¢ to some state ¢’ while leaving a string w’ on input, then extending the input with
a string v doesn’t influence this derivation of the DFA from ¢ to ¢’. Thus, we have the
following two properties for the ‘derives’ relation 7, .

Lemma 2.5. Let D = (Q, X, 6, qo, F') be a DFA.

(a) For all states ¢,¢’,¢” € @Q and words w,w’ € ¥* it holds that

(qvw) '_*D (quw/) A (q,w) }_*D (q//,w,) - q/:q”
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(b) For states ¢,¢' € @ and all words w,w’,v € ¥* it holds that
(¢;w) Fp (¢ w) = (g, wv) Fp (¢, w'v)

Proof. For the proof we first prove a stronger property. Claim: for all ¢,¢' € @ and
w,w’ € ¥* it holds that

(qw) Fp (¢ w') iff (2.1)
dn > 0dqo,...,qn € Q3aq,...,an € X

g0 =¢q, 6(gi—1,a;) =¢q for 1 <i<n, g, =¢

and w =aj - aw’

Proof of the claim. (=) If (q,w) Fp (¢,w'), then exist n > 0, qo,...,qn € Q,
wo, ..., w, € X* such that (¢, w) = (wo,q), (¢i—1,wi—1) Fp (gi,w;) for 1 < i < n,
and (gn,w,) = (¢',w’). Since (gi—1,wi—1) Fp (g;,w;) we can pick a; € ¥ such that
wi—1 = a;w; and §(g;—1,a;) = ¢; for 1 < i < n, by definition of Fp. It follows that
w = ay -+ -apw’, which proves the implication.

(<) Suppose qo, .. .,qn € Q, a1,...,a, € X are such that ¢o = ¢, 6(gi—1,a;) = ¢; for
1 <i<n,and g, = ¢. Put w; = ajy10i12- - a,w’ for 0 <7 < n. Note w;—1 = a;w; for
1 < i < n. Then (go,wo) = (q,w), (gi—1, wi—1) = (gi—1, a;w;) Fp (ws,q;) for 1 < i < n,
since 0(gi—1,ai) = gi, and (gn,wy) = (¢/,w’). But this means (¢,w) Fp (¢',w’), and
proves the other implication.

As to prove item (a) of the lemma, suppose (¢, w) Fp (¢, w') and (¢, w) Fp (¢",w').

By the claim, we can find n > 0, qo,...,qn € Q, a1,...,a, € X such that g9 = g,
5(gi—1,a;) = qi for 1 <i < n, g, =¢ and w = ay---a,w’. We can also find m > 0,
Qs -y € Q, a},...,a, € Xsuch that ¢y = ¢, 6(¢}_;,a}) =¢, for 1 <i<m, g}, =¢"

and w = a} - a,w'. Since a1 ---a,w’ =w =a}---a,w', we have n = m and a; = a}
for 1 < i < n. Since gy = ¢ = ¢ it follows that ¢; = ¢ for 0 < ¢ < n. In particular
q = qn =g, =q" since n = m.

Item (b) follows from the claim too. If (¢,w) F}, (¢/,w') then applying Equa-
tion (2.1) from left to right, we can pick n > 0, qo,...,qn € @, ai1,...,a, € ¥ such
that g0 = ¢, 0(gi—1,a;) = ¢ for 1 < i < n, ¢, = ¢ and w = a;---a,w’. Since
w = aj - -a,w’ implies wv = aj - - - a,w'v, we conclude, applying Equation (2.1) right
to left, that (¢, wv) Fp, (¢, w'v). O

The first item expresses the determinacy of the DFA D: the state ¢ and the input
string w (together with the number of symbols to be processed) determine the resulting
state. The second item expresses that a computation (¢,w) 7, (¢, w’) of a DFA is only
influenced by the input that is read, i.e. the prefix u of w such that w = uw’.

We next introduce the important concept of the language accepted by a DFA.

Definition 2.6 (Language accepted by DFA). Let D = (Q, X, 6, qo, F') be a determin-
istic finite automaton. The set £(D) C ¥*, called the language accepted by D, is defined
by

L(D)={weX |IgeF:(g,w) Fp (g:€) }
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Thus, a string w € ¥* is in £(D) when starting from the initial state gy the DFA D
reaches a final state when all of w is processed as input.

In view of the proof of Lemma 2.5, we can reformulate the condition for a string w
being included in £(D). Suppose w = ay---a,. Put ¢) = qo and ¢, = 6(q}_,,a;) for
1 < i < n. Then it holds that

we€ L(D) < ¢,eF

The point is that for the DFA D, the string w = ap - - - a, is accepted if a final state is
reached from the start state ¢y while processing aq, ..., a, successively.

Example 2.7. For a DFA D we always have () C £(D) C X*. Extreme cases occur
when D has no (reachable) final states at all, or when each (reachable) state of D is a
final state. In these situation we have £(D) = (), and £(D) = X*, respectively.

For a DFA D, a state g is called reachable in D if (go,w) t}, (g,e) for some string
w € ¥*. Thus, when suitable input w is provided, D will move from the initial state gqg
to the state ¢ when processing the string w. Note, non-reachable states do not contribute
to the language of the DFA.

In most other cases than those of Example 2.7 we need to look more closely to
determine £(D). A useful notion when analyzing a DFA is that of a path set. We say
that a set L C X* is the path set of ¢ with respect to D when L consists of all words w
that bring, when starting from the initial state, the automaton to state ¢, notation
pathset(q). Formally,

pathsetp(q) = { w € * | (go,w) Fp (g,€) }

Comparing the definition of a pathset and the definition of the language accepted by a
DFA, we observe, in the context of a DFA D = (Q, X, 6, qo, F),

L(D) = quF pathset(q)

Clearly, by definition, when a state ¢ € @ is not reachable in D then pathsetp(q) = 0.

Example 2.8. We claim that for the automaton D of Example 2.2, depicted in Fig-
ure 2.1, we have

L(D) = {w € {a,b}* | w has a substring aab }
To see this we make an inventory of the path sets. We have

state | path set

qo | no substring aab, not ending in a
q1 | no substring aab, ending in a, not in aa
g2 | no substring aab, ending in aa

q3 | substring aab
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Figure 2.2: DFAs of Example 2.9

Since g3 is the only final state of D it follows that a string w € {a, b}* is accepted by D
iff w has a substring aab, as claimed above.

Example 2.9. Consider the deterministic finite automaton D7 depicted in the left part
of Figure 2.2. We argue that the language £(D;) of D is the set

L(Dy) ={w € {a,b}" | #4(w) odd, or #,(w) odd, but not both }
For D; we have the following characterization of the path sets:

state | path set

Gee | #a(w) is even, #,(w) is even
Qoe | #a(w) is odd, #p(w) is even
Geo | #a(w) is even, #4(w) is odd
Qoo | #a(w) is odd, #,(w) is odd

Only goe and g, are final states, thus w is accepted iff #,(w) is odd and #,(w) is even
for reaching goe, or #4(w) is even and #(w) is odd for reaching geo.

Now consider the deterministic finite automaton Do given by the right part of Fig-
ure 2.2. The state ¢. is the initial state, the state ¢, the only final state. We claim that
the language £(D2) of strings that are accepted by Do is the set of strings of odd length,
ie.

L(Ds) = {w e {a,b}* | |w| odd }

as can be seen by computing the path sets for ¢. and ¢,:

state ‘ path set

¢e | |w| even
Go | |w| odd
Since ¢, is the only final state of Do the claim follows.
Notice, for arbitrary w € {a,b}* we have |w| = #4(w) + #p(w), and #,(w) + #p(w)
is odd iff #,(w) odd and #(w) even, or #,(w) even and #,(w) odd. It follows that D;
and Dy accept the same language, i.e. £(Dy) = L(D3).
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Exercises for Section 2.1

Exercise 2.1.1.

(a) Construct a DFA D; with alphabet {a,b} (with no more than three states) for
the language Ly = { a"b | n > 0} and establish with the help of path sets that
L(Dy) = L.

(b) Also construct a DFA D} over {a,b} (now with no more than four states) for the
language L} = { a”b | n > 0} and again establish with the help of path sets that
L(D}) = LY.

Answer to Exercise 2.1.1

(a) Dy % a™ n>0

a,b
g | a'b |n=0
a,b 8 g2 | a"bw | n >0, w# e | string a™b followed
2

by extra symbols

O
©

qo € forced to leave, no return
Q a” n >0
qo a™b n>0
ab q3 | b, a™bw | n >0, w # € | string b, and strings a"b
with trailing symbols

State g2 of Dy and state g3 of D] are so-called sink states.

Exercise 2.1.2. (a) Construct a DFA Dy with alphabet {0,1} (with no more than
four states) for the language Ly = { w € {0,1}* | the second element of w is 0 }
and establish with the help of path sets that £(Ds) = L. For example, 10111 € Lo
while 01000 ¢ Lo.

(b) Construct a DFA DY, with alphabet {0,1} (with no more than seven states) for the
language L, = {w € {0,1}* | the second last element of w is 0} and establish with
the help of path sets that £(Dj) = L5. For example, 11101 € Lf while 00010 ¢ L5.

Answer to Exercise 2.1.2

(a)

D2 @‘ 0,1 Q0 051 forced to leave, no return
q1 )

g2 | 00w, 0lw | w € {0,1}* | second symbol 0
e’ 0,1 g3 | 10w, 11w | w € {0,1}* | second symbol 1
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qo €
| O
q2 1

g3 | w00 | w e {0,1}* | string with suffix 00
qs | w01 | w € {0,1}* | string with suffix 01
g5 | w10 | w € {0,1}* | string with suffix 10
g6 | wll | w e {0,1}* | string with suffix 11

Exercise 2.1.3.

(a) Construct a DFA D3 for the finite language Ls = {aba, abe, be,b} over the alpha-
bet {a,b, c}.

(b) Ifalanguage L C {a,b,c}* is finite, does there exists a DFA D such that £(D) = L?

Answer to Exercise 2.1.8

x short for a, b, ¢

(b) Yes. If ¥ has a symbols and the maximal length of accepted strings in L is ¢,
then a tree-like finite automaton with at most 1 + Zé:l aF can accept the finite
language L. The extra summand 1 is for the sink state that catching strings longer
than £ and, if applicable, strings of length at most £ not in L.
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Exercise 2.1.4.

(a) Construct a DFA Dy with alphabet {0, 1} (with no more than five states) for the
language Ly = { w € {0,1}* | w has a substring 00 or a substring 11 (or both) }
and verify that £(Dy) = Ly.

(b) Construct a DFA D) with alphabet {0,1} (with no more than eight states) for
the language L) = { w € {0,1}* | w has a substring 00 and a substring 11 }. (No
verification with path sets asked.)

Answer to Fxercise 2.1.4

9 € 0
Q@ 0(10)™, 10(10)™ n=0 q 0+ 10)(1 )
¢ | 0(10)™0w, 10(10)"0w n>0,we {0,1}* 0@ (0 4+ 10)(10)*0
q3 1(01)™, 01(01)™ n>=0 qs (1+01)(01)*
qa | 1(01 )”lw 01(01)"w | n >0, w e {0,1}* Qu (04 10)(10)*0*1 (0+1)

s (1+01)(01)"1

6 (1+01)(01)*170(1%0)*

q7 | (1+01)(01)*170(170)*0(0 + 1)* +

(04 10)(10)*0*1)(0F1)*1(0 + 1)*

For item (a) we use that, for n > 0, 0(10)"0 = (01)"00, 10(10)"0 = 1(01)™00, and
1(01)"1 = (10)"11, 01(01)"1 = 0(10)"11. From this it follows that accepted strings
contain the substring 00, if accepted by state g2, or contain the substring 11, if accepted
by state q4. For item (b), for which verification with the help of path sets was not asked,
we have employed so-called regular expressions (discussed in Section 2.3) to describe the
path sets. Here we use

(1+01)(01)*1F = (£ + 0)1(01)*1F = (£ + 0)(10)*111*
0(1+0)*0(0 + 1)* = (017)*00(0 + 1)*

nd (0 +10)(10)*0*" = (e + 1)0(10)*0" = (£ + 1)(01)*000*
1(0F1)*1(1 + 0)* = (10M)*11(1 4 0)*
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to see that strings accepted by the DFA D/ have both a substring 00 and a substring 11.

Exercise 2.1.5. Suppose a language L C ¥* is accepted by a DFA D. Construct a
DFA D¢ that accepts the language L¢ = {w € ¥* |w ¢ L }.

Answer to Ezercise 2.1.5 Suppose D = (Q, ¥, 6, qo, F)). Define the DFA D¢ =
(Q, 2, 0, qo, Q\ F). Thus D and D¢ are the same except that a state ¢ is a final state
of DY iff ¢ is not a final state of D.

Now suppose w = aj ---a, € L. Since L = L£(D). Let the states g, ..., q, be such
that

a6 = q0, 0(qi_1,0;) =¢q, for 1 <i<n, and ¢, € F

In particular, ¢/, is a final state of D. Since ¢/, ¢ Q \ F, ¢, is not a final state of DC.
Therefore, w ¢ L(D®).

Reversely, if w = a1 ---a, ¢ L and g, ..., q), are such that ¢, = g0 and ¢, = 6(q,_, a;)
for 1 <i < n, then ¢, ¢ F. But then ¢/, € Q\ F, and therefore w € £L(D%).

We conclude w € £(D) iff w ¢ £(D®). Put differently, L = ¥*\ £(D®) or L¢ =
L(DY).

Exercise 2.1.6. Let D and D2 be two DFAs, say D; = (Q;, %, 6;, ¢i, F;) for 1 <i < 2.

(a) Give a DFA D with set of states @1 x Q2 and alphabet ¥ such that £(D) =
L(Dy) N L(D2).

(b) Prove, by induction on the length of a string w, that

((q1,¢2),w) B ((dh, @), ") <= (q1,w) =D (q1,0') A (g2, w) = (g3, )

(¢) Conclude that indeed £(D) = L(D1) N L(Dz2).
Answer to Ezxercise 2.1.6

(a) Put D = (Q, X, 4, qo, F) where @ = Q1 X Q2, 6 : @ x ¥ — @ is such that
5((q1,42),a) = (d1(q1,a), (g2, @), g0 = (45, 95) and F = Fy x Fy.

(b) Basis, n = 0: Clear. It holds that

((Q17QZ)7w) I_OD ((‘ﬁ?qé)?w/)
= == =w
= (q.w) F (g, w) A (g2,w) F (gh, ')
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Induction step, n > 0: It holds that

((q1,42),w) =35 (47, ¢b), )
<— dq1 € Q1, I € Q9, Jw € ¥*:
((q1,42),w) F'B (a1, ), w) Fp ((41,95),w")
<~ dq1 € Q1, 3¢ € Q2, Ja € X:
((q1:42),w) FD (@1, G2), ) ANw = aw' A S((q1,G2), a) = (47, 95)
LN 3g1 € Q1, 32 € Q2, Ja € X
(q1,w) =D (@1, @) A(g2,w) = (@2, w) A
w = aw' Ao1(q1,a) = ¢) N 02(qa,a) = ¢
<~ d@ €Q1,3P@ € Q2, Jw € X*:
(g1, w) B (G, @) Aqr, ) = p (gh,w') A
(g2, w) B (@2, w) A (@2, @) b (g5, w")
= (q,w) F5T (g 0) A (ge,w) T (gh )
where the induction hypothesis is used at the third equivalence.

(¢) We have

LD) = {weX|3(a,e) € F: (% %),w) Fp (a1,0).¢) }
(by Definition 2.6)
= {weX [3(@.a) € F: (@.6).w) F5' (0.02).9)}
(by Lemma 2.4)
= {weX*|3q € Fi: (¢, w) |—|;)U1| (q1,€) AN Iq2 € Fa: (g3, w) I—‘LQ)UJ (g2,¢) }
(by construction of D)
= {weX*|3q € F: (¢, w) I—%UJ (q1,¢) } N
{wes |3 e Fr: (@w) Fil (g.e))
(trading conjunction for intersection)
= {wes|3q e (ghw) Fh (@8 N
{weX*|Iq € Fy: (g3, w) =D, (q2,€) }
(by Lemma 2.4 again)
= L(D1)NL(D3)
(by Definition 2.6 twice)

2.2 Finite automata

A DFA has a transition function. Thus, each state has exactly one outgoing transition for
each symbol. In this section we consider a less strict type of automata. These automata
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Figure 2.3: Example NFA

may exibit non-determinism as they can have any number of outgoing transitions for
a given symbol, including no transitions. Additionally, transitions are allowed that do
not consume input. These are silent referred to as silent steps. So, we consider non-
deterministic finite automata with silent steps, NFA for short.

