NP-Completeness 248–260

• NP-completeness

language C is NP-complete if – C is NP – A ≤_P C for all A in NP

• Cook’s theorem SAT is NP-complete

NTM N = (Q, Σ, δ, q_0) of time complexity n^k w ∈ Σ^∗ induces φ_{N,w} such that

– N accepts w ⇐⇒ φ_{N,w} satifiable – length φ_{N,w} polynomial in length w

7.1 Complexity Theory 2007

NP-Completeness 248–260

• tableaux

N a NTM deciding the language A in NP in n^k

7.2 Complexity Theory 2007

NP-Completeness 248–260

symbols S = Q ∪ Σ, indices I = { 0, 1, . . . , n^k }, J = { − n^k, . . . , n^k + 1 } variable x_{i,j,s} true iff cell j at row i is symbol s

φ_{cell} = ⋀ i∈I,j∈J [(⋁ s∈S x_{i,j,s} ) ∧ (⋀ s,t∈S,s≠t(xi,j,s ∨ xi,j,t )] in every cell exactly one symbol from S

φ_{start} = (⋀ −n^k≤j≤−1 x0,j,# ) ∧ x_{0,0,q0} ∧ (⋀ 1≤j≤n x0,j,aj ) ∧ (⋀ n+1≤j≤n^k+1 x0,j,# ) at first line start state q_0, input w = a_1a_2 . . . a_n, other cells #

φ_{move} = ⋀ i∈I^′,j∈J^′ ⋁ W (ω_1,...,ω_6) ⋀ 0≤ℓ≤2 (xi−1,j+ℓ,ωℓ ∧ xi,j+ℓ,ω3+ℓ ) every window with lower-left corner (i, j) is OK

φ_{accept} = ⋁ i∈I,j∈J xi,j,q yes the accepting state is reached

7.3 Complexity Theory 2007

The Class NP 241–248

• W (ω_1, . . . , ω_6) the window

ω_1 ω_2 ω_3 ω_4 ω_5 ω_6 is legal

– δ(q, a) ∋ (q^′, b, L)

c d e c d q^′ d e q d q^′ e e q a q^′ e b q a f e b f a f g b f g

– δ(q, a) ∋ (q^′, b, R)

c d q c d b d q a d b q^′ q a e b q^′ e q e f q^′ e f

– auxiliary

a b c a b c a b qyes a b qyes b qyes c b qyes c qyes c d qyes c d

7.4 Complexity Theory 2007

Additional NP-Complete Problems 260–271

• 3SAT { φ | 3cnf-formula φ is satisfiable }

• 3SAT is NP-complete

– 3SAT is in NP – inspection proof of Cook’s theorem

7.5 Complexity Theory 2007

Additional NP-Complete Problems 260–271

• translation for w on N

φ_{N,w} = φ_{cell} ∧ φ_{start} ∧ φ_{move} ∧ φ_{accept}

– φcell = V i∈I,j∈J »“ W s∈S x_{i,j,s} ” ∧ “V s,t∈S,s≠t(xi,j,s ∨ xi,j,t ”–

– φstart = “V −nk≤j≤−1 x0,j,# ” ∧ x_{0,0,q0} ∧ “V 1≤j≤n x0,j,aj ” ∧ “V n1≤j≤nk +1 x0,j,# ”

– φmove = V i∈I′,j∈J′ W W (ω1,...,ω6) V 0≤ℓ≤2 (xi−1,j+ℓ,ωℓ ∧ xi,j+ℓ,ω3+ℓ )

– φaccept = W i∈I,j∈J xi,j,q yes

can all be turned in to 3cnf format

7.6 Complexity Theory 2007

Additional NP-Complete Problems 260–271

• reduction lemma

if B is NP and C ≤_P B with C NP-complete then B is NP-complete

f polynomial s.t. w ∈ C ⇐⇒ f(w) ∈ B

7.7 Complexity Theory 2007

Additional NP-Complete Problems 260–271

VERTEX-COVER = { ⟨G, k⟩ | G has k-cover }

• VERTEX-COVER is NP-complete φ = ⋀ 1≤i≤ℓ (ai ∨ bi ∨ ci) with variables x1, . . . , xm

nodes V = { u_i, v_i, w_i | 1 ≤ i ≤ ℓ } ∪ { s_j , t_j | 1 ≤ j ≤ m } edges E = { (u_i, v_i), (v_i, w_i), (w_i, u_i) | 1 ≤ i ≤ ℓ } ∪ { (s_j , t_j ) | 1 ≤ j ≤ m } ∪ { (u_i, s_j ) | a_i = x_j } ∪ { (v_i, s_j ) | b_i = x_j } ∪ { (w_i, s_j) | c_i = x_j } ∪ { (u_i, t_j ) | a_i = x̄_j } ∪ { (v_i, t_j ) | b_i = x̄_j } ∪ { (w_i, t_j ) | c_i = x̄_j } graph G_φ = (V, E), cover size k_φ = m + 2ℓ

7.8 Complexity Theory 2007

Additional NP-Complete Problems (cont.) 260–271

• 3SAT ≤_P VERTEX-COVER

x_1

x_1 x_1 x̄_1

x_2 x̄_1 x̄_2 x̄_2 x_2 x̄_1 x_2 x̄_2 x_2

graph for (x_1 ∨ x_1 ∨ x_2) ∧ (x̄_1 ∨ x̄_2 ∨ x̄_2) ∧ (x̄_1 ∨ x_2 ∨ x_2) cover size 2 + 3 · 2 = 8

