An Exercise in Simplifying Data 219–221

• linearizing datastructures

15 −4 6 104 6.33 0 −61 3

15*-4*6*104**6.33*0*-61*3 (T)(V G)(Q R S)()()(M N)

1.1 Complexity Theory 2007

An Exercise in Simplifying Control 221–223

• Turing machine architecture

1.2 Complexity Theory 2007

Turing machines extra material

-- Turing-machine computing binary increment

-- q0 find rightmost digit
   d(q0,0) = (q0,0,R)
   d(q0,1) = (q0,1,R)
   d(q0,#) = (q1,#,L)

-- q1 increment rightmost digit
   d(q1,0) = (HALT,1,R)
   d(q1,1) = (q2,0,L)

-- q2 process carry
   d(q2,0) = (HALT,1,L)
   d(q2,1) = (q2,0,L)
   d(q2,#) = (HALT,1,L)

1.3 Complexity Theory 2007

Detecting Palingdromes: An Example 224–226

• a state-transition diagram

1.4 Complexity Theory 2007

Detecting Palingdromes: An Example (cont.) 224–226

-- q0 mark symbol
   d(q0,a) = (q1,#,R)
   d(q0,b) = (q3,#,R)
   d(q0,#) = (YES,#,L)

-- q1 move right, remember ’a’
   d(q1,a) = (q1,a,R)
   d(q1,b) = (q1,b,R)
   d(q1,#) = (q2,#,L)

-- q2 test if there is an ’a’
   d(q2,a) = (q5,#,L)
   d(q2,b) = (NO,#,L)
   d(q2,#) = (YES,#,L)

                                -- q3 move right, remember ’b’
                                  d(q3,a) = (q3,a,R)
                                  d(q3,b) = (q3,b,R)
                                  d(q3,#) = (q4,#,L)

                                -- q4 check if there is an ’b’
                                  d(q4,a) = (NO,#,L)
                                  d(q4,b) = (q5,#,L)
                                  d(q4,#) = (YES,#,L)

                                -- q5 return to leftmost nonblank
                                  d(q5,a) = (q5,a,L)
                                  d(q5,b) = (q5,b,L)
                                  d(q5,#) = (q0,#,R)

1.5 Complexity Theory 2007

Turing Machines as Algorithms 226–228

• addition of decimal numbers

digit-is-0, . . . , digit-is-9,
sum-is-0-nocarry, . . . , sum-is-9-nocarry,
sum-is-0-carry, . . . , sum-is-9-carry

• computation of 736+63519

#######736+63519#
   ...
####15=73#+6351##
   ...
=64255=###+######

computed result between ‘=’ markers

1.6 Complexity Theory 2007

Turing machines extra material

• Turing machine 7-tuple (Q, Σ, Γ, δ, q_0, #, F )

– Q states, q_0 start state, F ⊆ Q final states – Σ input symbols, Γ ⊇ Σ tape symbols, # ∈ Γ\Σ blank – transition function δ: Q\F × Γ → Q × Γ × {L, R}

typically F = {HALT} or F = {YES, NO}

• instanteneous description xqay

– xay part of tape from leftmost to rightmost non-blank – tapehead at symbol a – machine in state q

1.7 Complexity Theory 2007

Turing Machines as Language Accepters extra material

one-step computation xqby ⊢^∗ xcq^′y if δ(q, b) = (q^′, c, R) xaqby ⊢^∗ xq^′acy and qby ⊢^∗ q^′#cy if δ(q, b) = (q^′, c, L)

language accepted by Turing machine M L(M) = { w ∈ Σ^∗ | ∃q ∈ F , x, y ∈ Γ^∗: q_0w ⊢^∗ xqy }

1.8 Complexity Theory 2007

Variations 230–231

• separate input tape

• folding over an infinite tape

· · · b ∗ a 5 b 7 ! a c a # · · · represented by

▷ 7 b ! 5 a a c ∗ a b # · · ·

requirement δ(q, ▷) = (q^′, ▷, R)

• non-deterministic Turing machine

1.9 Complexity Theory 2007

Primitive Recursive Functions extra (Linz 325–332)

• basic functions

zero functions z(x_1, . . . , x_n) = 0 successor function s(x) = x + 1 projections π^n_k (x_1, . . . , x_n) = x_k

• function schemes

composition f(x_1, . . . , x_n) = h(g_1(x_1, . . . , x_n), . . . , g_m(x_1, . . . , x_n)) primitive recursion

f(x_1, . . . , x_n, 0) = g(x_1, . . . , x_n) f(x_1, . . . , x_n, y + 1) = h(x_1, . . . , x_n, y, f(x_1, . . . , x_n, y))

1.10 Complexity Theory 2007

Examples of Primitive Recursive Functions extra (Linz 325–332)

• addition

add(x, 0) = x, add(x, y + 1) = s(add(x, y))

• multiplication

mult(x, 0) = 0, mult(x, y + 1) = add(x, mult(x, y))

• predecessor

pred(0) = 0, pred(y + 1) = y

• monus

x . 0 = x, x . (y + 1) = pred(x . y)

1.11 Complexity Theory 2007

General Recursive Functions extra (Linz 325–332)

• not all total functions on N are primitive recursive

Ackermann’s function A(0, y) = y A(x + 1, 0) = A(x, 1) A(x + 1, y + 1) = A(x, A(x + 1, y))

• minimalization scheme μy[g(x_1, . . . , x_n, y)]

smallest y such that g(x_1, . . . , x_n, y) = 0

sqrt(x) = μy[ (y + 1)^2 > x ] is prime(x) = μy[ μz[ mult(y, z) = x ∧ z > 1 ] < x ]

• class of general recursive functions is Turing complete

1.12 Complexity Theory 2007

Counter Programs: Another Very Primitive Model 238–239

• counterprograms

X, Y, Z, . . . variables, A, B, C, . . . labels

instructions (with or without label)

A: X ← 0 set to zero A: X ← Y + 1 assign increment A: X ← Y . 1 assign decrement A: if X = 0 goto B conditional jump

1.13 Complexity Theory 2007

Counter Programs: Another Very Primitive Model (cont.) 238–239

• multiplying non-negative integers

U ← 0 Z ← 0 A : if X = 0 goto C X ← X − 1 V ← Y + 1 V ← V − 1 B : if V = 0 goto A V ← V − 1 Z ← Z + 1

if U = 0 goto B

1.14 Complexity Theory 2007

Counter Programs: Another Very Primitive Model (cont.) 238–239

• counter program simulating Turing machine

binary representations, labels for each machine state ID xqay corresponds to counter X, Y containing x, ay

xqby ⊢^∗ xcq^′y

q : "X <- 2*X + c"
    "Y <- Y/2"
    if U=0 goto q’ xaqby ⊢^∗ xq^′acy

q : "X <- X/2"
    "Y <- 2*Y + c"
    "Y <- 2*Y + a"
    if U=0 goto q’

• Turing machine simulating counter program

** U : 0 * Z : 1100 * X : #10 * Y : 11 ** ... scratch ...

states for each instruction reset, increment, decrement and test on zero

• counter programs are Turing complete

1.15 Complexity Theory 2007