Definition 2.10 (Non-deterministic finite automaton with silent steps). A non-deter-
ministic finite automaton with silent steps, or NFA, is a quintuple N = (Q, X, —n, qo, F')
with @) a finite set of states, ¥ a finite alphabet, —n C Q x ¥, x @ the transition rela-
tion, qo € () the initial state, and F' C @ the set of final states.

Instead of a function § : Q x ¥ — @ as we have for a DFA, we consider for an NFA
a relation =y C @Q X X, x Q. This relation may include triples (q,a,q’) for states
¢,¢ € Q and a symbol a € X, but also triples (¢,7,q’) for states ¢,¢' € @ and the
special symbol 7. The symbol 7 denotes a so-called silent step. We write X, for XU{7}.
It is assumed that 7 ¢ ¥. We often use « to range over ¥.. We write ¢ Sy ¢ if
(q,0,¢") € =, thus with a € ¥,. In case ¢ —sx ¢’ we say that there is a silent step
or T-transition in N from ¢ to ¢’. As we will make explicit below, a silent step does not
affect the input of an NFA. We often omit the subcript N when clear from the context.

The concepts of an NFA and of a DFA are very similar, but differ in three aspects:

e in an NFA states can have 7-transitions;
e in an NFA states can have multiple transitions for the same symbol;

e in an NFA states can have no transitions for a symbol.

Figure 2.3 gives a visual representation of a non-deterministic finite automaton, N say.
Initial state gy has a 7-transition to state ga, has two transitions on symbol a (one going
to ¢q1, and one going to ¢2) and has no transition on symbol b. The transition relation —
of N contains the triples
(qovTa QQ) (QOaC%(h) (q07a7 CIQ) (QI7CL7Q2) (q27b7 QQ>

Still we can interpret —y as a functiondy, but now dy : Q x I, — P(Q), with P(Q)
the powerset of @), the collection of all the subsets of (). Here we have

on(qo,a)={q1,q2}  On(q,a)={ag}  dn(gz.a)= 0

on(q0,0) = {q2} on(q1,0)= 0 on(q2,0) ={q2}

on(qo,T) = {a2} on(q,7)= 0 on(g2,7)= 0
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Note SN(qo,b) = {q2}. The idea is to combine the 7-transition ¢y —+y g2 with the

b-transition g LN ~N ¢q2. We come back to this idea for the general situation at a later
stage.

As for deterministic finite automata we have the notion of a configuration (¢, w) for
g€ @ and we X* foran NFA N = (Q, X, =, qo, F'). Also here we have the yield or
derives relation among configurations. We put

(q,w) Fn (¢ w') iff JaeX:qBNydAw=aw orq Syd Aw=u

Note, if ¢ —x ¢’ then we have (¢,w) Fxy (¢/,w) without change of the input w.

With 3, we denote the reflexive-transitive closure of 5. More precisely, we put
(qw) F% (¢ ) if ¢ = ¢ and w = w', and (g, w) F3™ (¢ w') if (qw) 7 (3,),
for some g € Q, w € ¥*, and (g,w) Fn (¢',w’). Then (¢, w) Fy (¢ w') if (¢,w) F3%
(¢',w') for some n > 0.

Example 2.11. With respect to finite automaton of Figure 2.3 we have, e.g., (qo, abb)
(g2,¢) and (go,abb) Fy (q1,bb). Also (go,abb) Fy (g2,bb), (g2,b0) Fy (g2,b), and
(g2,b) Fy (g2,¢). In configuration (gi,bb) the automaton N cannot process the (first)
input b; the automaton N is stuck in that configuration. In contrast (go, bb) Fy (g2,¢),
since (qo, bb) Fn (g2, bb) via the silent step gy — N go, and (g2, bb) Fn (g2,b), (g2,b) Fn

(q2,¢€)-

For NFA we have the followng counterpart to Lemma 2.5 for DFA.

Lemma 2.12. For an NFA N = (Q, X, —n, qo, F'). it holds that
(¢;w) Fy (¢, w') i (q,wv) Fy (¢ w'v)

for all words w,w’, v and states ¢, ¢’

n

Proof. We prove, by induction on n, (¢,w) 7% (¢,w') iff (¢,wv) F3% (¢/,w'v) for
q,¢ € Q, w,w',ve X

Basis, n = 0: If (q,w) F% (¢,w'), then ¢ = ¢ and w = w’. Hence ¢ = ¢’ and
wv = w'v. So, (¢, wv) & (¢, w'v). If (¢, wv) F% (¢, w'v), then ¢ = ¢ and wv = w'v.
Hence, ¢ = ¢’ and w = w'. So, (¢,w) F% (¢, w’).

Induction step, n + 1: If (¢,w) F ’}V’Ll (¢',w'), then (¢, w) F73% (g, w) and (g, w) Fn

n

(¢',w') for some § € Q, w € ¥*. By induction hypothesis, (¢,wv) F7% (g, wv). By
definition of Fp , for suitable a € £;, § >y ¢ and W =aw' ifa € X, 0 =w' if « = 7.
Then § 5 ¢’ and ©v = aw'v if a € &, wv = w'v if a = 7. Thus, (g, @v) Fn (¢, w'v).
Since we already observed (¢, wv) F7R; (g, wv), we conclude (g, wv) R,'H (¢, w').

If (¢, wv) F% (¢, w'v), then (¢,wv) F'% (¢, u) and (g,u) Fn (¢',w'v) for some
g € Q,u € ¥*. By definition of -y we have, for suitable a € ¥, § —n ¢’ and u = aw'v
faeX,u=vvifa=7. Putw=oaw if « € X, put w = w' if & = 7. It follows that
u=wv, § -y ¢ and w=aw ifa €%, w=uwifa=r. So, (¢w) F% (gw) and
(g, w) Fn (¢',w’), which together give (q,w) + 7]1\7+1 (¢, w'). O
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Figure 2.4: NFA of Example 2.14

In the non-deterministic setting of NFAs there is no counterpart of Lemma 2.5, part (a).
E.g., for the NFA of Figure 2.3 we have (qo,abb) 5 (q1,bb) and (qo, abb) 5 (g2, bd)
while ¢ # go.

Definition 2.13 (Language accepted by an NFA). Let N = (Q, ¥, —n, qo, F') be a
finite automaton. The language L£(IV) accepted by N is defined by

LIN)={weX"[3g€ F: (q,w) Fy (g,¢) }
A language accepted by a finite automaton is called a regular language.

Note the similarity of Definition 2.13 for the language of an NFA and the corresponding
definition, Definition 2.6, for a DFA. Also note that £(NN) for an NFA N is considered a
language over the alphabet 3, rather than the alphabet ¥,. Thus 7-transitions do not
contribute (directly) to the word that is accepted.

Example 2.14. Figure 2.4 defines an NFA N = (Q, X, —n, qo, F') with Q = {qo, ¢1, 92, 43, 4},
Y ={a, b}, qo as the inital state, set of final states { g3, ¢4 }, and transition relation —
such that . T " i
do —N qo 9o —N q1 do —N Q4 4o —N 44
b b b
q1 —N Q2 q1 DN a3 q2 —N q3 4 —N G3

The accepted language L(N) of N is given by
{a"b, a"(bb)" |n >0, m >0}

Strings of the format a™b, for n > 0, are accepted via a path of N from the initial state g
to the final state g3 via state q;. We have

(q0,a™) Fn (qo,a™ b)) Fy --- Fn (qo,b) Fn (qa,0) Fn (g3,¢)

Note, the 7-transition gy — n ¢4 involved in (qo,b) Fn (q4,b). The a-transition from gq
to q4 is superfluous.

Strings of the form a™(bb)™ are accepted by first processing all a’s in state gg and
next, after reaching state ¢; via the 7-transition, cycling the loop of ¢ to itself via g9
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Figure 2.6: NFA of Example 2.16

m times, yielding the substring bb for each time the loop is taken, before moving to g3
via the second 7-transition. More formally,

(qo,a™(0)™) Fn (qo,a" 1 (bb)™) Fn -+ Fn (o, (b0)™) Fn
(g1, (00)™) Fn (g2,b(00)™ 1) Fn (qu, (00)™ 1) Fn -
(g3,¢€)

Fn (q1,€) Fn

No other computations of NV lead to g3, while at ¢q3 the automaton is stuck allowing no
transitions once q3 is reached.

Example 2.15. Figure 2.5 provides an NFA that accepts decimal numbers. The three
transitions from g to g1, with labels 4+, — and 7, express that the sign is optional; it can
be a +-sign, a —-sign, or it can be omitted. In state ¢;, on reading a digit from input,
the automaton can move to state g4 or stay in state ¢q;. In state q4 the 7T-transition to
state g5 can always be taken, leading to acceptance. Clearly, this latter transition is
redundant, we could have left it out and could have made state g4 final, instead. For
the 7-transition leaving state gg it may not be obvious if and how it can be eliminated.
However, we shall prove that if a language is accepted by an NFA, then there is a DFA
accepting it too.



22 CHAPTER 2. FINITE AUTOMATA AND REGULAR LANGUAGES

Example 2.16. Consider the NFA N depicted in Figure 2.6. The language L£L(N), the
language accepted by N, is given by

LIN) = {wi-—wy|n=0,Vi,1<i<n:
dn; =2 03vi1,...,0ip,:
Wi = avi1 - Vinb AV 1< j<nidm;; = 0:v;5 =™V
dn; = 03vi1,...,0ip,:

w; = Vi1 Vi, A VLT j<niFm >0 v; =c™a )

as can be seen as follows: a string w is accepted if it brings N from the initial state gqg
back to gg again, since qg is the only final state. Such a string w has the form wy -- - w,
for some n > 0, where each wj; is the labeling of a path from ¢ to itself but not through gq
in between. So, we need to identify the loops of gy, going through ¢; and/or g, as this
determines what strings w; are allowed.

A loop of ¢p may leave via the a-transition to ¢; and return via the b-transition
from q; to qp. In between N may pass through g; and g2 any number of times. This
explains the first of the possible string formats w; = av;1---v;p,;b. The paths through
q1 and @9, leaving from and returning to qp, are relatively simple. Since the b-transition
to qo is excluded, N can only move from ¢; to g2 via a silent step, iterate through the
c-loop of ¢, and return via the 7-transition of ¢ back to ¢;. This explains the format
for the strings v; ;, viz. v; ; = ¢ for some m; ; = 0.

Alternatively, a loop of gg may leave via the 7-transition to ¢z, but will also now
return via the b-transition from ¢; to gg. This is why the second of the two string
formats looks like w; = v;1---v; ;0. Getting to ¢ may take a number of ¢’s, via the
loop of ¢, followed by a silent step from ¢2 to ¢, i.e. a string ¢ in total, where m > 0.
From there the analysis above for the loops from ¢; to itself applies. This gives strings
of the same format, i.e. ¢, as we have seen. Thus also here v; ; = ¢™#J.

In Section 2.3 we introduce so-called regular expressions, which allow to describe the
language of Example 2.16 more concisely, namely by L(N) = (ac*b + c*b)*. However,
it is clear that in the case of NFA behaviour of the automaton may be more capricious
than for DFA, and therefore it may become more difficult to determine the language that
is accepted. Below we will present a technique of going from an NFA to an ‘equivalent’
DFA.

Two NFAs N; and Ny are called language equivalent if they accept the same language,
i.e. L(N1) = L(N2). Likewise for two DFAs. We also call an NFA and a DFA language
equivalent if they accept the same language.

Example 2.17. The two finite automata depicted in Figure 2.7 are language equivalent,
i.e. they accept the same language. This is the language

{ab,aba}* ={w;---w, |n>0,¥i,1 <i<n:w =abV g = aba }
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Figure 2.7: Finite automata for Example 2.17

However, the right automaton Ny allows a 7-transition. The left automaton N7 can be
seen as both as a DFA and as an NFA. The transition relation —1 of Ny is in fact a
transition function d;. The right automaton Ny can be seen as an NFA only.

Since a transition function § : Q x X — @ of a DFA can be seen as a transition relation
— C QxX;xQ of an NFA, a DFA can be casted as an NFA with changing the language
that is accepted. Therefore, for each DFA there is an language equivalent NFA. Thus,
we have the following result.

Theorem 2.18. If a language L C >* is accepted by a DFA, then L is also accepted by
an NFA.

Proof. Given a DFA D = (Q, X%, 0, qo, F') such that £(D) = L, define the NFA N =
(Q, %, =N, qo0, F) by ¢ Bn ¢ iff 6(q,a) = ¢, for q,¢ € Q, a € £. Then it holds that
(¢, w) Fp (¢ ,w') iff (q,w) Fn (¢,w'). Therefore we have, by Definition 2.6 and
Definition 2.13, respectively,

w € L(D) <= 3q€F: (qo,w) Fp (q,€) <= F¢EF: (qo,w) Fy (q,€) <= w € L(N)
Thus L = £(D) = L(N) and L is accepted by the NFA N. O

Note, the NFA N constructed in the proof above does not involve any silent step. The
more interesting reverse of Theorem 2.18 holds as well: for each NFA exists an language
equivalent DFA.

Theorem 2.19. If a language L C X* is accepted by an NFA, then L is also accepted
by a DFA.

Proof. Suppose L = L(N) for an NFA N = (Qn, ¥, —n, ¢%, Fn). The so-called e-
closure E(q) of a state g of N is given by

E@) ={d €Qn|(@e) Fy (d,e)}

Thus ¢’ € E(q) if there is a sequence of zero, one ore more 7-transitions from g to ¢'.
We construct a DFA D = (Qp, ¥, 6, Q%, Fp) such that £(D) = L(N) as follows.
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e Qp =P(QnN), i.e. states of D are sets of states of N

¢ 5(Q,a)=U{E@) | qeQ, ¢ >nq}forQCQy
° Q% = E(qR]), the e-closure of the initial state of NV

e Ip={QCQN|QNFy#0}
Put differently, §(Q,a) = {¢' € Qn | 3¢ € Q: (¢,a) Fy (¢,) }, and Q% = {¢' € Qn |
(q%,e) Fy (d',€) }. We claim
(¢,w) Fy (¢e) iff 3Q"CQn: (B(q),w) Fp (@) and ¢’ € Q'
Proof of the claim: (=) By induction on |w|. Basis, |w| = 0: Then we have w = e.
Thus (¢,e) Fy (¢,€), hence ¢’ € E(q) by definition of E(q). So, for Q" = E(gq), we have
(E(g),w) Fp (Q',¢) and ¢’ € Q. Induction step, |w| > 0: Then we have w = va for
suitable v and a. Thus, for some q,7 € Qn,
(¢,w) Fy (¢,a) by (7€) Fiy (de)
By Lemma 2.12, (¢,v) Fn (G,¢). Hence, by induction hypothesis, we can find Q C Qn
such that (E(g),v) F}, (Q,¢) and g € Q. By Lemma 2.5 we obtain (E(q),w) 7}, (g,a).
Since (7,) Fy (¢,¢), we have ¢’ € E(7). Put @' = U{ E(¢) | € Q, § =N ¢ }.
Then Q 5 p Q. Note ¢ € Q and g € Q'. Combination of all this yields
(E(q),w) Fp (Q,a) Fp (Q';e) and ¢ €@

Hence, (E(q),w) Fp (Q',¢) and ¢’ € Q' as was to be shown.