7.9 Complexity Theory 2007

Additional NP-Complete Problems 260–271

SUBSETSUM = { ⟨X, wgt , t⟩ | set X has subset of total weight t }

• 3SAT ≤_P SUBSETSUM V 1≤i≤k (ai ∨ bi ∨ ci) with variables x1, . . . , xℓ

set X = { y_j , z_j | 1 ≤ j ≤ ℓ } ∪ { g_i, h_i | 1 ≤ i ≤ k } weight wgt (y_j ) = 10^{k+ℓ−j} +

P_k i=1 δ_{i,j} · 10^{k−i} where

δ_{i,j} = 8 < : 1 if x_j = a_i, b_i or c_i 0 otherwise

weight wgt (g_i) = 10^{k−i}, weights z_j and h_i similar

target weight t =

P_ℓ j=1 10^{k+ℓ−j} +

P_k i=1 3 · 10^{k−i}

7.10 Complexity Theory 2007

Additional NP-Complete Problems 260–271

(x_1 ∨ x_1 ∨ x_2) ∧ (x̄_1 ∨ x̄_2 ∨ x̄_2) ∧ (x̄_1 ∨ x_2 ∨ x_2)

x_1 x_2 c_1 c_2 c_3 y_1 1 0 1 0 0 z_1 1 0 0 1 1 y_2 0 1 1 0 1 z_2 0 1 0 1 0 g_1 0 0 1 0 0 h_1 0 0 1 0 0 g_2 0 0 0 1 0 h_2 0 0 0 1 0 g_3 0 0 0 0 1 h_3 0 0 0 0 1 1 1 3 3 3 wgt (y_1) = 10100 wgt (z_1) = 10011 wgt (y_2) = 1101 wgt (z_2) = 1010 wgt (g_1) = 100 wgt (h_1) = 100 wgt (g_2) = 10 wgt (h_2) = 10 wgt (g_3) = 1 wgt (h_3) = 1 t = 11333

7.11 Complexity Theory 2007

Problems 272–275

≠-SAT = { ϕ ∈ 3CNF | ϕ has a ≠-assignment } in each clause both a true and a false literal

• 3SAT ≤_P ≠-SAT

replace a_i ∨ b_i ∨ c_i by (a_i ∨ b_i ∨ y_i) ∧ (ȳ_i ∨ c_i ∨ z) where y_i and z are fresh and z shared among all clauses

(x_1 ∨ x_1 ∨ x_2) ∧ (x̄_1 ∨ x̄_2 ∨ x̄_2) ∧ (x̄_1 ∨ x_2 ∨ x_2) translates into (x_1 ∨ x_1 ∨ y_1) ∧ (ȳ_1 ∨ x_2 ∨ z) ∧ (x̄_1 ∨ x̄_2 ∨ y_2) ∧ (ȳ_2 ∨ x̄_2 ∨ z) ∧ (x̄_1 ∨ x_2 ∨ y_3) ∧ (ȳ_3 ∨ x_2 ∨ z)

if α is a ≠-assigment, then so is its conjugate ᾱ

7.12 Complexity Theory 2007

Problems 272–275

3COLORING = { ⟨G⟩ | G can be colored with 3 colors }

• ≠-SAT ≤_P 3COLORING φ = V 1≤i≤k (ai ∨ bi ∨ ci) with variables x1, . . . , xℓ

nodes { u_i, v_i, w_i | 1 ≤ i ≤ k } ∪ { x_j , x̄_j | 1 ≤ j ≤ ℓ } ∪ { z }

edges { (u_i, v_i), (v_i, w_i), (w_i, u_i) | 1 ≤ i ≤ k } ∪

{ (z, x_j ), (x_j , x̄_j ), (x̄_j , z) | 1 ≤ j ≤ ℓ } ∪ { (u_i, x_j ) | u_i = x_j } ∪ { (u_i, x̄_j ) | u_i = x̄_j } ∪ . . .

α(x_j ) x_j x̄_j z

T R B G F B R G α(a_i) α(b_i) α(c_i) γ(u_i) γ(v_i) γ(w_i) T F − B R G T T F B G R F T − R B G F F T R G B

7.13 Complexity Theory 2007

Problems 272–275

(x_1 ∨ x_2 ∨ x_2) ∧ (x̄_1 ∨ x̄_2 ∨ x̄_2) ∧ (x̄_1 ∨ x_2 ∨ x̄_2)

x̄_2 x_2 x̄_1 x_1

7.14 Complexity Theory 2007

Problems 272–275

(x_1 ∨ x_2 ∨ x_2) ∧ (x̄_1 ∨ x̄_2 ∨ x̄_2) ∧ (x̄_1 ∨ x_2 ∨ x̄_2)

x̄_2 x_2 x̄_1 x_1

7.15 Complexity Theory 2007

Problems 272–275

(x_1 ∨ x_2 ∨ x_2) ∧ (x̄_1 ∨ x̄_2 ∨ x̄_2) ∧ (x̄_1 ∨ x_2 ∨ x̄_2)

x̄_2 x_2 x̄_1 x_1

7.16 Complexity Theory 2007

Problems 272–275

(x_1 ∨ x_2 ∨ x_2) ∧ (x̄_1 ∨ x̄_2 ∨ x̄_2) ∧ (x̄_1 ∨ x_2 ∨ x̄_2)

x̄_2 x_2 x̄_1 x_1

7.17 Complexity Theory 2007