(<) By induction on |w|. Basis, |w| = 0: Then we have w = ¢ and Q' = F(q), since
D has no 7-transitions. By definition, if ¢’ € E(g), then (¢,e) Fy (¢’,¢). Induction
step, |w| > 0: Then w = va for suitable v and a. It holds that

(E(Q),UJ) '_*D (Qaa) '_D (Q/ag)
for some @ C Q. Thus, again by Lemma 2.5, (F(q),v) Fj (Q,¢). Since (Q,a) Fp
(Q',¢) and ¢ € Q', we have § —y ¢ for some § € Q and ¢ € Qy such that ¢ €

E(q'). By induction hypothesis, (¢,v) Fy (g,¢) and (¢,w) Fy (g,a) by Lemma 2.12.
Moverover, (7,a) Fn (7,¢) and (7,¢) Fy (¢';€). Combining all this yields

(Qa U)) l_i;\/ (Q7Q) Fn (6/75) }_7\/ (q,,s)

Thus (¢, w) Fy (¢/,e) which proves the claim.
Now, to show that £L(N) = L(D) we reason as follows:

we L(N)
< 3¢ € Fy: (¢%,w) Fy (¢,¢)
= 3¢ € FNn3Q' CQn: (B(q}),w) Fp (Q,e)Ad €@
(by the claim)
< 3Q' € Fp: (E(q%),w) F; (Q',¢) (if @' € Fp, then Q' # 0)
<~ weL(D)
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Figure 2.8: An NFA and a language equivalent DFA

This proves the theorem. O

The construction above, in the proof of Theorem 2.19, takes for D the complete power-
set P(Qn) as set of states. Usually this leads to superfluous states, unreachable from
the inital state. To end up with a smaller number of states in D, one can do this more
cautiously.

Example 2.20. Consider the automaton N depicted in Figure 2.8 for which we will
construct a DFA D accepting the same language. The set of states of D will be built up
lazily. Following the construction of Theorem 2.19 we need to include the starting state
E(q0) = {q0, q1, 92}, the e-closure of the starting state gy of N.

We calculate possible transitions for {qo, g1, g2} for all symbols a, b, and c.

w0 >Nag  E(q) = {9,491, ¢}
@2 =nag  Egp) = {9 a,q}
©ova E@)={a, e}
thus {qo, 1,2} b {q0, 1, a2} ie. 6({qo, q1, 42}, @) = {q0, @1, @2}
Sy a E(q) = {q1, ¢}
thus {g0,q1, 42} = {a1, a2} i-e. 5({a0,q1,42},b) = {1, 32}
@ N @ E(q2) = {q2}
thus {qo, q1, 2} —p {2} i-e. 5({qo, q1, 32}, ¢) = {q2}

Note, apart from the initial state {qo, q1,¢2} we have encountered two other states, viz.
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{q1, 92} and {g2}. We will first calculate the transitions for {qi, g2}.

©@=Nw  E(w) ={w a, e}
©ova  Ea)={a, e}

thus {q1, g2} —p {q0,q1, ¢} i-e. 5({q1, ¢2},0) = {0, @1, g2}
aova Bla)={a,e)

thus {q1,¢2} 2p {a1, 42} Le. 6({qr. a2}, b) = {a1, 42}
©@oNe  Blg)={e}

thus {q1,¢2} < p {@2} i.e. 6({q1, a2}, ) = {q2}

No new states have been introduced; we continue with calculating the transitions for
state {qa2}.

@2 >Nq  Elp)={w a e}
©@Sva Elq)={a ¢}
thus {g2} =p {q0, 71,42} ie. 6({a2}, ) = {q0, 1, a2}
©oNae  Ele)={e}
thus {go} =p {g2} i.e. 6({q2}, ¢) = {2}
g2 has no outgoing b-transition in N

thus {¢2} Lp0ie. 5({q2},0) =10

We choose as set of states Qp the states that have been introduced up to here. Thus,

Qp = {{ew, a1, ¢}, {a1, 2}, {@2}, 0 }

This state is needed to obtain a complete transition function for D. Although the non-
determinism of transitions has been resolved now, state {g2} is lacking a transition for b.
So, we add {¢2} i>D 0 together with ® —>p 0, () i>D 0, and 0 < p 0. Put differently, we
have 0({g2},b) =0, 6(0,a) =0, 6(0,b) = 0, and 6(0,c) = 0. The state ( is called a trap
state. Once in, the automaton can’t get out from there.

The final states of D are those states in (Qp that, as subsets of @y, contain g, the
single final state of Q. These are {qo,q1,92} and {q1,g2}. The resulting DFA D is
depicted at the right of Figure 2.8.

Example 2.21. We illustrate the construction of Theorem 2.19 of a DFA D for the
NFA N given in Figure 2.4 with accepted language

{a"b, a"(bb)" | n>0,m>0}

as discussed in Example 2.14.
Say, N = (Q, %, =N, qo, F'). We put D = (@Qp, %, 6, Q°, Fp). By construction,
the initial state Qo of D is the e-closure E(qp) of the initial state o of N. Thus Qo =
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E(q) = {90, q1, g3, q4 }, since each state, except g2 can be reached from ¢y by a sequence
of T-transitions. The alphabet ¥ is the same for NV and for D.

The theorem proposes to take the complete powerset of N’s set of states (). However,
here we do not decide on the set of states yet. Instead, we construct a table encoding the
transition function, including states when needed. We start off with state {qo, ¢1, ¢3, ¢4}
The a-transitions of N reach gg and ¢4 from g, yielding {qo, g4}. The e-closure of {qo, g4}
is { qo0, q1, g3, qa } itself. Thus, §({ qo, q1, 43, ¢4 },a) = { qo, @1, 3, q1 }. Starting from
{40, q1, g3, qa } the b-transitions of N reach ¢y from ¢; and g3 from ¢4, yielding { g2, g3 }.
The e-closure of { g2, ¢3 } is { q2, g3 }, adding no states. Thus 6({ qo, q1, g3, q1 },b) =
{a, ¢}

Starting with the inital state { qo, q1, ¢3, ¢4 }, we have need of a new state, viz.
{ q2, g3 }. We compute the a-transitions and b-transitions for this state. Both ¢ and g3
have no a-transition in N. Thus, 6({ g2, g3 },a) = 0, which introduces the empty set as
a new state of D. Note, the e-closure of () is (). The b-transitions for ¢o and ¢3 get to ¢
and g3, respectively, yielding { ¢1, g3 } with e-closure { ¢1, ¢3 }. Thus 6({ g2, g3 },a) =0
and 6({ g2, g3 },b) = { q1, @3 }.

The empty set will have a transition to itself, for each symbol in the alphabet. Thus,
§(0,a) = 0, and 6(0,b) = (. Therefore, we first consider the newly introduced state
{q1, g3} of D. Both ¢; and g3 have no a-transition in N, thus §({ ¢1, ¢3 },a) = 0. As to
b-transitions, ¢; has one, to ¢o, g3 has no. This yields {g2}. This set of states is € closed.
Thus, we have a new state {g2} of D, and 6({ q1, q3 },b) = {g2}-

For state g2 of N there is no a-transition, thus the state {g2} of D has an a-transition
to (). The state ¢ has a b-transition in N, though. We have b-transition from ¢y to ¢
which can be extended by the 7-transition to g3. This gives in D a b-transition to {qi, gs.
Hence 0({q2},0) = { q1, ¢3 }-

Summarizing the above, we have for D the set Q)p of states consisting of the subsets
{90, q1,q3, a1}, { a2, 93 }, { @1, g3 }, {q2} and 0, and the transition function ¢ : Qp X
{a,b} — @Qp such that

a b
{90, a1, 93, a4} | {0, 1,3, 04} | {q2, g3}
{a2, a3} 0 {aq1, a3}
{q1, a3} 0 {92, a3}
{a2} 0 {a1, a3}
0 0 0

Finally, we have to define the set of final states Fp of D. This are all states
in Qp containing at least one final state of N, i.e. all states containing g3. Thus,

FD = { {q07 q1, 43, Q4}7 {q27 q3}7 {Qb Q3} }
The resulting graphical representation of D is given in Figure 2.9. Now, it is more

easy to read off the language accepted, viz.
L(D)={a", a"b, a"bb(bb)™ | n >0, m >0}
which equals L(N) = { a™b, a"(bb)™ | n > 0, m > 0 }, with NFA N given by Figure 2.4.
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{0,1,3,4}

Figure 2.9: A DFA language equivalent to the NFA of Figure 2.4

Exercise 2.2.7. Consider the alphabet ¥ = {a,b, c}.
(a) Construct an NFA Nj that accepts the language
L={ad"¢|n,m >0}
and has no more than three states.
(b) Derive a DFA D; from the NFA N; that accepts L.

Answer to Exercise 2.2.7

(a) a b c

-8

Ny

(b) The e-closure of qo is { qo, q1, g2 }, which is the initial state of the DFA. The
alphabet is the same as for Ny, hence the alphabet of Dy is {a, b, c}. We construct
a table of for the transition function of Dy, introducing new states when needed
(and writing sequences of numbers to abbreviate sets of states of Nj):

a b c

0,1,2] 0,1,2 | 1,2 | 2
1,2 0 1,2 | 2
2 0 1) 2

0 0 0 0

The final states of D; are the sets of states containing a final state of Ny, i.e. the
sets of states containing go. These are {qo, ¢1,¢2}, {q1,¢2} and {g2}. In summary,
the DFA D; looks as follows.
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Exercise 2.2.8. Consider the alphabet ¥ = {a,b, c}.

(a) Construct a single NFA Ny that accepts a string w € ¥* iff

(i) w is of the form ac™b for some n > 0, or
(ii) w is of the form ab™c for some m > 0, or

(iii) w is of the form bc’ for some £ > 0

(b) Derive a DFA Dy accepting L from the NFA Ny of part (a).

Answer to Exercise 2.2.8

(a)

29
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a b c alb|ec
011,3| 5 ] 31134
1,3| @ |2,3|1,4 4|\ || @
5| @ %) 5 210|190 | O
2,3| @ 3 19|21
1,4l @ | 2 | 1 olo|lo|o

Exercise 2.2.9. Give an automaton over the alphabet {a,b,c}, with no more than
4 states, that accepts all strings in which at least one symbol of the alphabet does not
occur.

Answer to Ezxercise 2.2.9

Exercise 2.2.10.

(a) The NFA N4 below accepts the language
{c", "a™b, "b"a, " |n,m=>=0}

Note the empty string € € L(Ny).
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Adapt Ny to an NFA N that accepts
{c", "a™b, "b"a|n,m >0}
Thus L(N}) = L(Ny) \ {e}.

(b) Consider the NFA Ny given by

Note & € Ny. Modify Ny into an NFA N} such that £(N}) = £(Ny) \ {e}.

(c) Suppose the language L C ¥* is regular and € € L. Show that L \ {€} is regular
too.

Answer to Exercise 2.2.10

(a) Introduce a new state gj,. This state has the same transitions as g and is reachable
from gg by a c-transition, since go has a c-loop. The new state ¢, is accepting, but
state qg isn’t anymore.

(b) We introduce a new final state g(,, while the initial state o is not accepting anymore.
Transitions for ¢ are the same as for gy in N;. Transitions for ¢} are the non-7
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transitions of E(qp), the e-closure of ¢p. Transitions into ¢y are now redirected
to qp. In particular, an a-transition from gy to ¢, is added because of the a-loop
of gp in Ny.

(c) It is easier to do this for a DFA. The language L is regular. So, by definition,
there exists an NFA N accepting L. By Theorem 2.19 we can find a language-
equivalent DFA D. Thus, £(D) = L. Since ¢ € L the initial state, gy say, of D
is accepting. Define the DFA D' = (Q', X, &', qo, F') by (i) Q" = Q U {q} for
a new state ¢f; (ii) ¢’ is the same as §, except §'(g,a) = ¢, if §(q,a) = qo and
8 (g0, a) = 8(qo,a) for ¢ € Q, a € X; (iii) F' = (F\{qo})U{¢,}- Then it holds that
L(D") = L(D)\{e} = L\ {e}. By Theorem 2.18 there exists a language-equivalent
NFA N’ for D'. Tt follows that L\ {e} = £(D') = L(N') is accepted by an NFA,
viz. N', and, hence, that L\ {e} is regular.

Exercise 2.2.11.

(a) Prove that the language L = {abc, abbc, ab, ¢} is regular.

(b) Construct a DFA accepting L.
(c)6x% Prove that every finite language over some alphabet ¥ is regular.
Answer to Ezercise 2.2.11

(a) The language L is regular if it is accepted by an NFA. Consider the NFA N5 below.

Ns

0 a _@ b @ c @

@ b—O0—0®

Since it accepts L, L is regular.

(b) The following DFA accepts L.
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(¢)* Suppose L = { wy, wa, ..., wy, } € ¥* for some n > 0. Pick, for 1 < i < n and
1 < j < |w;|, symbols a; j such that w; = a;1a;2 - - | for 1< i < n.

We construct an NFA N = (Q, X, —n, qo, F') as follows: Choose pairwise differ-
ent states ¢o and ¢; ;, for 1 <i < nand 0 < j < |w;|. Put

9 N Gio for1<i<n
' <i<n

aij ;
Gij-1 =N iy for 1<i<n, 1<) <l

and define F' = { q; |y, | 1 <i<n}.

Clearly w; € L(N) for 1 < i < n. Moreover, it holds that w € L(N) then
(q0,w) Fn  (¢juw;| €) for some i, 1 < i < n. Then it most hold that w =
@i1Qi2 " Qi ||, i-e. w = w;. Therefore, L(N) =L and L is regular.

2.3 Regular expressions

DFAs and NFAs are computational descriptions that are equivalent from a language per-
spective; both types of automaton accept the same languages, viz. the regular languages.
In this section we introduce a syntactic alternative, the regular expressions, that are not
based on a computational notion. We will show that for each regular language there is a
regular expression that represents is. Reversely, the language associated with a regular
expression is always a regular language. It follows that all three notions, (i) language
accepted by a DFA| (ii) language accepted by an NFA, and (iii) language belonging to
a regular expression amount to the same. After introduction of regular expressions and
their associated languages we will prove that for each DFA there exists an equivalent
regular expression. Despite its intruiging proof the result is not always convenient in
constructing an languaage-equivalent regular expression, e.g. given a DFA. Therefore,
we present a procedure to go from a DFA to a regular expression using the notion of a
generalized finite automaton. Finally in the section, to complete the claim that regular
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expressions and regular languages correspond, we show how to obtain an equivalent NFA
from a given regular expression.

We start off by introducing the class of regular expressions over a given alphabet. It is
built from the constants 0 and 1 as well as constants for every letter from the alphabet
under consideration, and it is closed under sum or union, under concatenation and under
an operator called Kleene’s star or iteration.

Definition 2.22 (Regular expression). Let ¥ be an alphabet. The class REy, of regular
expressions over Y is defined as follows.

(i) 1 and O are regular expressions;
(ii) each a € ¥ is a regular expression;

(iii) if 71, 72 and r are regular expressions, then (11 +72), (1 - r2) and (r*) are regular
expressions.

When clear from the context, the alphabet ¥ may be omitted as subscript of REx.
For reasons to become clear in a minute, the regular expression (rq + r3) called sum,
is also called the union of 1 and ro, and the regular expression (r; - r2) is called the
concatenation of r; and ry. The regular expression (r*) is called the Kleene-closure or
iteration of 7.

To reduce the number of parentheses we assume the x-construction to bind the most,
followed by concatenation -, and with sum + having lowest priority. Typically, outermost
parentheses will be suppressed too.

Definition 2.23 (Language of a regular expression). Let REy be the class of regular
expressions over the alphabet 3. The language £(r) C ¥ of a regular expression r € REy;
is given by
(i) £(1) ={e} and L(0) = 0;
(ii) L(a) ={a} for a € ¥;
(i) L(r1+7r2) = L(r1) UL(r2), L(r1-12) = L(r1)L(r2), L(r*) = L(r)*.

In clause (iii), £(r1)L(r2) denotes the concatenation of L£(r1) and L(rz), while £(r)*
denotes the Kleene-closure of £(r). Recall

LlLQ = {w1w2|w1€L1,fw2€L2}
L = {wl‘--wk\k}O,wl,...,wkeL}

for languages L1, Lo and L.
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Example 2.24. Consider, with respect to the alphabet {a,b}, the regular expression
(a+b)* - a. We have

L((a+b)" - a)
= L((a+0)")L(a)
= (L(a+0))"{a}

(
(£(a) U L(b))*{a}
({a} U{b})"{a}
{a,b}"{a}

= {we{a,b}* | wends with a }

Example 2.25. The set of strings over the alphabet {a, b, ¢} that contains at least one a
and at most one b can be represented by the regular expression

(¢ a-(a+e)-(b+1)-(a+e))+ (" b-c*a-(a+0c)")

The left part of the regular expression covers the situation where at least on symbol a
preceeds a possible appearance of b. Note, £L(b+1) = {b} + {¢} = {b,e}. The right part
represents strings with a single occurrence of b followed by minimally one occurrence
of a, interspersed with occurrences of c.

The operators of sum and concatenation are associative with respect to their language
interpretation: L(ri+ (ro+73)) = L((r1+7r2)+7r3)) and L(r1-(re-13)) = L((r1-12)-73)).
This allows to write, e.g. 1 + 7o + r3, instead of r1 + (ro + 73) or (r1 + r2) + r3, and
ry - 1o - 13, since order of bracketing does not matter for the language that is denoted.
Often, for notational convenience too, we write ajas---a, for the regular expression
aj-as- -+ - ay using juxtaposition rather than concatenation.

It turns out that for every regular expression r there exists a DFA D, such that £(r) =
L(D,). We will show, see Theorem 2.33 below, that for a regular expression r a language-
equivalent NFA N, exists. The result then follows by Theorem 2.19. The reverse is valid
as well: for every DFA D there exists a regular expression rp such that £(D) = L(rp).
There are various ways to prove this. We first give a conceptually elegant proof based
on specific regular expressions Ri’fj.

Theorem 2.26. If a language L is accepted by a DFA, then L is the language of a
regular expression.

Proof. Suppose L = L(D) for a DFA D = (Q, %, 0,q1, F) with @ = { ¢1,92,.-.,n }-
Note the initial state g.

Let the regular expression Ri’fj represent the set of strings w that label the paths
from state ¢; to state g; without passing through any state g, with ¢ > £ in between.
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More precisely, we inductively define Ri]fj, fori,j=1,...,n, k=0,...,n, by
RY, = aj;+- “f,(z‘i’i) +1
RV, = alj+-+a? for i # j
k+1 k k k k
Rm‘ = Rj; + Ri,kH ’ (Rk+1,k+1 )" Rk+1,j
where al{j, e ai(ji’j) are all symbols in ¥ such that §(g;, aij) =qj, ..., 0(q, af’(j’j)) = qj,
fori,j7=1,...,n.

We verify that the regular expressions Rz-lfj are as intended: If kK = 0 then the path
from ¢; to g; has no intermediate states. So, either the path has length 1 if §(¢;, a) = ¢
yielding the subexpression a with meaning {a}, or the path has length 0, yielding the
subexpression 1 with meaning {e}. This explains RBZ». The explanation of the regular
expression jo, for ¢ # j is similar. However, in this case there is no empty path from g;
to gj, since ¢; and ¢; are different states, so no subexpression 1 either.

With respect to the regular expression Rf;-rl, a path from ¢; to ¢; which may pass
through intermediate states qi, . . ., gx+1, may or may not pass through state gx41. If not,
the path is already represented by R{fj. If the path passes through g1, there is an initial
part from g; to g1 and a final part from g1 to g; that both avoid gr41. In between
the path can be split up in subpaths from i1 to gx+1 that do not pass through gr,1 as
intermediate state; it may pass through intermediate states g1 to g only. The initial part
and final part are captured by the regular expressions Ri’fk 41 and R,’: 11,57 respectively.
The subpaths from i1 to qr4+1 with intermediate states from ¢; to g are included
in R,’: 1kl Any repetition of such a path is allowed, which explains the Kleene star.

Since the DFA D has n-states, the regular expression R}"; represents the labels of all
path through D from state ¢; to state ¢;. We have, for a string w over the alphabet X,
w € L(D) iff there exists a path labeled w from the initial state ¢; of D to a final
state ¢y € F iff w € E(Rﬁf) for a final state q¢. Thus, if F' = {qs,...,qs,}, then
w e L(D) iff we L( R{qul +- R ). This proves the theorem, the language L, i.e.

L(D), is the language of the regular expression R{fqh +- R, - O

Although in principle it is possible to compute R{',, from the inductive definition, with n
the number of states of the DFA, the method of Theorem 2.26 is not very appealing.
As a constructive alternative one can follow a graphical approach for which we need the
notion of a generalized finite automaton.

Definition 2.27. A generalized finite automaton G, GFA for short, is a five-tuple G =
(Q, X, 9, qo, go) with (i) @ the set of states, (ii) ¥ the alphabet, (iii) 0 : Q@ X Q@ — REx
the transition function such that §(ge,q) = 0, for all ¢ € @, (iv) qo € @ the initial state,
and (iv) ¢ € Q, ge # qo, the (only) final state. The language £(G) C ¥* accepted by
GFA G is given by

@0 =qNq, =g AVi,1 <i<n:w; €0(qgi-1,q)}
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Figure 2.10: GFA of Example 2.28

Note, since 6(ge,q’) = 0 for each ¢’ € @Q, we have that ¢ # ¢. if w € 6(q,q’) for some
string w.

Example 2.28. An example GFA G is given in Figure 2.10. Here G = (Q, X, §, qo, ¢c)
where set of states @ = {qo, q1, 92, 3, Ge }, alphabet ¥ = {a, b}, initial state gy and
final state g. marked as usual, and with the transition function §: Q x Q — REyx given
by

qo | 91 | 42 q3 de
G@l|lal|b|O 0 0
1|0 |a|b 0 1
g2 0]0|a b 0
g3/ 0100 |a+b|1
G| 0|00 0 0

In the figure we do not draw edges labeled 0. Note the edge from g3 to itself labeled
with the regular expression a + b, and the edges from ¢; and ¢3 to ¢. labeled with the
regular expression 0. The language £(G) of G is the set of all strings over {a, b} with
one, three or more occurrences of the symbol b.

With the notion of a GFA in place, we describe our procedure of constructing a language-
equivalent regular expression rp for a DFA D. As a first step for D = (Q, %, 0, qo, F),
we transform D into a language-equivalent GFA Gp as follows: Let g, be a new state
not occurring in Q. Put Q' = Q U {¢g.}. We define ¢’ : Q' x Q" — REy such that

d(¢,qd) = 0(q,q") ifq,qd #qe
8'(q, qe) ifge F

(¢, qe) 0 ifqg¢ F
8(ge,q) = O for all g € Q'

We call Gp the GFA induced by D.
We argue that the DFA D and the GFA Gp are language-equivalent indeed, i.e. that
L(D) = L(Gp). For the inclusion £(D) C L(Gp), pick w € L(D), say w = aj---ap
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a a a a,b

(), 0 ), O
O——0——@——0@

Figure 2.11: DFA of Example 2.29

for n > 0, a1,...,a, € X. Then we can choose q,...,q, € @Q such that ¢ = qo,
0(q;_q1,ai) = ¢, for 1 <i<n,andq, € F. Put ¢, = ¢ge. Put w; = a; for 1 <i <n and
w41 = €. Then we have, for qp,...,q),, € Q that ¢y = qo, ¢'(¢,_1,¢}) = a; 3 a; = w;

for 1 <i<nandd(q,,q,,1) =123¢=wpp1. Thus w = (ar---an)e = wy - Wpy1 €
L(Gp). For the inclusion £L(Gp) C L(D), pick w € L(Gp). Then w = (ay---ay)e,
since all edges toward g¢. are labeled 1. In particular, there are ¢, ...,q), € Q such that
8(di_1,4q}) = ai, for 1 < i < n. Moreover, ¢ = qo and ¢, € F. By construction it follows
that 0(¢,_,,a;) = ¢;, for 1 <i<n, ¢y, =0and ¢, € F. Thus w =a;---a, € L(D), as
was to be shown.

Once we have a language-equivalent GFA Gp for a given DFA D, we continue the
construction leading to a regular expression rp for D by successively eliminating inter-
mediate states from Gp, i.e. states different from the inital state ¢y and the final state g,
one-by-one while updating the labels to ensure language equivalence. When only two
states remain, go and ¢, the regular expression rp such that £(D) = L(rp) can be read
off, viz. rp = 0(qo,q0)* - (qo, ge). Recall, the final state g. has no outgoing transitions.

Example 2.29. Consider the DFA D as given by Figure 2.11 accepting the language
{w € {a,b}" | #4(w) =1V #4(w) >3 }. The GFA Gp, the GFA induced by D, is
the GFA of Example 2.28 depicted in Figure 2.10, repeated in the upper-left part of
Figure 2.12. The GFA Gp\ps3, depicted as upper-right part of Figure 2.12, is obtained
from Gp by eliminating state ¢3. Since state ¢3 of Gp has one incoming transition
labeled b, a loop labeled a + b, and one outgoing transition labeled 1, the path from go
to g. via g3 is replaced by a transition labeled b-(a+b)*-1 = b- (a+b)*. Then, removing
state g2 from Gp\gs yields (Gp\g3)\g2 at the bottom-left part of Figure 2.12. The path
from ¢; via g2 to ¢ is combined with the transition from ¢ to ¢. in Gp\ps giving a
single transtion from ¢; to g. labeled 1 +b-a*-b- (a+ b)*. Finally, eliminating state g1
gives the GFA ((Gp\¢3)\q2)\q1, at the bottom-right of Figure 2.12. The path from g
to g via g1 is combined into a single transition from ¢g to g. labeled by the regular
expression b-a*- (1 +b-a*-b- (a+b)*). Because of its simple form, we can read off from
((Gp\g3)\q2)\q1 the accepted language, viz. a*-b-b-a*-(1+b-a*-b-(a+b)*) = a* - b-a*+
a*-b-a*-b-a*-b-(a+b)*, ie. the language of strings over {a,b} with one, three or
more b’s. The claim is that the DFA D of Figure 2.29 and the four GFA Gp, Gp\gs,
(Gp\g3)\q2, and ((Gp\g3)\g2)\q:1 of Figure 2.12 are all language equivalent. Hence, the
regular expression a* -b-a*+a*-b-a*-b-a*-b- (a+b)* represents the language of the
DFA D too.
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b-(a+b)*

Gp

b-a*-(1 + b-a*-b-(a+b)*)

(Gp\g3)\q2 ((Gp\g3)\a2)\1

Figure 2.12: GFA sequence Gp, Gp\g3, (Gp\g3)\q2, ((Gp\g3)\q2)\q1 of Example 2.28

The approach of successive elimination of states from a GFA, that is language equivalent
to a given DFA, to obtain a regular expression for the language of the DFA is justified
by the following theorem. Assuming the removal of the state p from a GFA G gives the
GFA G\p, the language of the two automata is the same.

Theorem 2.30. Let G = (Q, X, , qo, ¢e) be a GFA. Choose p € Q, p # qo,ge. The GFA
g\p = (@', 2, ¢, qo, g.) with @ = Q\{p} has transition function ¢’ : Q' x Q" — RFEx
such that

'(a.q') =6(q.q) + d(a.p)- (5(p,p))" - 6(p.q')

if ¢,¢' € Q and ¢§'(q,q') = 0 otherwise. Then it holds that £(G) = L(G\p).

Proof. (L(G) C L(G\p)) Pick w = wy -+~ w, € L(G). Choose g,...,q, € Q such that
40 = 90, ¢, = ge, and w; € 6(gi—1,¢q;) for i = 1...n. Define strings vy, ..., v, € ¥* and
states qq, - . -, qy, as follows: m =n—#{k | q =p}, ¢ = q; iff g #pand j =i —#{k <
i| g, =p}. Thus, m is the number of states among g, ..., g, different from p, taking
multiplicities into account. Similarly, ¢} is the j-th state in the sequence g, .. ., g, When
skipping states g;, that are equal to p. Define £(j), low of j, such that ¢j_; = ¢; and h(3),
high of j, such that ¢ = ¢, for j = 1...m. Note, g = p for £(j) <k < h(j), £(1) =0
and h(m) = n. Now, define v; = wy(j)41 - wy(;). Since h(j—1) = £(j), for j =2...m,
we have w = wi - wn = (Wy1)41 - Wh1)) (Wey41 7 Wh@)  (Wem) 417 Whim)) =
V1V + Upy. Thus for vy, ..., v, and ¢f,. .., ¢, it holds that w = vy -+ v, ¢ = ¢} = qo,
4, = d), = e, and v; € 8(quj),p) - (6(0,p))" - 8(p,angy)) € ()1, q)), for j =1...m.
Thus, w = vy -+ - vy, € L(G\D).

(L(G\p) C L(G)) Suppose v € L(G\p). Pick ¢(,...,q, € Q\{p} and vy, ..., v, € E*
such that g5 = qo, ¢5, = ge, v = V1 -+ U, and v; € §'(gj_y,q}), for j = 1...m. Since
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Figure 2.13: DFA of Example 2.32

6'(qj-1,47) = 6(qj_1,4}) + ' (q]_1,p) - (6(p,p))" - 3(p. qj) it follows that we can pick

m(j) > 0, and w?, .. ,wm(j) € ¥* such that v; = w? - ™) where w? €d(q;_1,q;) if
(

J J j 4
j) =0, and w? € 0(qj_1,p), wf € 4(p,p), for 1 < k < m(j), and w;-n(J) € d(p,qj) if

m
m(j7) > 0. It follows, leaving the precise details to the industrious reader, that we can
choose ¢, ...q, € Q and wy, ..., w, € ¥* such that ¢ = qo, ¢, = ge, v = w1 ... wy,, and
w; € 0(qi_1,¢;). Thus, v € L(G). O

From the theorem we obtain again the result that a language represented by a DFA can
also be represented by a regular expression. However, by now we also have a procedure
as how to construct the regular expression rp for the DFA D.

Theorem 2.31. If a language L is accepted by a DFA D, then L is the language of a
regular expression rp.

Proof. We first claim that for an arbitrary GFA G there exists a regular expression r
such that £(r) = £(G). We prove the claim by induction on the number of states n of
Note, the GFA G has at least two states, viz. the inital state gy and the end state g..

Basis, n = 2: We have £(G) = §(qo,q0)* - 9(qgo,ge), or more precisely, L(Gp) =
L(6(q0,g0)* - 6(q0, ge))- So, put 7 = 6(qo, go)* - 6(qo, ge)-

Induction step, n > 2: Choose a state p different from ¢y and ¢.. Consider the GFA
G\p with n — 1 states. By induction hypothesis, we can choose a regular expression r
such that L(r) = L£(G\p). By Theorem 2.30, we have £(G) = L(G\p). Therefore,
L(r)=L(G).

Now, let Gp be the GFA obtained from the DFA D. Then £(Gp) = L(D). By the
claim we can find a regular expression that we call rp such that L(rp) = L(Gp). From
this we obtain L£(rp) = L£(D), which proves the theorem. O

In general, there are several ways to reduce the GFA Gp to a two-state GFA. Therefore,
there may be several regular expressions that represent the same language.

Example 2.32. As another illustration of the elmination approach to find a regular
expression for a DFA, consider the DFA D depicted in Figure 2.13. We start off with
the GFA Gs induced by D, with states gy up to ¢3 given in the upper-left part of
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G2

(b+c)-(b+c+a-c*-a) +
% (a+ (b+c)-a-c*b) - G0
b-c*-a+ c+b-c*b+ aac*b (c+b~c*~b+a~a-c*-b)* .

a-(b+c+a-c*-a)

(b-c*-a+ a-(b+cta-c*-a))

1+b-c*+ '
a~ca~c* @

(b+c)-a-c* +
(a+ (b+c)-a-c*-b) -
(c +b-c*b+ a-a-c*~b)* .
(1+b-c* + a-a-c")

(b+c)-(b+c+a-c*-a) (b+c)-ac*

Figure 2.14: GFA sequence of Example 2.32

Figure 2.14. GFA Gp has a single final state, viz. ¢., with incoming edges with label 1
from the final states of D. Multiple transitions in D, e.g. from gy to g2, combined into
a single edge labeled with a composed regular expression.

We start by eliminating state q3 from the GFA G3. In line with the proof of Theo-
rem 2.30, we connect incoming edges of state g3 with outgoing edges, combined with the
self loop of ¢3. E.g., since d3(q1,q3) = b, 3(q3,93) = ¢, and d3(q3,q0) = a we create an
edge from state ¢; to state ¢o labeled with the regular expression b-c* - a in the GFA G,
i.e. 02(q1,q90) = b - c* - a. The label of the edge from ¢; to g. gets strengthened. Since
d3(q1,93) = b, 93(g3,q3) = ¢, and 03(g3,q.) = 1 and d3(q1,¢e) = 1, we relabel the edge
from ¢ to g, for Go with 1 +b-c¢*-1 =1+ b c*. Likewise, the edge from ¢ to gs,
combined with the self loop of g3, and the edge from ¢3 to q; add the regular expression
b-c*-b to the self loop of g1, obtaining ¢+ b- ¢* - b for Ga. Furthermore, the label of the
edge from ¢y to qo is updated to (b+ ¢) + a - ¢* - a, a new edge from ¢y to ¢; is added
labeled a - ¢* - b, as well as another edge from g5 to g. labeled a-c¢* -1 =a - c*.

The reverse of Theorem 2.31 also holds true: for every regular expression r there exists
a DFA accepting the language of r. We will establish this result directly. Instead we
show that for every regular expression a corresonding NFA exists. Since for every NFA
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O (@
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No

Figure 2.15: NFAs for regular expressions 0, 1 and a

there exists a language-equivalent DFA, Theorem 2.19, the counterpart of Theorem 2.31
follows.

Theorem 2.33. If a language L equals £(r) for some regular expression r, then L equals
L(N) for some NFA N.

Proof. Suppose L C ¥*. We prove the theorem by structural induction on the ex-
pression r. For each regular expression r we will construct an NFA N, such that
L(N,) = L(r). Moreover, we take care that

(i) N, has exactly one final state;
(ii) the inital state of N, has only outgoing transitions (if any);
(iii) the final state of IV, has only incoming transitions.

We need to distinguish three base cases and three successor cases.

Basis, r = 0: We have £(0) = (). Clearly, £(0) = L(Np) for Ny depicted at the left
of Figure 2.15.

Basis, = 1: We have £(1) = {e}. Clearly, £(1) = L£(N1) for Ny depicted in the
center of Figure 2.15.

Basis, 7 = a for a € ¥: We have L(a) = {a}. Clearly, L(a) = L(N,) for N, depicted
at the right of Figure 2.15.

Induction step, 7 = 1 + r9: Suppose NFA N; accepts the language L(r;), say N; =
(Qi, 3, 8, b, {q}}), for i = 1,2. Moverover, we assume Q1 N Q2 = 0. Let gy and ¢y be
two fresh states. Then we put N, = (Q, X, 6, qo, {qr}) where Q@ = Q1 U Q2 U {qo,qr}
and § extends §; and dy with gy — at, qo N g3 and qjlc N qr, qJ% N qr. Clearly, by
construction, L(N,) = L(N1) U L(N2) = L(r1) U L(r2) = L(r1 + r2). See the left-upper
part of Figure 2.16.

Induction step, r = r1 - ro: Suppose NFA N; accepts the language L(r;), say N; =
(Qi, 3, 8, b, {q}}), for i = 1,2. Again, we assume Q1 N Q2 = 0. We put N, = (Q1 U
Q2, 3, 5, ¢¢, {qJZc}) where § extends d; and d9 with qjlc 5 q3. Clearly, by construction,
L(N;) = L(N1)-L(N2) = L(r1)-L(r2) = L(r1-72). See the right-upper part of Figure 2.16.

Induction step, r = rj: Suppose NFA Ny accepts the language L(rp), say Ny =
(Qo, 2, do, g9, {q?}) Let go and gy be two fresh states. Then we put N, = (Qo U
{q0,9r}, 5, 6, qo0,{qs}) where & extends & with o — ¢, g0 — ¢y, and q? = q).
Clearly, by construction, L(N;) = L(No)* = L(ro)* = L(r§). See the lower part of
Figure 2.16. O
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T

Figure 2.17: NFA of Example 2.34

Example 2.34. Figure 2.17 depicts the NFA obtained by the construction described in
the proof of Theorem 2.33 for the regular expression (a 4+ b)* - b- (a + b). The resulting
NFA consists of three sequential components, viz. for the iteration (a+0b)* on the left, for
the basic regular expression b in the middle, and for the alternative composition (a + b)
on the right.

Exercises for Section 2.3

Exercise 2.3.12. Give for each regular expression r below two strings in £(r) and two
strings not in £(r), if possible.

i) a*-b (v) a*+0b*

(i) a-b*-a (vi) (a+b)-(a+0b)*
(ili) (1+a)-b*-(1+a) (vi) (a+0b)- (a* +0b*)
(iv) (ab)* - (ba)* (viii)  (a* +b*) - (a* +b*)

Answer to Exercise 2.3.12 Possible answers include: (i) b and ab in, ba and aba out;
(ii) aa and aba in, € and ab out; (iii) € and ab in, bab and aab out; (iv) € and abba in, a
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and aa out; (v) € and a in, ab and ba out; (vi) @ and b in, € the ony string out; (vii) a
and b in, € and aab out; (viii) € and a in, aba and bab out.

Exercise 2.3.13. Provide a regular expression for each of the following languages.
(i) { w € {a,b}* | w starts with a and ends in b }
(ii) {w € {a,b,c}* | w contains at most two a’s and at least one b }
(iii) {w € {a,b}* | |w| <3}
Answer to Ezercise 2.3.13
(i) a-(a+0b)*-b;
(i1) ¢*-b-(b+c)*-a-(b+c)*-a-(b+c)*+c*-a-c*-b-(b+c)*-a-(b+c)*+c*-a-c*-a-c*-b-(b+c)*;
(iii) 1+ (a+b)+(a+0b)-(a+b)+(a+0b) - (a+b)- - (a+D).

Exercise 2.3.14. Let the GFA G have two states, ¢p and g.. Show that it holds that
‘C(g) = 5((]0’ QO)* : 5((]0’ Q6)'

Answer to Ezercise 2.3.14 (L£(G) C 6(qo,q0)*(qo,¢e)) Let w € L(G). Pick ¢, ..., ¢}, €

Q and wy, ..., wy, € ¥* such that w = w; - - wy, ¢4 = g0, wi € 6(q}_;,q.) for 1 <i < n,
and ¢}, = ge. Since §(ge, q0) = 6(ge; q0) = 0 and L£(0) = 0, we have ¢(, ..., ¢,_1 = qo-
Thus wy, ..., wp—1 € 0(q0,90) and w, € §(qo,q.). Hence w = wy---wy, € 6(qo,q0)* -
5(Q0a‘]e)'

(6(go,q0)" - 9(q0,9.) € L(G)) Let w € 6(q0,90)* - 6(qo,ge). Choose wy, ..., w, €

(g0, q0), w" € 8(qo, ge) such that w = wy ---wpw'. Put ¢f = qo for 0 <i<nand g, ; =
ge- Since w; € 6(qo,qo) = 0(gi—1,¢) for 1 <i < n, and w' € 6(qo,qe) = 9(qy,, qpp1), it
follows that w = wq - - - w,w’ € L(G).

—

Exercise 2.3.15. Construct a four-state GFA G, with intermediate states p and ¢, such
that the regular expression belonging to (G\p)\q is different from the regular expression

belonging to (G\g)\p.

Answer to Exercise 2.3.15 A possible solution is the GFA G:
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Elimination of state go first, followed by elimination of state ¢; yields the GFA sequence

(G\@2)\o1

cd+a b+ fd)

yielding the regular expression ro; = (c-d + a(b+ fd))* However, elimination of
state ¢ first, followed by elimination of state g2 yields the following two GFA:

G\a1 (G\q1)\q2

yielding the regular expression r12 = (a-b + (c+a f)d)* In line with the proof of
Theorem 2.31, both regular expressions represent the same language. It holds that
L(r12) = L(rg1) = { ab, afd, cd }*.

Exercise 2.3.16. Give a language-equivalent GFA G for the DFA D below, successively
eliminate the intermediate states of G, and derive a regular expression rp that represents
the language of D.

Answer to Exercise 2.3.16 We have the following GFA sequence of G, G\g2 and
(G\@2)\a1-
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g b-(a+b) 9\¢2 (G\a2)\au

' b-(a+b)
0 )a—il_)+a (a+ b))
b+ aa

From (G\g2)\q1 we obtain rp = (b-(a+b)+a-(b+a-(a+b))) - (b+ aa).

Exercise 2.3.17. (a) Give a language-equivalent GFA G for the DFA D below, suc-
cessively eliminate the intermediate states of G, and derive a regular expression rp
that represents the language of D.

b b
® ®
@@

(b) Give a simple regular expression for £(D).

Answer to Exercise 2.3.17 (a) The GFA G and G\q; look as follows

g\‘h

From G\gqi we obtain rp = (b+a-b* a)* (1+a-1).
(b) Since D accepts all strings over {a, b}, hence L(D) = {a, b}*, the regular expres-
sion (a + b)* represents D, i.e. L((a + b)*) = L(D).

Exercise 2.3.18. Give a language-equivalent GFA G for the DFA D below, successively
eliminate the intermediate states of G, and derive a regular expression rp that represents
the language of D.
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Answer to Ezercise 2.3.18  We have the following GFA sequence of G, G\g2 and
(G\@2)\a1-

G\

(G\@2)\o1

*

From (G\g2)\@1 we obtain rp = (c+ b-b*-c+ (a + b-b*-a) - (a + b-b*-a)* - (c+ b-b*b))" -
(b:b* + (@ + b-b*a) - (a -+ b-b*a)* - (1 +b-b)).

Exercise 2.3.19. Guess a regular expression for each of the following languages. Next
provide a DFA for each language and construct a regular expression via elimination of
states.

(a) {w € {a,b}*| in w, each maximal substring of a’s
of length 2 or more is followed by a symbol b }

(b) {w € {a,b}* | w has no substring bab }
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(c) {we{a,b}*| #a(w)=#p(w)ANvw = —2< #4(v) — #p(v) <2}
Answer to Exercise 2.3.19 (a) The DFA D, given by

yields the GFA sequence

b " o’ bt talb+ aarp) 9\2\D
T @
1+a

and the regular expression (b+a- (b+a-a*-b)) (1 +a).
(b) The DFA D, given by

a a a,b
ROz N
@ - @ a @ b 3

yields the GFA sequence

a+ + aa)  (G\@3)\@2)\qx
O

1+b+ba
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and the regular expression (a +b- (b+aa))” - (1 + b+ ba).
(¢) The DFA D, given by

yields the GFA sequence

b-(ba)*-a + a-(ab)*-b .@

49
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and the regular expression ((b- (ba)* - a) + (a - (ab)* - b))".
Exercise 2.3.20. Construct for each of the following regular expressions a language-
equivalent NFA.

(a) a-(b+c)-d*

(b) (a+b)-c*-d

(¢) (a+b)*-c-(d+e)*

(d) ((a+b)*+¢)" +d

Answer to Ezxercise 2.5.20

(a)
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(d)

2.4 Properties of the class of regular languages

In this section we formally relate the concepts of a DFA, an NFA and a regular expression.
We prove that they accept the same class of languages, the class of regular languages.
We also provide a means to prove that a language is not in this class, i.e. that it is not
regular. Moreover, we look at closure properties and decision procedures for the class of
regular languages.

Definition 2.35. A language L C ¥* over an alphabet ¥ is called a regular language if
there exists an NFA N such that L = L(N).

The next theorem states that NFAs, DFAs and regular expressions define the same class
of languages, viz. the class of regular languages. The theorem, or rather the theorems
its proof refers to, also provides flexibility in the representation of a regular language.
Given a regular language L as either the language accepted by an NFA or by a DFA
or as the language of a regular expression, we can construct an NFA or a DFA that
accepts L or a regular expression who’s language is L.

Theorem 2.36. Let L be a language. The following three statements are equivalent:
(i) L is a regular language
(ii) There exists a DFA D such that L = £(D).
(iii) There exists a regular expression r such that L = L£(r).

Proof. [(i) = (i7)] By definition there exists an NFA N such that L = L(N). By
Theorem 2.19 there exists a DFA D such that £(N) = £(D). Then, clearly, L = L(D)
for the DFA D.

[(4i) = (iii)] Suppose L = L(D) for a DFA D. By Theorem 2.31 there exists a
regular expresion r such that £(D) = L(r). Thus clearly, L = L(r) for the regular
expression r.
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[(i7i) = (i)] Suppose L = L(r) for a regular expression r. By Theorem 2.33 there
exists an NFA N such that £L(N) = L(r). Therefore L = L(N) and L is a regular
language. O

Next we investigate closure properties of the class of regular languages. The following
theorem states that the class of regular languages is closed under union, complement
and intersection. We use the flexibility provided by Theorem 2.36 to choose or use the
representation of a regular language that suits best.

Theorem 2.37.
(a) If L1, Ly are regular languages, then Ly U Ly is a regular language too.
(b) If the language L C ©* is regular, then so is L& = ¥* \ L.
(c) If Ly, Ly are regular languages, then L; N Lo is a regular language too.

Proof. (a) By Theorem 2.36 we can find regular expressions r; and ry such that L; =
L(r1) and Ly = L(r2). Then we have Ly U Ly = L(r1) U L(re2) = L(r1 + r2). Thus, by
Theorem 2.36 again, L1 U Ly is a regular language.

(b) Let, applying Theorem 2.36, D = (Q, X, 0, qo, F') be a DFA such that £(D) = L.
Define the DFA D’ = (Q, X, 4, qo, F') by putting F/ = Q \ F. Thus ¢ € @ is a final
state in D" iff ¢ is not a final state in D. By definition we have w € L(D’) if both
(qo,w) Fp (g,€) and ¢ € F'. This is equivalent to (go,w) F7, (g,€) and ¢ ¢ F, by
definition of F’. But, this is exactly when w ¢ L£(D), since D is deterministic. (See
Lemma 2.5.)

(c) By the laws of De Morgan, Ly N Ly = (LY ULS ). The languages L and LS are
regular, by regularity of L; and Lo and part (b). Thus LY U LY is regular, by part (a).
Therefore, (L{ U LS )® is regular, again by part (b). O

Note, for item (b), it is important that the automaton we consider is deterministic.
Changing acceptance and non-acceptance in an NFA does not lead in general to the
complement of the accepted language.

A proof for part (a) and (c) of the theorem based on the construction of an automaton,
as the proof for part (b), is possible as well. For this we make use of the so-called product
automaton of two DFA. We first consider the case of the union L; U Lo of two regular
languages Ly and Ly over some alphabet 3.

Suppose the DFA D and Ds, with D; = (Q;, %, 6;, ¢, F;) for i = 1,2, accept L;
and Lo, respectively. We define the product DFA D = (@, %, J, qo, F') as follows:

(i) The set of states @ is the Cartesian product Q1 x Q2 of @1 and Q2. Thus a state
of @ is a pair of states (q1,¢2) with ¢1 € Q1, ¢2 € Q2.

(ii) The initial state of @ is therefore also a pair, viz. (¢}, ¢2), consisting of the initial
state g§ of @1, and the initial state ¢3 of Q.
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iii) The transition function § : 1 X 2) X Y — 1 X 2 is the ‘product’ of the
p
transition functions of D1 and D2. We put

§({q1, @2),a) = {¢1,q5) <= Gi(qi,a) =qi A d2(q2,a) = ¢

(iv) The set of final states F' comprises, in the case of the union, all pairs in @ of
which at least one component is a final state, for D;, for Do, or for both. Thus
F=F x@QyUQ x Fy. Put differently,

F={{q,p) cQ|lackh Vg@ack}

Next, we verify that D accepts L1 U Lo. For this we make the following claim, which can
be proven by induction on the length of w. Claim: for ¢1,q¢) € Q1, q2,¢5 € Q2, w € X*
it holds that

(q1,w) Fy (d1,€) A (g2,w) FY (dhe) <= ({1, ¢2),w) Fp ((a1,42),w)  (2.2)

Using the claim we derive, for w € ¥*,

w € L(D1) U L(D2)

& g € Fi: (¢, w) ] (q1,¢e) V g2 € Fo: (g3, w) 5 (q2,¢)
& g € R, g€ Q2 (g w) F (a1.) A (g5,w) F3 (g2,¢) V
3¢ € Q1, 2 € Fo: (g5, w) FY (q1,8) A (g5, w) b5 (g2,€)

& 3 e F, g e Q2 (g9, %), w) Fp ((q1,q2),€) V
g1 € Q1, 2 € Fo: ({45, 48),w) Fp ((q1,42),€)
< dge F:(q,w) Fp (g,e) (by definition of F')

< we L(D)

—~~ ~~ —~

Thus L1 ULy = L(D1)UL(D2) = L(D). Since Ly U Ly is a language accepted by a DFA,
it is a language accepted by an NFA by Theorem 2.36. Hence, L1 U Lg is regular.

In order to show that the intersection L; N Ly of two regular langauges is regular
too, we can exploit the product automaton again without only a slight adaptation of its
set of final states. Assume that the DFA Dy and Do, with D; = (Q;, %, &, ¢b, F;) for
i =1,2, accept L1 and Lo, respectively. Define the product DFA D = (Q, X, 4, qo, F)
where @, §, and g are as before, and now F' = F} x Fy. Thus, a state (¢1,¢2) € Q1 X Q2
is final iff both ¢1 € @1 and g2 € Q2 are final, i.e. ¢1 € F} and ¢ € F5.

The proof that £(D) = L£(D;1) N L(D2) makes use of the claim of Equation (2.2) too.
Now we argue

w € L(D1)NL(Dy)

& g € Fi: (¢, w) ] (q1,e) A g2 € Fo: (g3, w) F5 (g,€)
g1 € F1, g2 € Fo: ((¢5,48),w) +p ({1, 42),€)
dg € F: (qo,w) F} (g,e) (by the current definition of F')
w € L(D)

T ¢
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We see that L1 N Ly = L(D1) N L(D3) = L(D). Since Ly N Lo is a language accepted
by a DFA, it is a language accepted by an NFA because of Theorem 2.36. Therefore we
conclude that L; N Ly is a regular language.

In order to show that a language is a regular language, we can either show that it is the
language of a regular expression, that is the language accepted by a DFA, or that it it
the language accepted by an NFA. However, not every language is a regular language.
But, so far we do not have means to acutally show that a language isn’t regular. The
next theorem, aptly called the Pumping Lemma, provides a tool to do so.

Theorem 2.38 (Pumping Lemma for regular languages). Let L be a regular language
over an alphabet . There exists a constant m > 0 such that each w € L with |w| > m
can be written as w = xyz where z,y, z € ¥* are strings such that y # ¢, |zy| < m, and
for all k > 0: zy*z € L.

Proof. Suppose, with appeal to Theorem 2.36, L = £(D) for a DFA D. Choose m to
be the number of states of D. Suppose w € L and |w| > m. Say w = aj - - ay, thus
n = m. Pick n + 1 states qo, ..., ¢, with gy the initial state of D, dp(gi—1,a;) = ¢;, for
1 < i< n,and g, a final state. Thus (¢;—1,a;a4;41--an) Fp (¢,ai+1-+-ayn). Since D
has m states, the first m—+1 states qq, ..., ¢, cannot all be different. Pick mi, mo such
that 0 < mp < ma < m and g, = Gm,- Put

T =01 Ay, Y= COmi+1- " Omy, and 2= amyt1---0n

We have zyz = a1 GmyGmy41 GmyQmot1 -Gy, = W, Y 7# € since m; < mg, and
|xy| < m since mg < m.
We verify that zy*z € L for all k > 0: It holds that

(q()vx) '_E (leag)a (Qm17y) }_*D (qmzvg)v and (me,Z) '_E (QTLag)

Since gm, = Gy, it follows that (¢m,,y) Fp (@my,€). Thus (gm,,¥*) Fp (gmi,€) (by
Lemma 2.5 and an inductive argument), and (g, , ") Fy (gms,,€) for arbitrary k > 0.
Therefore

(90:7) FD (@mis€), (@i, ¥") FD (@mese), and  (gmg,2) FD (an.)

for arbitrary k > 0, and hence (qo, 2y*2) F}, (¢n,€). Thus w = zy*2 € L(D) = L for
all £ > 0, since g, is a final state. O

Essential use is made of the fact that the DFA has finitely many states only: m -+ 1 states
are chosen, viz. qg, ..., ¢m, of which there are at most m states different. So, at least
one state is doubled. This state is the begin and end point of the loop y that can be
taken any number of times —zero, one ore more— depending on the input string.

Consider the DFA D given by Figure 2.18. We claim that a choice for m = 3 will satisfy
the claim of the Pumping Lemma. A string w of 3 symbols or more symbols that is
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b
()
@
(X)
)

a,b

Figure 2.18: DFA hits the b-loop for input of sufficient length

accepted by D follows a path from the initial state gg to the final state ¢ visiting 4 or
more states. There only 3 different states to consider as ¢, is a sink state. So, one or
more states are visited more often. In this particular case this is state g;. It follows that
the b-loop is done mulitple times, in fact £ = |w| — 2 times. If we split up w in z, y
and z, i.e. w = zyz, with x = a, y = b, and z = b’ la, we have |zy| < 3, y # € and
zyFz = abFbtla = abF1a is accepted by D.

The Pumping Lemma for regular languages is mainly used to prove negative results,
i.e. it is used to prove that a language is not regular. One can do so by exploiting the
‘reverse’ of the Pumping Lemma: for each m > 0 a string w € L is given for which
no split up in z, y and z meeting the extra requirements in possible. In particular, a
split-up of w as w = xyz with |zy| < m and y # € will give rise to a string v’ = zy*z,
for some k > 0, which is not in L. By Theorem 2.38 it then follows that the language
cannot be regular. We provide two examples of this technique.

Example 2.39. The language L = {a™b™ | n > 0} is not a regular language. Let m > 0
be arbitrary. Consider the string w = a™b"™. We have that w € L. Suppose we split
w = zyz such that |xy| < m, and y # . Then the string y is a non-empty string of a’s,
say y = a’. Thus the string w’' = zy?z = ™™, hence w’ ¢ L. We conclude that
there is no constant m as mentioned by the Pumping Lemma, and therefore L is not a
regular language.

Example 2.40. The language L = {an2 | n > 0} is not a regular language. Choose
any m > 0. Consider w = a™ € L. Suppose we can split w = xzyz such that |zy| < m,
and y # e. Then the string y is a non-empty string of a’s, say y = a with 1 < ¢ < m.
Put w' = 922, then we have w’ = ™ . But m2 < m2+£ < m2+m <m2+2m+1=
(m + 1)2, thus m? + ¢ isn’t a square. So, w’ ¢ L. Thus, we conclude that there is
no constant m as mentioned by the Pumping Lemma, and therefore L is not a regular
language.

We close the chapter by looking into two decision algorithms for regular languages. The
first decision algorithm needs to determine whether given a regular language L as input,
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L is or is not the empty language. We first solve the question if L is given by a regular
expression. With appeal to Theorem 2.36 we can conclude that the theorem holds as
well if L is given as the language accepted by an NFA.

Theorem 2.41. Let L be a regular language over an alphabet X represented by an
NFA N accepting L. Then it can be decided if L = ) or not.

Proof. We decide, for a regular expression r, emptiness of L(r) as follows:
e L=0ifr=0;

o LADiIfr=1;

L # 0 if r = a for some a € 3;

e L =0 ifr =ry+ry for two regular expressions 1 and ro and both £(r1) and L(r2)
are empty, L # () if £(r1) or L(r2) is non-empty;

e L =0if r =7y -ry for two regular expressions r; and ro and either £(ry) or L(r2)
is empty, L # () if both £(r1) and L£(r2) are non-emptys;

o L #0if r=(r")* for some regular expression ' (since € € (r')* for every r’).

Note that the decision procedure terminates since the recusive calls for 71, ro and r’
above involve a structurally simpler argument.

Now, suppose L = L(N) for an NFA N. Construct, using the algorithms given in
the proofs of Theorem 2.19 and Theorem 2.31, a regular expression r such that L = L(r)
and decide whether L(r) = 0. O

Finally we consider a decision algorithm for membership. Given an arbitrary regular
language L C ¥* and a string w € ¥*, is it the case or not that w € L?

Theorem 2.42. Let L C ¥* be a regular language over the alphabet ¥, represented by
an NFA N accepting L, and let w € ¥* be a string over . Then it can be decided if
w € L or not.

Proof. Construct, using the algorithm given in the proof of Theorem 2.19, a DFA D
such that £(D) = L(N). Simulate D starting from its initial state on input w, say
(qo,w) Fp (¢',e) for some state ¢’ of D. Decide w € L if ¢ is a final state of D; decide
w ¢ L otherwise. ]

Exercises for Section 2.4

Exercise 2.4.21. Prove using the Pumping Lemma, Theorem 2.38, that the following
languages are not regular.

(a) Ly ={dba* |k >0}
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(b) Lo={a*" | k>¢>0}
(c) Lz = {a*blch+t |k e>0}
Answer to Ezxercise 2.4.21

(a) Let m > 0 be arbitrary. Consider the string w = a™ba™. We have w € Lj.
Suppose w = zyz is a split-up of w with |xy| < m and y # . Then z is an
arbitrary string of a’s, say = = o' with 0 < ¢; < m, y is a non-empty string
of a’s, say y = a2 with 0 < o < m, and z = a™ “%2ba™. Thus the string
w' = zy?z looks like afta’2a®?am 0~ t2pa™m = ghrtletlegm—ti-lapgm — gmtlapgm,
Hence w’ ¢ Ly since m + ¢ # m because ¢o # 0. We conclude that there is
no constant m as mentioned by the Pumping Lemma, and therefore L; is not a
regular language.

(b) This is a variant. Pick any m > 0. Consider the string w = a™b™ 1. We have
w € Ly. Assume we can write w = zyz for strings z, y and z such that |zy| < m
and y # . Then we have z = a®* with 0 < ¢; < m, y = a® with 0 < lo < m,
and z = ™ ((+)pm=1 Consider the string w’ = 29z, i.e. w = 2z since y° = ¢.
Then we have w' = a’ta™((1+62) But, since ¢4 + m — (l1+02) < m—1, W' ¢ L.
We conclude that, since no m > 0 exists meeting the requirements of the Pumping
Lemma, Lo is not a regular language.

(c) Let m > 0. Consider the string w = a™b™c*™. Then w € L3. As usually, assume
we can write w = zyz for strings z, y and z such that |zy| < m and y # €. Then
it must be the case that z = a® with 0 < 4, < m, y = a® with 0 < 5 < m,
and z = am~(H)pme2m  Consider the string w' = zy?z. Then it holds that
w = alal2ql2gm-(tl)pm2m — gmtlapme2m - Byt then w' ¢ L3 since {9 > 0
and therefore m + fo +m # 2m.

Exercise 2.4.22. Prove that the language Ly = { vv® | v € {a,b}* } is not regular.

Answer to FEzxercise 2.4.22 Let m > 0 be arbitrary. Consider the string w = a™bba™.
We have w € L4. Suppose w = xyz is a split-up of w with |zy| < m and y # €. Then z =
a® with 0 < 4; < m,y = a®? with 0 < £y < m, and z = a1 —L2phe™ . Now consider the
string w’ = zy%z. It holds that v’ = a‘1a®2a®2a™ 0 —l2pha™ = ghrHatlegm—li—ltappam —
a™t2pa™. Since £y # 0 we have m+ £ # m. So, bb is not in the middle of the string w’,
hence w' is not of the form vv’. We conclude that there is no constant m as mentioned
by the Pumping Lemma, and therefore L4 is not a regular language.

Exercise 2.4.23. Prove that the language Ls = { a" | n is prime } is not regular.

Answer to Exercise 2.4.23 Let m > 0 be arbitrary. Pick a prime number p such that
p = m. Consider the string w = a?. We have w € Ls. Suppose w = xyz is a split-
up of w with |zy| < m and y # . Then z = a® with 0 < £; < m, y = a’? with
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0 < ¢y <m, and z = a?~ (i) Now consider the string w’ = zyPt1z. It holds that
w = gttt Latp—(bitl) — gptrle Since £y # 0, the number p + p-f5 is not prime, for
p+p-ly =p-(1+£2). So, there is no constant m as mentioned by the Pumping Lemma,
and therefore Ls is not a regular language.

Exercise 2.4.24.

(a)
(b)

Prove, by induction on m, that m < 2™ for m > 0.

Prove that the language Lg = { a™ | n = 2" for some k > 0} is not regular.

Answer to Exercise 2.4.2/

(a)

(b)

Basis, m = 0: Clear, we have 2° = 1 and 0 < 1. Induction step, m + 1: By
induction hypothesis m < 2™. Thusm+1<m+m < 2™ 4 2™ = gmtl

Choose any m > 0. Consider the string w = a®". Then w € Lg. Assume that there
is a split-up w = zyz with |zy| < m and y # . Then z = a®* with 0 < ¢; < m,
y = a® with 0 < f5 < m, and z = o™ 1+&) Pyt w’ = 2y?z. Then w' = a2" 142,
However, 2™ < 2™ + {5 since 5 > 0, while 2™ + 5 < 2™ +m < 2™ 4 2m = 2m+1
by part (a). Therefore, 2™ + {5 is not a power of 2 and w’ ¢ Lg. So, we cannot
find m > 0 that satisfies the conditions of the Pumping Lemma, and therefore Lg
is not regular.

Exercise 2.4.25. Prove that the following languages are not regular.

(a)
(b)

Ly = {w € {a,b}" | #a(w) = #p(w) }
Lg = {w e {a,b}* | #a(w) # #p(w) }

Answer to Exercise 2.4.25

(a)

Choose any m > 0. Consider the string w = a™b™. Clearly #,(w) = #p(w), thus
w € Ly. Assume w = xyz for strings z, y and z with |zy| < m and y # . Then
z=a" with 0 < ¢ <m, y=a® with 0 < fy < m, and z = a™ (OH)pm Pyt
w' = zy?z. Then w' = a™2b™. Since #4(w') = #u(w'), we have w’ ¢ L;. So,
no m > 0 has the properties as guaranteed by the Pumping Lemma for a regular
language. Therefore L7 is not regular.

Applying the Pumping Lemma directly doesn’t work. Instead we make use of a
closure property of the class of regular languages. According to Theorem 2.37b the
complement of a regular language is a regular language itself. Now, the complement
of the language Lg is precisely the language L7. But, according to part (a), L7
isn’t a regular language. So, Lg is neither.
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Exercise 2.4.26. For a string w € ¥* for some alphabet X, the reversal w® € ¥* of w

is defined as follows: (i) eft = ¢, (ii) (av)® = v¥a.

(a) Consider the DFA D that accepts the language L9 = { abcw | w € {a,b,c}* }.

Construct, using the the DFA D, an NFA N that accepts

L% = {wcba | w € {a,b,c}* }

(b) Prove that the class of regular languages is closed under reversal, i.e. if a language L
is regular, then so is L = { w® |w € L}.

Answer to Ezercise 2.4.20

(a) We add a new initial state ¢), that is connected to the final state g3 of D, which
is not final in N. The only final state of NV is ¢o. All arrows of D are reversed
in N. Note multiple outgoing transitions for various states on various symbols.
Also note, the trap state g, of D is not reachable in N, and can be left out.

(b) Suppose, in view of Theorem 2.36, that L is the language accepted by the DFA D =
(Q, X, 0p, qo, F'). Define the NFA N = (Q’, ¥, —n, ), {qo} ) as follows: Let g,
be a fresh state not in Q. We put Q' = Q U {¢}}. The transition relation —x
satisfies
VgeQ: q) Dnq ifqgeF

Vo,d € QVaeX: ¢ Lyq ifdplg,a) =4
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One can prove, exploiting the fact that N has no 7-transitions for states ¢ € @,
that

(@w) Fy (d,2) <= (@ wf) Fy (@) (23)
From this it follows that
we L(D) < g€ F:(q,w) Fp (g,¢)
& dg e F: (¢wh) Hyv (q0,8) < wh € L(N)

Thus £(N) = L(D)® = L and L% is a regular language.

Exercise 2.4.27. The symmetric difference X AY of two sets X and Y is given by
XAY={zeX|z¢Y}U{yeY |y¢ X}

Prove that the class of regular languages is closed under symmetric difference, i.e. if the
languages L1 and Lo are regular, then so is L A Lo.

Answer to Exercise 2.4.27 We construct variant of the product automaton that accepts
Ly A Ls. Suppose the DFA Dy and D5 over the alphabet ¥, with D; = (Q;, %, &, ¢, F;)
fori = 1,2, accept Ly and Lo, respectively. Define the product DFA D = (Q, X, 0, qo, F)
where @, 6, and ¢gg are as before:

(i) Q=01 xQy;
(i) 0({q1,q2),a) = (41, q3) if 01(q1,a) = q; and da(qe, a) = g;
(iii) g0 = (45,93
Now we define the set of states F' = (F1 x (Q2 \ F2)) U (Q1 \ F1) X F3, i.e.

F={{t1,p) e xQ|@eFRANp¢gFR)V(n¢FAN@pecF)}

To prove that £(D) = L; A Ly we first argue

w € L(D1) A L(D3)
& we L(D)\L(D2) Vwe LD\ L(Dy)
& 3 € Q1, @ € Qa: (¢, w) ] (q1,€) A (g5, w) F5 (ga,€) A
(meRN@pé¢R) V(¢ ApeF))
& g € Qr, g2 € Q2: ({45, 48),w) Fp ((q1,42),8) A (g1, q2) € F
& dgeF: (q,w) Fp (g:€)
& we L(D)

Thus Ly ALy = L(D1) AL(D2) = L(D) is accepted by a DFA. By Theorem 2.36 is
follows that Ly A Lo is regular.
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2.5 Constructing a minimal DFA

For a regular language L there are many DFA that accept L. In this section we look
for a minimal DFA| i.e. a DFA that accepts L while no other DFA with fewer states
that does this. We first introduce the notion of L-equivalence to identify or distinguish
states in a DFA | initial or not, that accept the same part of L. States that are identified
by L-equivalence can be taken together. Starting from the assumption that it is known
which states of the given DFA are L-equivalent, the minimal DFA can be obtained via a
quotient construction. We will proves that this gives a minimal DFA indeed. In addition,
we give an algorithm, and a proof of its correctness, to find L-equivalent states of the
DFA started from.

We start off with the central notion of this section, viz. L-equivalence for the states of a
DFA accepting the language L.

Definition 2.43. Let D be a DFA with set of states (), set of final states F', and accepted
language L. Two states q1, g2 of D are called L-equivalent, notation ¢; ~p, qo, if

0(q1,w) € F < (g2, w) € F

for all strings w € >*.

From the definition it follows that §(q1,a) =1 §(q2,a) if g1 =1, g2, for all a € ¥. This can
be seen as follows: Put ¢] = §(q1,a) and ¢5 = (g2, a). Then, for all w € ¥*, §(¢},w) € F
iff (g1, aw) € F iff 6(qo, aw) € F iff 6(¢h,w) € F.

Example 2.44. Consider the DFA D given by Figure 2.19. Put L = £(D). The states qq
and gz of this automaton are L-equivalent: d(qo, w) € F iff w € (bb)* 4 (bb)*-aa-(aa+bb)*
iff w € (aa + bb)*, and §(q2, w) € F iff w € (aa + bb)*.

It follows that the states ¢4 and gg are L-equivalent too, since (i) qs,q6 ¢ F,
(ii) 0(qs, aw) € F iff 6(gs,w) € F iff §(gg, aw) € L, and (iii) §(qq, bw) € F iff §(qo, w) € F
iff (g, w) € F iff 6(gq, bw) € F.

The state g; is not L-equivalent to the states gy and go. The latter are final states,
thus 0(qo,€),d(q2,€) € F, but the former is not a final state, thus d(q1,e) ¢ F. Also,
q1 is not L-equivalent to any of q4, g5 and ¢;7. For example §(q1,a) € F, which does not
hold for the other states mentioned.

Finally, since state g5 is a trap state, we have §(gs, w) ¢ F, for all w € ¥*. For state g3
is holds that d(¢3,w) € F iff w € b*-a, and for state g7, 6(q7,w) € F iff w € a-b*-a. It
follows that g3 is not equivalent to any other state, and so are g5 and g7. Note, states
q3 and g7 are not reachable from the initial state gq.

It is straightforward to verify that for a DFA D, the relation ~, for L = £(D), is an
equivalence relation. We write [¢]r = {¢ € Q | ¢ =, ¢’ } to denote the equivalence class
of ~, containing the state ¢ € Q. Similarly, we put [Q']r = U, ¢q [¢']1 for the union of
the equivalence classes of elements of a subset of states Q' C Q.
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Figure 2.19: L-equivalent states qg, g2 and g4, g

Definition 2.45. Let D = (Q, %, J, qo, F') be a DFA with accepted language L. The
DFA Dy = (Qr, X, o1, Co, FL), called the quotient DFA of D, has equivalence classes
of ~p, as its states, i.e. Q@ = Q/~, the same alphabet ¥ as D has, the equivalence
class [qo]r, of the initial state of D as its own initial state, i.e. Cy = [qo]L, the equivalence
classes of D’s final states as its own final states, i.e. F, = {[¢]r | ¢ € F }, and has a
transition function Jy, defined by dr([q]r,a) = [d(g,a)]L, for ¢ € Q, a € 3.

We need to verify that the function 67, : Qp x ¥ — Qp is well-defined: if ¢1 ~, ¢o, then
d(q1,a) =1, 9(q2,a). Because then [d(q1,a)]r = [0(¢2,a)]r, and in Definition 2.45 above,
the outcome of dr,([¢]r,a) is independent of the representative ¢q. So, choose ¢1,q2 € Q
such that ¢1 &~ g2, and pick a symbol a € X. Put ¢f = d6(q1,0a), ¢4 = d(q2,a). We
claim that ¢ =~ ¢5: for any w € ¥* it holds that 6(¢},w) € F iff §(¢1,aw) € F iff
d(q2,aw) € F iff §(¢h, w) € F. Thus q] ~1 ¢, i.e. 0(q1,a) = d(g2,a), as was to be
shown.

Example 2.46. Returning to the DFA D of Figure 2.19, we distinguish the L-equivalence
classes {qo,q2}, {q1}, {q4,q6} and {g5}, as well as {g3} and {g;}. Following Defini-
tion 2.45, we obtain a DFA Dy, as depicted in Figure 2.20: the states are the equivalence
classes of ~p, the equivalence class {qo, g2} which contains gy is the initial state, fi-
nal state is the equivalence class {qo, g2} too. The transitions are inherited from the
DFA D. E.g., 65.({qo0, q2},a) = {q1} since both §(qo,a) = q1, and §(qa,a) = q1. Likewise,

6.({90,92}) = {a4, 46} since d(qo,a) = qs and 6(g2,a) = ge. Also, 0r({g3}) = {0, q2}
since (g3, a) = ¢q2. Note, we do not have d(g3,a) = qo.

If we remove from the quotient DFA Dy, of Figure 2.20 the non-reachable states {g3}
and {g7} we obtain a minimal representation of the DFA D of Figure 2.19. See Fig-
ure 2.21. Off course, we could have better started from a DFA, smaller than D, having
reachable states only, since this reduces the number of L-equivalences to check. Intu-
itively, after the superfluous states q3 and g7 are dispensed with, the states ¢ and ¢g are
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Figure 2.21: A minimized DFA

folded along the line through states ¢; and g5 onto the states go and qg, respectively. Note
that this way the transitions involved, as well states being final or not, are preserved.

Clearly, the DFA of Figure 2.21 also accepts the language (aa+ bb)* and has 4 states
only. The construction of (i) restricting to reachable states, and (ii) taking a quotient
modulo =, indeed provides a DFA accepting the same language as the original DFA.
Theorem 2.48 below claims that this is the case generally. In addition, the theorem
states that the DFA obtained this way is of minimal size. For the proof of the theorem
we need an auxiliary result.

Lemma 2.47. Let the DFA D and Dy, be as given by Definition 2.45. For all states g € @
and all states C € @)1, such that ¢ € C, it holds that

dq,w) € F < i(C,w) € F,
for all strings w € ¥*.

Proof. Assume q € C for a state ¢ of D and a state C of Dy,.
(=) Induction on w. Basis, w = &: Suppose 6(q,e) € F. Then q € F. So,
C € Fy, by definition of Fy. Thus, 01(C,e) € Fr. Induction step, w = aw’: Suppose
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d(q,a) = ¢'. Put C" = [¢|r. Then 01(C,a) = C’" by definition of d;. Also ¢ € C’. By
induction hypothesis, §(¢’, w’) € F implies d;(C’,w') € Fr. Suppose, §(¢,w) € F. Then
d(¢',w") € F. Thus 0r(C",w’) € Fr,, and ,(C,w) € Fr.

(<) Induction on w. Basis, w = e: Suppose 61(C,¢) € Fr, i.e. C € Fr. Choose
g€ CNF. Since q,q € C, we have ¢ ~ ¢q. In particular, §(q,e) € F iff §(7,¢) € F.
Since ¢ € F, it follows that ¢ € F. Induction step, w = aw’: Put C’ = 61(C,a). So,
we can pick § € C, ¢ € C’ such that §(g,a) = §. Put ¢ = §(q,a). Since q,q € C, we
have ¢ =~ q. Therefore, §(q,a) =1, §(,a), i.e. ¢ =~y @. Since ¢ € C’, and C’ is an
equivalence class of &, it follows that ¢’ € C’. By induction hypothesis, 61, (C’, w') € F,
iff 6(¢’,w’") € F. Suppose, 6(C,w) € Fr. Then 65,(C",w') € Fy. Thus 6(¢',w’) € F,
and d(q,w) € F. O

Next we show the correctness of the quotient construction to find a minimal DFA Dy,
accepting the same language as a given DFA D. Initially we assume that D has only
reachable states.

Theorem 2.48. Let D be a DFA with accepted language L. Assume that all states
of D are reachable. Let Dy be the quotient DFA of D with set of states ;. Then
L(Dr) = L. Moreover, if for a DFA D’ with set of states @ it holds that £(D') = L,

then |Qr| < [Q'].

Proof. Let D = (Q, X, 0, qo, F), and Dy = (Qr, %, o1, Co, FL).

For the initial state gy of D and the initial state Cy of Dy, it holds that gy € Cy.
Application of Lemma 2.47 yields 6(qo,w) € F iff 61(Co,w) € Fp, for all w € ¥*. In
other words L(D) = L(Dy,).

Suppose D' = (Q’, 3, &', ¢, F') accepts L. We claim

VC € Q3¢ € Q'Vw € ¥*: §,(C,w) € F, < &' (¢, w') € F’

Informally, for each state of Dy we can find an ‘equivalent’ state of D’. We want to
prove the claim by induction. To this end we define the notion of the minimal path
length mpl(C') of a state C of Dy:

mpl(C) =min{n € N | Jw € £": 0r(Cp,w) =C'}

Since all states of Dj are reachable, this notion is well-defined. With this notion in
place, we proceed proving the claim, by induction on the minimal path length mpl(C)
of a state C of Dy,.

Basis, mpl(C) = 0: It holds that C = Cy. Since L(Dyr) = L(D), as shown above,
and, by assumption £(D’) = £(D), we have L(Dr) = L(D'). Thus 65(Co,w) € Fy, iff
8 (¢}, w) € F'. So, we can pick g to correspond to Cy. Induction step, mpl(C) = n + 1:
Suppose C' = 01,(Cp, va) for a string v € 3" and a symbol a € 3. Put C = 6(Cp,v).
Then mpl(C) = n and 6.,(C,a) = C. By induction hypothesis we can choose a state g’ €
Q' such that 0y (C,w) € Fy, iff §'(¢’,w) € F’, for all w € ¥*. In particular, 6. (C,aw’) €
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Fr, iff §'(q’,aw’) € F’, for all w' € ¥*. Consider ¢ = §(¢’,a). We have, for each string
w E XF,
oL(C,w) € Fy,
< 6.(C,aw) € Fy, (since §.,(C,a) = O)
— (¢ ,aw) € F’ (induction hypothesis)
— (¢, w)eF’ (since §'(q',a) = ¢')

This proves the claim.

Now, choose for each state C' of Dy, with the help of the claim, a state g of D’
such that o, (C,w) € Fy, iff §'(qe, w) € F', for all w € ¥*. Then it holds that g, # qg,
if C1 # Oy, for all C1,Cy € Q. For, suppose g, = qg, for some C1,C2 € Qr. Then
we have 0r,(C1,w) € Fy, iff §1(Cy,w) € Fp, for all w € ¥*. Now pick, ¢1 € C1, g2 € Co.
Then, by Lemma 2.47, we have §(¢q1,w) € F iff 0(Cy,w) € Fr, and 6(q2,w) € F iff
0(Co,w) € Fy, for all w € ¥*. Thus 6(q1,w) € F iff §(q2,w) € F, for all w € ¥*.
Hence, ¢1 =1, g2 and C; = Csy, since C7 and Cy as states of @, are equivalence classes
of .

We conclude that all states ¢, € @', for C € Qp, are different, i.e. the mapping
C +— gq¢ from Qr to Q' is an injection. Hence D’ has at least as many states as Dy,. [

To smoothen the proof, the theorem above assumes that the DFA D started from has
reachable states only. This is by no means essential. Given any DFA D having or not
having non-reachable states, we can first restrict to its reachable states, and next take
the quotient automaton. This leads to a minimal representation of D, i.e. to a DFA D,
that accepts the same language and is minimal in the number of states.

Corollary 2.49. Let D be a DFA with accepted language L, let D° be its restriction
to reachable states, and D} be the quotient DFA of D°. Then there exists no DFA that
accepts L and has fewer states than D7 .

Proof. Since L(D°) = L, the quotient DFA D} is well-defined. According to Theo-
rem 2.48, every DFA accepting L has as least as many states as D7. O

With the above results in available, we can construct a minimal DFA representation for a
regular language L given by a DFA accepting it, if we can find the L-equivalence classes
of the set of states. Rather than checking each pair of states against the Definition 2.43
which involves strings of arbitrary length, we can identify the equivalence classes by
stepwise refinement. We start from two so-called blocks, one block holding all non-final
reachable states and another block holding all final states, and split blocks into smaller
subblocks by checking single transitions, thus involving one-letter words only. Before we
describe the general algorithm, we first discuss an example.

Example 2.50. Consider the DFA of Figure 2.22, accepting the set of strings over {a, b}
containing a substring baa. The DFA has set of states Q = {qo, q1, 92, 43, 94, G5, G6, q7 }-
Initially, we consider two blocks of states, viz. Bo12456 = {q0, ¢1, 92, G4, q5, g6 } and Bs7 =
{qs, g7}, the one containing all non-final reachable states, the other containing all final
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Figure 2.22: A DFA accepting (a + b)*-baa-(a + b)*

reachable states. Note, the non-reachable states gg, q9, gi9 and g11 are not considered.
Next we determine for each state in the blocks to what blocks, rather than states, an
a-transition and a b-transition is possible. E.g., state gg has an a-transition to state g4 of
block Byi2456, and a b-transition to state ¢ also of block Byio456. State go however, has
an a-transition to state g3 of block Bs7, and a b-transition to state g5 of block Bgi2456.
This leads to the following table, with two columns for the blocks Byi2456 and Bsy, eight
rows for each individual reachable state.

012456 | 37
0 a,b
1 a,b
2 b a
4 a,b
5 a,b
6 b a

'3 " a,b |

7 a,b

We conclude that states qg, q1, g4 and g5 cannot be L-equivalent to states g3 and ¢y,
6(¢q,a) € Boizase € Q\F for ¢ = qo,q1,q,q5, while d(¢q,a) € Bsy C F for ¢ = g3,q7.
Therefore, we split the block Bpi2456 into two parts, viz. block Boias = {qo, q1, q4, G5}
and block Bsg = {¢3, q7}. Then, we determine again for each state to what blocks an
a-transition and a b-transition is possible. We get the following table, now with three
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columns corresponding to the three blocks By145, Bog and Bsy.

0145 | 26 | 37

0| a,b

1 b a

4| a,b

5 b a
20 b | | a
6 b a
3]  lab|
7 a,b

We see that states ¢y and g4 on the one hand, and states ¢; and g5 on the other hand,
show different rows. We have 6(q,a) € Boias C Q\F for ¢ = qo, q4, but §(¢,a) € B3y C F
for ¢ = q1,¢5. Therefore, we split block Byi45 into Bos = {qo, ¢4} and Bys = {q1, ¢5}.
The other blocks don’t need to be split; the rows are identical for each of these blocks.
Adding another column, now distinguishing Bgs, Bis, Bog, and Bs7, we obtain the
following transition table.

04| 15| 26| 37
0| a b
4| a b
1 b al|
5 b a
2 b | | a
6 b a
30 [ | lapb]
7 a,b

Now, there is within each block no distinguishing row: we have found the L-equivalence
classes of the set of states ). These are the blocks we have now, viz. {qo, ¢4}, {q1, ¢5},
{q2, g¢}, and {gs, ¢7}. Note, in the analysis above we have only considered single sym-
bols to establish the L-equivalence classes, rather than strings of arbitrary length.
Completing the quotient construction, (i) we take the equivalence class {qo, g1}
as initial state Cp, because its contains the original initial state go, (ii) we have the
equivalence class {¢s3, g7} as the only final states, since it is the only equivalence class
containing final states, thus Qr = {{gs, g7} }, (iii) we have inherited transitions, e.g.
6r.({q0, ¢a},a) = {qo, g4} since 0(qo,a) = qa € {qo, qa} (as well as §(q,a) = qo €

{20, a}) and 0.({qo, a1 },b) = {a1, g5} since 6(qo,b) = g5 € {q1, ¢5}. The resulting
quotient DFA is the smallest DFA in number of states which accepts the regular lan-

guage (a + b)*-baa-(a + b)*, and is depicted in Figure 2.23.

Pseudo-code for the general DFA minimization algorithm is given in Figure 2.24. We
assume that the given DFA D = (Q, X, 0, qo, F') has reachable states only. Otherwise,
a reachability algorithm should be run first.



68 CHAPTER 2. FINITE AUTOMATA AND REGULAR LANGUAGES

Figure 2.23: Minimal DFA accepting (a + b)*-baa-(a + b)*

| // @ contains reachable states only
2 // F non-empty

3 P={Q\F, F}, continue = true

1 while continue do

5 P’ =(, continue = false

6 for all B in P do

7 for all g€ B do

8 for all a € ¥ compute and store Jdp(q,a)

9 end for

10 split B into non-empty Bj,...,Bj such that

11 Vg, € BJi,1<i<k: q,¢d € B; < dp(g,a) =p(d,a)
12 P =P U{By,...,Bx}

13 if k> 1 then continue = true

14 end for

15 pP=Pr

16 end while

Figure 2.24: DFA minimization algorithm



2.5. CONSTRUCTING A MINIMAL DFA 69

We maintain a partitioning P of the set of states @ into non-empty and pairwise
disjoint subsets. Initially, P consists of two blocks, viz. Q\F and F. Note, this requires
the set F' to be non-empty. However, the minimal equivalent of a DFA without final
states is a one-state DFA where the initial state is non-final. We try to refine the
partitioning until no more blocks are split. To keep track of this, the progress variable
continue is maintained, and initially set to true.

In the body of the loop, we build a new partitioning P’. We start from the empty
set of blocks. For each block B of P we will add one or more blocks By, ..., By to P’
covering the same states as B does. We set the progress variable to false at the
beginning of the body; we only need to go into another iteration if a block was split into
two or more subblocks. If a block is non-trivially split, we set with this aim the progress
variable continue to true.

We check for each block B of the current partitioning P whether it should be split
or not. To this end we first determine, for each state ¢ in B, to which blocks of P its
transitions lead. The function dp : Q@ x ¥ — P is given by 0p(q,a) = B iff §(q,a) € B,
for g € Q, a € 3, B € P. Since P is a partitioning with non-overlapping blocks, the
block dp(q, a) is always well-defined. We store the values dp(q, a) as we need them when
splitting the block B.

Next, we group the states of B in subblocks with equal values (-, a), for a € X.
We can do so, by taking a state ¢ € B and put it aside along with all states ¢’ € B
such that dp(q,a) = dp(q’,a), for all a € ¥. From the rest of B, if non-empty, we pick
a state again, say ¢’ € B, and put it aside along with all states ¢’ € B such that
dp(¢",a) = dp(¢"", a), etc. If we are done after k steps, we have our blocks By, ..., B.
Note, all states of B occur in these blocks, and no block contains other states. Moreover,
by construction, the blocks B, ..., By are non-empty and pairwise disjoint. We add the
blocks By, ..., By to the new growing partitioning P’. If the split up was non-trivial, i.e.
B is split into more than one subblock, we set the progress variable continue to true,
since if £ > 1, the new blocks By, Bs, ..., By, may lead to a split up elsewhere. Then
we are done with block B, and continue the for-loop of line 6. with the next block, if
applicable.

After all blocks have been checked on splitting, we overwrite the partitioning P
with the partitioning P’. If P’ is strictly finer than P, the progress variable was set
to true underway, and we iterate the outer while-loop. If not, the algorithm terminates.
Note that we cannot refine the initial partitioning ad infinitum. Finer grained that the
partitioning of singletons we cannot go. Likely, the algorithm will stop earlier.

The correctness of the algorithm follows from the following theorem.

Theorem 2.51. Let D = (Q, X, 6, qo, F') be a DFA with reachable states only. Define
the relations =, C @ x @Q, for n > 0, by

¢=0q¢ <= ¢,¢ €Q\F V qqd€cF
G=ni1qd <= q=n¢ N VaeX:d(q,a)=,0d,a)

Then the following statements hold true.
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(a) Each relation =, for n > 0, is an equivalence relation on Q).
(b) For all ¢,¢' € Q: ¢ =, ¢ iff YweX* |w|<n:d(qw) € F < (¢, w) €F.

(c) Let P, be the partitioning P after n iterations of the algorithm. Then for all
¢.¢ €Q: q=,q¢ ifAB€ P,: ¢, € B.

(d) If =541 = =, for some n > 0, then =, = =, for all £ > 0.
(e) If ¢, ¢’ € B for a block B of the final partitioning P, of the algorithm, then it holds
that g ~1, ¢'.
Proof. We leave part (a) as an exercise. We prove part (b) by induction on n. Basis,

n = 0: Clear, since 6(q,e) = ¢, 6(¢',e) = ¢/, and ¢ = ¢/ iff both ¢,¢' € Q\F or ¢,¢' € F..
Induction step, n + 1: For ¢,q¢ € Q we have

q=nt1q
<— q=,qd ANVa€X:(q,a)=,,a) (by definition of =,41)
— Ywe X |w| <n:d(q,w) € F<6(¢,w) e FA
Va € XVw € ¥* |w| < n: §(6(g,a),w) € FF < §(6(¢,a),w) € F
(by definition of =,, twice)
— VYwe X |w| <n:d(q,w) € F< (¢ ,w) € FA
Vw e ¥*,1 < |lw| < n+l:d(q,w) € F < 0(¢,w) € F
(by definition of 6(gq, aw) and d(¢’, aw))
— Ywe X |w| <n+l:d(qw) € F<i(d,w)eF

Part (c) is proven by induction on n. Basis, n = 0: Clear by definition of =¢ and
initialization of P. Induction step, n + 1: For ¢,q € Q we have

q=nt1q
— ¢=,q¢ ANVa€eX:q,a)=,,a) (definition =,,41)
< 3B, € P,:q¢,¢ € By A\Vae€ X3B, € P,: 0(q,a),0(¢,a) € B,
(induction hypothesis twice)
<= 3B, € P,:q,¢ € By AVa € X: ép,(q,a) =0p,(¢,a)
(definition dp, )
<= dBjy1 € Phi1: ¢, ¢ € Byt (definition of the algorithm)

Part (d) is shown by induction on k. Assume =, 11 = =,,. Basis, k = 0: Clear. Induction
step, k + 1: We have, for q,¢' € Q,

4 =ntht1 4
— q=p1k ¢ NVa€X:(q,a) =pir 0(¢,a) (definition =,y x11)
= q=,q¢d ANVa€eX:(qa)=,0,a) (induction hypothesis)
= ¢=p11 ¢ (definition =,,11)
— q=,q (by assumption)
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Y
a,b ‘@ a a,b
.

Figure 2.25: A DFA accepting (a + b)*-(ab + ba)-(a + b)*

For the proof of part (e) we reason as follows: Pick ¢, ¢’ € B for some block B of the final
partitioning P,. For P, it holds that P,_1, since only if all blocks remain unaltered, the
progress variable continue is not set to true. Thus, by part (c¢), =, = =,—1. Hence,
by part (d), =,—14% = =n—1, for k > 0, and hence =, = =, for k£ > 0. By part (b)
we obtain

q=,q¢ iff YweX*:6(q,a) € F < §(¢,a) € F

Since, by assumption ¢, ¢’ € B for some block B of P, we have ¢ =, ¢, by part (c). It
follows that q ~, ¢/, by definition of .. O

Example 2.52. As another example of our minimization technique, consider the DFA

depicted in Figure 2.25 having Q = {qo, q1, 92, 43, @4, G5, 6, q7, 48, 9> q10 } as its set of
states. Note, all states are reachable. Again we start with two blocks, the non-final states

Bo1asso = {0, 41, @, G5, g8, go } and the final states Bager10 = {92, 43, 6, 7, q10}. Next
we determine for each individual state, gy to q19, to which blocks their transitions for a
and b lead. This is recorded in the left part of the table below.

014589 | 236710 0| 159 | 48| 236710
0 a,b 0 a b
1 a b1 [ a | | b |
4 b a ) a b
5 a b 9 a b
8 b a 4| | b | a |
9 a b 8 b a
2l ab 21 | | 1 ab |
3 a,b 3 a,b
6 a,b 6 a,b
7 a,b 7 a,b
10 a,b 10 a,b
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Figure 2.27: An NFA for which quotienting does not work

We see that block Byi4589 splits in three subblocks, By, B1s9 and Byg, while the block Bosgr1g
remains as is. The next iteration does not lead to further refinement. The resulting quo-
tient DFA, with a minimal number of states, is given in Figure 2.26. The insight is that

a word with first symbol a will be accepted if a symbol b follows at some point, and
likewise, a word starting with b will be accepted if an a occurs after zero or more b’s.

Concluding the section we show that the quotient construction of dividing out by L-
equivalence does not work for minimization of NFA. Consider the NFA A\ of Figure 2.27
accepting the language L = (a+b)*-a. We adapt Definition 2.43 for N = (Q, %, 6, qo, F)
as follows: q =~ ¢ iff Vw € ¥*: §(q,w)NF =0 <= §(¢,w)NF = (. Using this
definition we see that the states go and ¢ are not L-equivalent: §(qo,a) = {qo, g2} thus
0(q0,a) N F # 0, but 6(q1,a) = {qo} thus §(¢1,a) N F = (). Also, both gy and ¢; are not
L-equivalent to ¢2: 6(qo,¢€),0(q1,6) N F =0, but §(g2,&) N F # (. Thus, all three states
qo, q1 and ¢o are pairwise not L-equivalent. However, N is not minimal in the number
of states. The NFA obtained from A by deleting the state ¢; consists of two states, i.e.
one less, and also accepts L.

2.5.1 Exercises for Section 2.5

Exercise 2.5.28. Let D be a DFA accepting the language L. Prove that the relation
~1 C @ x @ of L-equivalence for D is an equivalence relation.

Answer to Ezercise 2.5.28 Let D = (Q, %, 9, qo, F') be a DFA accepting the language L.
We check that ~p is an equivalence relation, i.e. that =~ is reflexive, symmetric and
transitive.

Reflexivity: For q € Q, clearly 6(q,w) € F iff §(q,w), for all w € ¥*. Thus q =, g,
for all ¢ € Q.
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b b b b
H——0——@——@ -
b b b b

a,b
Figure 2.28: Two DFA for Exercise 2.5.30

Symmetry: Suppose qi,q2 € @ such that ¢ =1 ¢o. By definition of ~; we have
d(q1,w) € Fiff §(g2,w) € F, for all w € ¥*. Thus, §(q2,w) € F iff §(¢1,w) € F, for all
w € X*. Hence, ¢2 ~y, q1.

Transitivity: Suppose ¢1 ~1 ¢q2 and ¢ =~ q3 for ¢1,q2,q3 € Q. For arbitrary
w € ¥* we have §(q1,w) € F iff §(q2,w) € F, and §(q2,w) € F iff (g3, w) € F. Thus
d(q1,w) € F iff 6(gs3,w) € F, for all w € ¥*. Hence ¢1 =, gs.

Exercise 2.5.29. Give an example of a DFA accepting a language L with four states in
total, two reachable and two non-reachable, where each reachable state is L-equivalent
to a non-reachable state.

Answer to Ezercise 2.5.29

—(O— @t
e a,b @‘ a,b

Exercise 2.5.30. Consider the two DFA of Figure 2.28 with accepted languages Ly
and L,. In the left automaton state ¢q1 is accepting, in the right automaton it is not.

(a) For the automaton on the left, how many states are Ly-equivalent to state qo, to
state ¢5, to state qi9, and to state ¢i1, respectively.

(b) For the automaton on the right, how many states are L,-equivalent to state g, to
state q3, to state qg, and to state q11, respectively.

Answer to Exercise 2.5.30

(a) In the DFA on the left of Figure 2.28, state qg is Lg-equivalent to itself only. The
same for state ¢5. All final states are Lg-equivalent to state gi9 and state ¢q1.
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(b) In the DFA on the right of Figure 2.28 each state is only L,-equivalent to itself.

Exercise 2.5.31. Let D be a DFA accepting the language L. Obtain the DFA D°
by deleting the non-reachable states from D. Clearly, D° accepts L too. Consider the
quotients Dy, and D7, respectively.

(a) Suppose g € C for a state g of D and a state C of Dy. If the string w € ¥* is such
that 6(qo, w) = ¢, then 01 (Co,w) = C.

(b) Prove that a non-reachable state of Dy, if present, consists of non-reachable states
of D only.

(c) Prove that each state of D7 is reachable.

(d) Conclude that is doesn’t make an essential difference for the construction of a
minimal DFA if the non-reachable states are removed before or after the quotient
construction.

Answer to Exercise 2.5.31

(a) Induction on the length of w. Basis, |w| = 0: Then w = . Thus ¢ = ¢p, and
C = () since qop = ¢ € C. Induction step, |w| > 0: Pick a € ¥ and v € ¥* such
that w = va. Put ¢ = §(qo,v). Then ¢ = 6(g,a). Suppose ¢ € C. By induction
hypothesis we have 6(Co,v) = C. Since ¢ € C, ¢ € C, and q = §(¢,a) it follows
that C' = 61,(C,a). Therefore, §1,(Co, w) = §1,(Co,va) = 61,(C,a) = C.

(b) By part (a), if ¢ € @ is reachable in D and g € C, then C € @y, is reachable in Dy,.
Put differently, if C' € Q) is not reachable in Dy, then C contains no reachable
state of D.

(c) By construction of D each state C' € Q1 is non-empty and contains reachable
states of D° only. Thus, by part (a), each state C' € @, is reachable in D7 .

(d) On the one hand, D} is the smallest DFA accepting L. On the other hand, by
parts (b) and (c), D} can be seen as obtained from Dy, by removing non-reachable
states.

Exercise 2.5.32. Construct a DFA with three states that is language equivalent to the
DFA given in Figure 2.29.

Answer to Exercise 2.5.32

0123 | 4 0] 123 |4 " ab
0| a,b 1 a |b ’
1 a b |2 a |b b ' '
2 a b3 | a |b] @ - @ : @
3 a b
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Figure 2.30: DFA for Exercise 2.5.33

Exercise 2.5.33. Construct a DFA with two states that is language equivalent to the
DFA given in Figure 2.30.

Answer to Exercise 2.5.33 First restrict to reachable states only, i.e. to qo, ¢3, G4,
and g5, and discarding ¢q; and ¢2. Next, compute L-equivalence classes.

03| 45

0| a b

3| a b
(4] [ab]

5 a,b

No further split of the initial blocks {qo, g3} and {q4, ¢5}. This leads to the following

minimal DFA that is language equivalent to the DFA of Figure 2.30.
a a,b

CR

Exercise 2.5.34. Construct a DFA with a minimal number of states that is language
equivalent to the DFA given in Figure 2.31.
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Figure 2.31: DFA for Exercise 2.5.34

Answer to FExercise 2.5.3/

034 | 125 04| 12| 3| 5 04| 1| 2] 3| 5
0| b a 0 a | b]|O0 a b
31| a,b 4 a | b4 a b
41 b a [1] lad] | [ | 1 | |
(1] | ab |2 a b
2 ab || [ T 1 |
5 b a

Exercise 2.5.35. Construct a DFA with a minimal number of states that is language
equivalent to the DFA given in Figure 2.32.

Answer to Exercise 2.5.35

0234 | 1 03| 24| 1 03| 2| 4| 1
0 a b |0 a | b0 a b
21 ab 3 a | b |3 a|b
31 a |[b|[2]ab| | | T | | | |
41 a,b 41 a b

The DFA of Figure 2.32 is minimal already.
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Figure 2.32: DFA for Exercise 2.5.35
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